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PREFACE 


This volume is eoneerued primarily with a relatively new field, the 
microwave spectroscopy of gases. The origins of microwave spectros¬ 
copy might be said to lie in the early liigh-freciuency measurements of 
dielectric constants, or much more directly in the 1933 experiment of 
Cleeton and Williams on absorption of centimeter radiation by ammonia 
gas. However, a generally useful and accurate spectroscopy in the micro- 
wave region has come only after development of microwave oscillators 
and techniques and after demonstration in 1946 of the high resolution 
obtainable with low-pressure gases. Since 1946 microwave spec-troscopy 
of gases has developed very rapidly and yielded a wide range of useful 
information in fields as far separated as nuclear physics, molecular struc¬ 
ture, chemical kinetics, quantum electrodynamics, and a.stronomy. The 
purpose of this book is to present a systematic and fairly'- complete account 
of the large amount of theory, experimental data, and experimental know¬ 
how which has been developed, and to make this information more avail¬ 
able to students, prospective research workers, and those interested in 
the many practical problems to which microwave spectroscopy may be 
applied. 

The furious activity in microwave spectroscopy has made a book in 
this field both very desirable, because of the plethora of re.search work 


and results which need digestion and coordination, and a^t the same time 
very difficult because of the rapid development of ideas and outmoding 
of techniques. It is only now that microwave spectroscopy appears to 
have matured to the point where one can attempt a book of some per¬ 
spective and lasting value. 

Most microwave spectra are associated with molecules, although 
some important atomic microwave spectra occur and are treated here. 
Molecular spectra have previously been well described from the point of 
view of infrared spectroscopy; but the different frequency range, higher 
resolution, and greater accuracy of microwave spectroscopy makes avail¬ 
able for study rather different types of phenomena such as hyperfine 
structure, pressure broadening, and Stark and Zeeman effects. The dis¬ 
cussion is particularly full for those phases of the theory of molecular 
spectra which older types of spectroscopy have not been able to test ade¬ 
quately or which have been developed by persons interested in micro- 
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wave spectra. In addition, some attention is directed toward obtaining 
information about nuclear and molecular properties from the interpre¬ 
tation of molecular spectra. 

Although a fairl^'^ complete account of microwave techniques is 
included, only those parts which are especially useful or somewhat 
peculiar to microwave spectroscopy are discussed in detail. The reader 
can obtain further elaboration on standard microwave techniques from 
the large number of excellent books on microwaves which have been 
published in the last few years. An attempt has been made to present 
not only the basic theory and properties of various types of microwave 
spectroscopes, but also some details of construction and specific operating 
characteristics which would be useful to the person faced with the prob¬ 
lem of making and operating this type of instrument. 

This volume is not primarily intended as a text, but rather as a read¬ 
able reference which can be used both by students interested in one of 
the many aspects of microwave spectroscopy, and by those interested in 
research in this field. The authors have endeavored to discuss the mate¬ 
rial critically, systematically, and in the simplest way consistent with 
some completeness in a single volume. It is hoped that the simplicity of 
wording and mathematics (no group theory, as such, is used) will allow 
most of the discussion to be profitably read by those with a very ele¬ 
mentary knowledge of quantum mechanics and atomic physics. 

Considerable effort has been directed at making this volume valuable 
as a reference to a variety of users. Although the treatment is a con¬ 
tinuously developed one, attention has been directed at making each 
chapter and section as independent of other sections as is practical. For 
example, certain expressions and definitions of symbols are often repeated 
in order to reduce the need for reference to other parts of the book. 
Appendixes give most of the tables and information needed in doing 
research and in interpreting microwave spectra. They also contain 
extensive data on nuclear and molecular constants, including essentially 
all those determined by microwave techniques. A complete list of publi¬ 
cations concerning microwave spectroscopy and a subject index are 
included. The tables and appendixes include material published up to 
January 1, 1955. 

Microwave spectra of solids and other closely related types of spec¬ 
troscopy are not discussed because it appeared that justice to such a 
wide variety of fields could hardly be done in one volume. However, 
much of the material will be of use to those interested in types of micro- 
wave and radio-frequency spectroscopy not specifically discussed here. 

The authors are grateful to their many colleagues in microwave physics 
who have provided information, criticism, and encouragement for this 
volume. These include the following, who have given helpful comments 
on certain sections of the manuscript: 
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P. W. Anderson, T. S. Benedict, R. Bcringer, D. G. Burkhard, D. K. 
Coles, B. P. Dailey, II. M. Foley, R. A. Froseh, R. II. Hughes, C. K. .Ten, 
C. M. Johnson, W. C. King, D. R. hide, H. Lyons, A. H. Nethercot, 
R. Novick, W. V. Smith, IM. W. P. Strandberg, and E. B. Wilson, Jr. 
In addition, they wish to thank the nianj'^ students and members of the 
Columbia Radiation Laboratory who have uncovered errors and pro¬ 
vided valuable discussion. 

The appendixes and tables have profited from the cooperation and 
assistance of a number of others whose help it is a pleasure to acknowl¬ 
edge. Inclusion of the extensive table in Appendix IV was made 
both possible and convenient through the efforts of T. E. Turner and 
G. Reit\\iesner. J. A. Ivlein and O. C. Eousmanis did a major part 
of the work involved in compiling the bibliography and Appendix VI, 
respectively. L. C. Aamodt, J. F. Lotspeich, AI. AIcDermott, and 
B. Herzog performed many of the computations necessary for the appen¬ 
dixes. J. Kraitchman assisted with Appendix III, in addition to check¬ 
ing many of the formulas and derivations. 

One of the authors (C.II.T.) would like to thank Columbia University 
for grant of the E. K. Adams Fellowship which assisted in preparation of 
this work. The other (A.L.8.) would also like to thank this University 
for its hospitality during the time when much of the book was written. 

Charles II. Townes 
Arthur L. Sciiawlow 
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INTRODUCTION 


Some low-pressure gases selectively absorb electromagnetic radiation 

of particular wav'elengths in the millimeter and centimeter range. This 

type of absorption can be observed in an experiment broadly represented 
by Fig. 1. 

The source of microwaves (electromagnetic radiation of wavelength 
between 1 and 1000 mm) is usually an electronic tube, which emits 
radiation through a hollow metal pipe called a waveguide. The micro- 
waves are detected after passage through a region of low-pressure gas 
(10 mm to 10-“* mm Hg pressure) by a silicon “crystal” or other detecting 
device. This detector produces an electrical signal proportional to the 


Source of 
microwoves 

Woveguide absorption cell 


Microwove 

of vorioble 
frequency 

1 

—1- 

1 1 

Cos inlet 


detector 



Fio. 1. Experiment for measuring microwave absorption. 

microwave power which, after possible amplification, is observed on a 

meter or oscilloscope. As the freeiuency of the microwaves is varied, 

absorption appears as a sudden decrease in the voltage output of the 
detector. 

Electronic techniques are characteristic of microwave spectroscopy 
being involved in the production, detection, and amplification of micro- 
waves. In some cases very sensitive electronic circuits are needed for 
proper detection and amplification, since the fractional power decrease 
may be quite small—as small as one part in 10* in an absorption path 
of 1 meter. In a few cases the absorption may be as much as 90 per cent 
m 1 meter path, and very easily detectable. 

At gas pressures near 1 atm, a small microwave absorption may occur 

over a wide range of frequency. As the pressure is lowered, the range 

of frequency absorbed decreases proportionally down to pressures near 

10 * mm Hg, where the range is so small that the term absorption “line” 

18 weU merited. Very significantly, and contrary to experience in most 

1 
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other types of spectroscopy, the intensity of absorption in the center of 
the line does not appreciably decrease with this enormous decrease in 
pressure. 

Because of the narrowness of absorption lines at low pressures, and the 
flexibility and sensitivity of electronic techniques, this type of experi¬ 
ment and its many refinements and ramifications form a basis for the 
precise, widely applicable microwave spectroscopy of gases which is the 
subject of this volume. 

Consider now the frequencies absorbed. These must be interpretable 
in terms of the structure and behavior of the absorbing molecules. The 
motions (or transitions) of electrons in atoms and molecules are known 
to produce characteristically spectra in the optical and ultraviolet region. 
The slower vibrational motions of atoms in molecules are primarily 
responsible for the rich infrared spectra. It is the still slower end-over¬ 
end rotation of molecules which have characteristic frequencies so low 
that they lie in the microwave range and dominate microwave spectra. 

Discussion of the interpretation of microwave spectra will begin with 
the rather simple diatomic molecules and progress in following chapters 
to successively more complex cases of linear polyatomic molecules, sym¬ 
metric-top molecules, and asymmetric-top molecules. 

Superimposed on the frequencies associated with molecular rotation 
are many interesting fine and hyperfine effects, some of which have been 
observed clearly for the first time by microwave techniques. These will 
be discussed after the broader outlines of rotational spectra have been 
treated. 



CHAPTER 1 


ROTATIONAL SPECTRA OF DIATOMIC MOLECULES 


The Rigid Rotor. Tf the di.stance between nuelei in a diatomic 
molecule is considered fixed, the possible frequencies of the end-over-end 
rotation of this “rigid rotor” can he rather simply obtained. Using 
assumptions of the “old” quantum mechanics, the angular momentum 
must be some integral multiple of h/2ir, so that 


2,7cvI 


JJi 

27r 


where h is Planck’s constant, I is the molecular moment of Inertia about 
axes perpendicular to the internuclear axis, v is the freciuency of rotation, 
and J is a positive integer giving the angular momentum in units of 
h/2ir. Hence the fretjuencies expected from such a system are 


Jh 

4x2/ 


( 1 - 1 ) 


Ihe moment of inertia I comes largely from the nuclei, where most of the 
molecular mass is concentrated, and for diatomic molecules of ordinary 
masses is of such size that for small integral values of J, the frequency v 
IS of the order 10,000 to 100,000 Me, or the wavelength in the region 

3 cm to 3 mm. 

On this simple basis one might expect a rotation about the molecular 
axis to occur also and to have characteristic frequencies a few thousand 
times greater because the moment of inertia about this axis is produced 
hy electrons, which are very much lighter than the nuclei. These fre¬ 
quencies lie then near the optical region, and in a very rough way the 
electronic frequencies may be regarded as due to this type of rotation 
a.bout the molecular axis. Since these frequencies are very high, they 
lie far beyond the microwave range and are not ordinarily excited at 
room temperature. They will therefore be neglected in mo.st of the 
lollowing treatment. A somewhat more sophisticated and rigorous 
determination of the frequencies produced by a rigid diatomic molecule 
can be obtained by finding the permitted energy levels from wave mechan¬ 
ics (see [62], p. 271, or [30.5], p. 60). As the molecule rotates about its 
center of gravity, its orientation in space may be specified by the spherical 
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polar coordinates 6 and <t>. The wave equation may then be wTitten 




SttV 


1 


sin 9 36 


^ ^ ^ a- 1 

sin 0 — I + 


39 


3’^\l/ 

sin^ 9 


+ WxP = 0 


( 1 - 2 ) 


where t/' is the wave function and IT the rotational energy of the molecule. 
The variables 9 and 0 may be separated by substituting 


yl/ = ei9)^i<t>) 


which gives 


d<f)^ 




( 1 - 3 ) 


and 


h 


SttV 


1 


sin 9 d9 


d / . . d@ 

sin 9 


M^e 

sin^ 9 


+ TF0 = 0 


(1-4) 


where is an arbitrary constant. 

Solutions of these equations which are single-valued and normalized 
can be obtained only when 


where J is a positive integer and M is an integer such that \M\ < J. 
Such solutions are 




e 




\/27r 

(2,7 + !)(./ - \M\)\ 
2{J + \M\)\ 




Ply'll (cos 9) 


( 1 - 5 ) 

( 1 - 6 ) 


where (cos 9) is an associated Legendre function. [J{J + 1)](^V47r^) 
is the square of the total angular momentum, so that the angular momen¬ 
tum may for convenience be designated by J. Similarly the projection of 
the angular momentum on the polar axis is given by M{h/2nr)y or simply 
by the integer M. 

The frequency observed when the molecule makes a transition between 
a lower state of energy W\ and an upper state of energy W 2 is given by 




^ [J2(J2 + 1 ) - JliJl + 1 )] 



From the correspondence principle, these frequencies may be expected 
to approximately equal the frequencies given by expression (1-1); hence 
J 2 should equal Ji -h li and 

j; = 2B{J + 1) (1-8) 

where J is the angular-momentum quantum number for the lower state 
(Ji), and B — is called the rotational constant. The quantity 
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B is often expressed in units of cm ^ for infrared spectroscopy. In that 
case B = For microwave spectroscopy, B will generally he 

given in cycles per second, or B = h/Sw-I. However, numerical values 
will usually be quoted in megacycles, or 10® cycles/sec. The selection 
rule that J 2 = Ji I or AJ = ± 1 for dipole radiation of a diatomic 
molecule will be more rigorously demonstrated in the discussion of 
intensities later in this chapter. 

1-2. Energy Levels of the Diatomic Molecule. From Eq. (1-8) it is 
seen that the spectrum of a rigid rotor consists of absorption lines equally 
spaced in frequency with an interval 2B. Although the rigid rotor is an 
idealization to which actual molecules conform to a good approximation, 
accurate spectroscopic measurement reveals many deviations from this 
approximation. As J increases and the molecule rotates faster, it 
stretches so that the moment of inertia increases. Moreover, the nuclei 
vibrate back and forth along the line joining them even in the lowest 
vibrational state. A much greater difficult3^ from the point of view of 
obtaining a complete theoretical treatment is that the entire molecular 
system, composed of interacting electrons as well as nuclei, is so compli¬ 
cated that an exact quantum-mechanical solution is impossible. 

However, since the electrons are very much lighter than the nuclei 
and move in electric fields of approximately the same intensity, the elec¬ 
tron motion is ver}'- much faster than that of the nuclei; f.e., many cycles 
of the electronic motion occur during a small portion of a cycle of the 
nuclear motion. It is therefore reasonable to treat first the electronic 
motion, considering the nuclei as fixed. Then the internuclear distance 
r appears as a parameter. In this way the electrons are found to be 
capable of occupying several states, each giving the molecule a particular 
value of the energy U, for each internuclear distance. Generally in 
microwave spectroscopy only the lowest of these electronic states is 

important. 

As the internuclear distance is slowly varied, the electronic energy 
varies. Because the electronic motion is so fast in comparison with the 
nuclear motion, at each instant the electronic energy may be considered 
to have reached its equilibrium value corresponding to that distance. 
Thus we are justified in treating the vibration and rotation of the nuclei 
separately from the electronic motion. In this treatment C/(r), which 
IS the sum of the electron energy plus energy of electrostatic interaction 
between the two nuclei, appears as the potential energy. The validity 
of this approximation was discussed by Born and Oppenheimer ([81- 
see also [62], pp. 259-274, and [21], Chap. I). They showed that the 
entire molecular energy, including that due to electronic motion can be 
expanded in powers of (m/M)i, where w is the electronic mass and M 
an average nuclear mass. Separation of nuclear and electronic motions 
hence corresponds to selecting the larger terms of the series expansion 
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and neglecting those which are smaller by {m/M)^ or more. In some 
cases the neglected terms lead to observable effects, but they can only 
with difficulty be taken into account. 

Using the approximation that the variation in electron energy with 
nuclear motion may be included in the potential U(r), the wave equation 
for vibration and rotation of a diatomic molecule becomes 


1 



+ 



Stt^ 

/l2 


[W - Uir)]yp = 0 


(1-9) 


in which is the wave function for the nuclear motion, Mi and M 2 are 
the nuclear masses, and 



where i = 1 or 2 

4 


( 1 - 10 ) 


.T,*, yiy and Zi being Cartesian coordinates of the fth nucleus relative to 
axes fixed in space. 

Transforming to spherical polar coordinates r, 0, <t> of the second 
nucleus relative to the first as origin (c/. [62], p. 264), 


J. 5 / 2 1 1 ^ ( ' d _i_ 1 

di' \ dr ) sin B dB \ dB/ r’^ siiU B d<j>^ 

+ ~[W-U{rW = 0 ( 1 - 11 ) 


where /x is the reduced mass, MiM 2 /(Mi + il/ 2 ). The variables may be 
separated by the substitution • 




( 1 - 12 ) 


0(0) and 4>(</)) turn out to be the same as the wave functions found above 
for the rigid rotor. 

The radial wave function R{r) obtained by the separation process is 
given by 



dr 


-l- [W - U(r)] - ^ } /? = 0 


(1-13) 


The term JiJ + l)/r^ may be regarded as a potential energy associated 
with the centrifugal force due to the rotational angular momentum J. 
Substituting the expression 


R{r) = ±S{r) 


(1-14) 


we get 




dr^ 




UM] \S = 0 


(1-15) 



ROTATIONAL SPECTRA OF DIATOMIC MOLECULES 7 

The solutions of Eq. (1-15) will obviously depend on the form of U{r), 
Since it is seldom possible actually to solve the electronic wave etjuation, 
it is customary to use an empirical expression for U{r). 

From experimental studies of 
molecular spectra and from calcula¬ 
tions on simple molecules, the general 
form of U{r) is known to be that of 
Fig. 1-1 (see [471]). At large dis¬ 
tances the atoms are independent, 
and the force between them is negli¬ 
gible. Their energy is then just the 
sum of the energies of the individual 
atoms. At very small distances, 
when the atoms are “in contact,” 
they must repel each other. At some 
intermediate distance there must be 
a potential minimum, corresponding 
to the equilibrium distance of the 
atoms. 

Solution for Morse Potential. A potential which fulfills these require¬ 
ments is the Morse function [16] 



Fig. 1-1. Variation of molecular poten¬ 
tial energy U (r) with intermiclear dis¬ 
tance r. 


U(r) = D(1 - (1-16) 

where D = dissociation energy of the molecule 
re = equilibrium distance between nuclei 
a = a constant 

The Morse function differs from the true potential at r = 0, where the 
actual potential would be extremely large. However, the Morse poten¬ 
tial is also quite large at r = 0 and this is a region where the wave function 

of the vibrating rotor is expected to he small so that the discrepancy is 
not serious. 

Using the Morse potential function, the radial equation (1-15) becomes 






(1-17) 

The solution of this equation for .7 = 0 has been given by Morse [161 and 
for any J by Pekeris [52]. Substituting 



_ a(r—r#) 


In Eq. (1-17), we obtain 


and 



— J {J + 1) 



(1-18) 


d'^S , 1 ^ , SttV ( W — D 2D ArA 

dy’^ y dy \ y^ 2/ ~ ~ y^^J S = 0 (1-19) 
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For A 7*^ 0, it is necessary to expand rj/r^ in terms of y: 


_ 1 
r2 [1 — (In y)/areY 



(y - 1) 


+ (- sk +«-!;.) (» - !)■ + ■ • • (1-20) 

If the first three terms of this Taylor expansion are retained, Eq. (1-19) 
becomes 


d^S 1 ^ 

dy^ ^ y dy 






( 1 - 21 ) 


in which 



(1-22) 


Eq. (1-21) can be further simplified by the substitutions 


S{y) — {£) z = 2dy 

^ {W - D - Co) (1-23) 

SO that it becomes 


where 



(1-24) 



47rV 

a^h^d 


(2D - ca) 


- i(h + 1 ) 


(1-25) 


As in the usual quantum-mechanical treatment of the simple harmonic 
oscillator or of the hydrogen atom (cf. [62]), for the solution of Eq. (1-24) 
to be finite and vanish at the ends of its range, it must be given by a 
terminating series, z.e., a polynomial. In fact, Eq. (1-24) is identical in 
form with the equation for Laguerre polynomials found in the solution 
of the hydrogen atom. This requirement can be shown to restrict v to the 
values 0, 1, 2, ... . Strictly speaking, the solutions thus obtained 
satisfy the boundary condition >0asr—> —rather than the proper 
condition —> 0 as r —> 0. Ter Haar [156] has examined this approxima¬ 
tion and shown that it is usually a good one. 

It is possible to solve for W using Eqs. (1-25), (1-23), (1-22), and 
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(1-18), which give 


W — Z) + Co 


(D - 

Z) + C2 


+ 


ah(D — |ci) 

TT \/2m a/Z) + C2 


.(»+0 


^ { 

SttV \ 


"+0 


(1-26) 


Expanding Eq. (1-26) in powers of Ci/D and C 2 /D, it takes the form; 


W 


Jv 


h 


= co.(r +1) - xe^.iv -f i)2 -1- J{J + _ DJ%r -h 1)2 


where 


- ae{v + ^)J(J -I- 1) (l-27j 


a 


OJe = 


27r 



2D 


X. = 


h 


CO, 


4ZZ 


B. = 


h 


SttV 


Z). = 






Sh 


Of- = 


IGttV^ 


^ /_1_1_\ _ 

ir^D \are 



r 

0 , -t g 


CO, 


CO- 


(1-28) 


coe, a^, Be in (1-27) and (1-28) are expressed in cycles per second. The 
terms in Eq. (1-27) can be identified with the solutions of more specialized 
problems, so that each can be given a physical significance. Thus the 
first term involving (v + ^) has the form of the solution of the wave equa¬ 
tion of a pure vibrator with a harmonic potential. The second term is 
obtained when the vibrator potential is made anharmonic by the addition 
of a cubic term in the potential energy. A term of the form BJ(J 1) 
IS just that obtained in Eq. (1-4), the solution of the rigid rotor problem, 
while the next to last term comes from centrifugal stretching of the 
rotating molecule. The last term allows for the change in average 

moment of inertia due to vibration and the consequent change in rota¬ 
tional energy. 

Dunham’s Solution for Energy Levels. Some other more refined poten¬ 
tials have been used for problems in optical spectra involving excited 
rotational or vibrational states ([471], pp. 102, 108). Dunham [34] has 
calculated the energy levels of a vibrating rotor, by a Wentzel-Kramers- 
Brillouin method, for any potential which can be expanded as a series of 
powers of (r - r.) in the neighborhood of the potential minimum. This 
treatment shows that the energy levels can be written in the form 


F.j = Yiiiv -b + 1); 

tj 


(1-29) 


where Z and j are summation indices, v and J are, respectively, vibrational 
and rotational quantum numbers, and Fy are coefficients which depend 
on molecular constants. The effective potential function of the vibrating 
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rotor may be written in the form 


U — ao?^(l + oi? + 02^^ +■■■)■!■ BeJ(J + 1)(1 — 2^ + — 4^^ 

+ • • •) (1-30) 

where ^ = (r — re)/re, Be = /l/87^V''^ The term involving BJ{J -|- 1) 
allows for the influence of the rotation on the effective potential. 
Dunham [34] shows that the first 15 Fy’s are 


Too = Be/8{3a2 - 7al/4) 

Tio = C0e[l -f- (B,V4a)2) (25a4 - 95aia3/2 - 67al/4 

+ 459a2a2/8 - 1155at/64)] 

F20 = (fie/2)[3(a2 - 5af/4) + (B.V2co2)(245a6 - 1365oia5/2 

- 885n204/2 - 108501/4 -|- 8535aJa4/8 4- 1707a’/8 
-f- 733501020,4/4 - 23,865ofo,4/16 - 62,013aJa|/32 
-1- 239,985a{a2/128 - 209,055o«/512)] 

F30 = (B,V2coe)(10o,4 - 3501O3 - 17o|/2 -J- 2250^02/4 

- 705o]/32) 

740 = {5Bl/wf){7ae/2 - 63o,06/4 - 3302 O 4/4 - 63o|/8 

+ 543oJa4/16 75o5/16 -|- 48301O2O3/8 - 1953oJa3/32 

- 4989oJo2/64 -|- 23,265o]a2/256 - 23,151a®/1024) 


7oi = Be{l {Be/2<j}^)[15 -|- 14ai — 9o2 4- 15o3 — 23oia2 

+ 21(0? + a?)/2]) 

7ii = (Bya;e){6(l + Oi) + (5?/a,?)[175 4- 28501 - 335o2/2 
4- 19003 - 22504/2 4- 17506 4- 2295a?/8 - 459ai02 
4- 14250103/4 - 7950104/2 4- 1005o?/8 - 7 150203/2 
4- 1155a?/4 - 9639a?02/16 4- 5145o?a3/8 
4- 4677aial/8 - 14,259o?02/16 
4- 31,185(o] 4- a?)/128]) 

721 = (6B?/ai?)[5 4- lOoi - 302 4- 603 - 13oia2 

+ 15(0? + o?)/2] 

731 = (20Byco?)[7 4- 2101 - 1702/2 4- Ho, - 904/2 4- 7o6 

4- 225o?/8 - 45oi02 4- IO501O3/4 - 5I01O4/2 + 51oi/8 
- 4502O3/2 4- 141o?/4 - 945 o? 02/16 4- 435o?a3/8 
4- 411oio?/8 - 1509 o?O 2/16 4- 3807(0} 4- a?)/128] 


ro 2 = - (4j5?/co?) (1 4- (B?/2a)?)[163 + 199oi - 119 o2 4- 9 O 03 
- 45o4 - 207oiO2 + 20501 O 3/2 - 333o? 02/2 4- 693o?/4 
4- 46o? 4- 126(0? 4- o?/2)]} 

Kij = -(12Byco?)(Y + 9oi + 9o?/2 - 402 ) 

F 22 = -{24Bl/o>t)[65 4- 125oi - 6 I 02 4- SOo, - 15o4 

4- 495o?/4 - 1170102 4- 26o? 4- 95 oi 03/2 - 207o?O2/2 
4- 90 (of 4- OiV2)] 


(1-33) 
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Fo 3 = 16B^(3 + ai)/a>t 

7x3 = (12S,^/aj5)(233 + 279ai + ISQa? + 63a? - SSajas 

— 120 a 2 H” 80a 3 / 3 ) 

Fo 4 = -(64BJ/aj^)(13 + 9ai - ao + 9a2/4) 


It should be noted that Be is generally much smaller than a)«. For most 
molecules the ratio is of the order of 10~®, although for light mole¬ 

cules such as H 2 it approaches more nearly to 10“^ In such cases more 
terms are required in the expressions for the various coefficients. 

If Be/ii>e is small, the F's can be related to the ordinary band spectrum 
constants as follows: 


Fio 

~ COc 

Y20 ^ 


Y,o 

^ C0e?/c 


« Be 

Fii « —ac 

Y,, 

ll 

Y,, 

^ -De 

Fi2 ^ 

= &e 

Y,o 

« OJeZe 


Fo3 « He 


(1-35) 


where these symbols refer to the coefficients in the Bohr theory expansion 
for the molecular energy levels: 

Fpj = CO,(y + 4) - COeXe(y + ^)^ + OieVciV + + 0)eZe(i’ + t) 

+ BJiJ + 1) - DJ%/ + 1)^ + HJ%/ + 1)« + • • • (1-36) 

where B„ = Be - ae(v + ^) + + -kV • • • {cf. [471], p. 92, pp. 

107-108). 

Sandeman [103] has extended Dunham’s treatment to include other 
terms of the same order of magnitude which involve higher powers of the 
vibrational quantum number. 

For the special case of the Morse potential function, Dunham shows 
that all the Fio's except Fio and F 20 vanish and all but the first terms in 
the expressions for Fio and F 20 are zero. Because of the simplicity of the 
expressions obtained with the Morse function, and because it does give a 
quite good fit to the actual potential in the region of r = the Morse 
function has been widely used. 

Dependence of Energy on Isotopic ilfasses. Since the frequencies of 
lines in microwave spectra can be measured with great precision, and 
since they can be used to evaluate the molecular moment of inertia, they 
permit an accurate evaluation of atomic or nuclear masses, or rather the 
mass ratios of isotopic nuclei. 

To a good approximation we can use the Morse potential solution. 
The usual expansion for energy levels, appropriate to the Morse potential 
or other similar potentials, is given by (1-27), from which the frequency 

of a microwave rotational transition, where J changes by one unit, is 
easily shown to be 



= 2Be{J + 1) - 2a,(i; -h ^)(J + 1) - + 


ly 

(1-37) 


V = 


h 
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The constants ore, and De are usually expressed in cm~^ in optical 
work. In the above formula they, and therefore the frequency, are in 
cycles per second, which may be divided by 10® to convert to megacycles, 
the most usual unit for microwave work. 

Be and ae can be evaluated directly from microwave spectra if two 
lines can be measured with different values of v; for instance, the same 
rotational transition in the ground vibrational state and the first excited 
vibrational state. The term in (J + 1)^ is often negligible because 
De = is smaller in magnitude than Be by 4(5e/wc)^, or approxi¬ 

mately 10“® for most molecules. However, for very light molecules or 
large J this term may be rather prominent. When required it can be 
calculated with sufficient accuracy from Bq « Be and o)e, which is usually 
obtainable from optical spectra. 

If the nuclear masses are known from mass spectrographic or other 
measurements, a determination of Be allows an evaluation of the inter- 
nuclear distance r®, since Be is related to the moment of inertia /«. 


- yl-; - n/sTW. 

where ^ = M\M 2 /{M\ + M^) is the reduced mass. The accuracy with 
which Te can be determined for a diatomic molecule is limited mainly by 
the error in Planck’s constant /i, which is required to calculate from 
Be. The best available value of this constant is 

h = (6.6252 + 0.0005) X lO-^v erg-sec 

[795] so that r* can be determined to an accuracy of about 1 part in 6000. 
It is often convenient to have Be in megacycles, Ve in angstroms, and ^ in 
atomic mass units. In these units 




5.055 X 10® 

Be 


le in cgs units 
1.6598 X 10-^“® 


(1-39) 




5.055 X 10® 




angstrom units 


(1-40) 


Table la gives the constants of a number of representative diatomic mole¬ 
cules. Table 15 lists certain constants of one isotopic species of all 
diatomic molecules whose microwave rotational spectrum have been 
studied. 

If the spectroscopic constants have been measured for one isotopic 
species of a molecule, their values for other species may be found from the 
following relations which are deducible from Eq. (1-28): 


1 


COe 


B. cc i 

M 


ae ^ 


1 


The values in Table la have been calculated with the aid of these relations 


De 


GC 


(1-41) 


in some cases. 
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Table 1-16. Molecular Constants of Diatomic Molecules Whose 

Rotational Spectra Have Been Measured in the 

Microwave Region 


Molecule 

^ 01 

(approx Be), 

Me 

Me 

I)Br^3 

(Bo = 127,358.2) 

2500 

DI 

(Bo = 97,537.2) 

1840 

FC|36 

15,483.69 

130.67 


4,570.92 

23.22 


3,422.300 

16.06 

FBr'S 

10,706.9 

156.3 

C 12016 

57.897.5 

524.0 

C12S32 

24.584.352 

177.544 


51,084.5 

534 

Li«Br’9 

19,161.51 

208.8 

LiH 

15,381.45 

152.6 

NaCR6 

6,536.86 

48.28 

NaBr’® 

4,534.51 

28.25 

Nal 

3,531.76 

19.44 

K39C135 

3,856.370 

23.680 

K39Br79 

2,434.947 

12.136 

K39I 

1,825.01 

8.034 

Rbs^CPB 

2,627.400 

13.601 

Rh*®Br"9 

1,424.83 

5.578 

Rb^H 

984.31 

3.281 

CsF 

5,527.27 

33.13 

CsCF6 

2,161.20 

10.085 

CsBr^s 

1,081.34 

3.718 

Csl 

708.36 

• 

2.044 


Te, 10“® cm 
or 

angstroms 

/I, 10-18 

esu or 
debyes 

Reference 

1.414 

0.79 

[336a] [676c] [927] 

1.604 

0.38 

[755a] [7825] [827a] 

1.628 

0.881 

[366] 

2.138 

0.57 

[535] 

2.321 

0.65 

[330] 

1.759 

1.29 

[534] 

1.128,^ 

0.10 

[336a] [457] 

1.535 

2.0 

[777] 

1.151 

0.16 

[336a] [7825] [924] 

2.170 

6.19 

[938] 

2.392 

6.25 

[938] 

2.361 

8.5 

[751] [987] 

2.502 


[938] 

2.712 


[938] 

2.667 

10.48 

[835] [987] 

2.821 

10.41 

[799] 

3.048 

11.05 

[938] 

2.787 


[938] 

2.945 


[938] 

3.177 


[938] 

2.345 

7.874 

[423a] [938] 

2.906 

10.40 

[751] [606a] [938] 

3.072 


[938] 

3.315 

12.1 

[938] 


1-3. Mass Measurements. Once Be has been measured for two iso¬ 
topic species of a molecule, the reduced mass ratio is given directly by the 
ratio of the That is, 


or 



5 ^ 2 ) M^{M + M 2 ) 
M2{M + Ml) 

(M/M2)(B<^VBi^^) 

1 + M/AI2 - Bi^>/Bi^^ 



(1-42) 

(1-43) 


where Mi and M 2 are the masses of the two isotopes; M is the mass of the 
other nucleus in the molecule. From (1-43) and microwave measure¬ 
ments of the mass ratio Mi/M 2 can be obtained with great 

precision. The mass ratio M/M 2 need be known only moderately accu¬ 
rately since it enters into both the numerator and denominator. Planck^s 
constant and the other constants required to compute from Be do not 
enter at all. By this procedure the mass ratio of the chlorine 35 to the 
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chlorine 37 isotope has been found from the spectra of ICl and FCl. The 
values obtained are compared in Table 1-2 with another microwave 
measurement in the triatomic molecule CICN and with values from 
mass-spectroscopic and nuclear-disintegration work. It may be seen 
from this table that they agree well with other determinations and 
represent very accurate determinations of the mass ratio. 


Table 1-2. Vai.ue of Mass Ratio 


Method 

Value 

1 

Reference 

Mass spectroscopy. 

0.9459777 + 20 

[562fl] 

Nuclear reaction. 

0.9459893 ±110 

[110«1 

Microwave (ICl). 

0.9459801 ± 50 

[330] 

Microwave (FCl). 

0.9459775 ± 40 

[300) 

Microwave-molecular heain (KCl). 

0.9459803 ± 15 

[835] 

Microwave (CsCl).. 

0.9459781 ± 30 

[938] 

Microwave (CICN). 

0.945990() ± 120 

[490] 


Within the limits of error given in Table 1-2 for the microwave measure¬ 
ments, there seem to be no theoretical uncertainties which should affect 
mass ratios. However, microwave measurements can be made con¬ 
siderably more precise, so that it is important to examine even small 
effects which might possibly cause errors. Such effects have been observed 
in optical spectra of hydrides where the large mass ratio between and 
the rapid rotation, and vibration with large amplitudes make them 
unusually large (see, for example, [57], [58], and [71]). 

The more important errors in measuring mass ratios from rotational 
spectra of diatomic molecules (other than simply inaccurate measure¬ 
ments of Be) may be grouped under three causes: 

1. Anharmonicity of the potential function 

2. Uncertainties in electronic behavior, including L uncoupling 

3. Inaccurate knowledge of the mass of the other atom in the molecule, 
or in M/M 2 

Anharmonicity has been partly taken into account by the use of the 
Morse function, but if this is not a sufficiently good approximation to the 
potential curve, Dunham^s method must be used. 

The Dunham coefficient corresponding most nearly to Be is Toi, but 
actually 

Foi = B 41 + B2/2co2[15 + 14ai - 9a2 + - 230,02 

+ 21(oJ + o?)/2]) (1-31) 

where o,, 02 , . . . are the coefficients in the expansion for the potential 
curve in terms of powers of (r — r^/r^ [cf. (1-30)]. Then 

y„, = B.[l + 


(1-44) 












16 microwave spectroscopy 

where /3oi does not depend on Mi, M 2 


5 ^oi(mi)/^01(^2) — M2/M1 


1 + 0 


01 


BJ 



M2 


Ml 


M2 



(1-45) 


001 can be calculated from spectroscopically observable quantities, as 
Dunham shows. 


/3oi = + IbaiFso/SFoi - 8ai - GaJ + 4a? 

ai = 1^11 l^io/G 1^01 ^ 


(1-46) 


Since 0o\ is multiplied by B\l(s>\ in the expression for Foi, it will enter as 
a small correction, and it is sufficiently accurate to replace the coefficients 
entering into it by their approximate values from (1-35), f.e., 

Fio ~ COe Foi ~ Be F 21 ~ 7c ^20 ^ — COcXc Fll ~ “«« 

ai — ( —OfeCOe/GBJ) — 1 


For example, in the case of TCI, 0oi is approximately 50, so that the frac¬ 
tional correction to the mass ratio deduced from the microwave measure¬ 
ments is 50(B2/^2 j[(^ 37 _ ^35)/^36] = 2 X 10'^ Siiicc the accuracy of 

the present measurements is about 2 X 10“®, an improvement by a factor 
of 10 would make this correction appreciable. 

It is customary in calculating the moment of inertia of a molecule to 
assume each atom has the proper number of electrons to make it neutral, 
and that the entire mass of the atom is concentrated at a point. Thus 
for diatomic molecules the moment of inertia is generally written 
le = [MiM 2 /(Mi + M 2 )]rl, where Mi and M 2 are the masses of neutral 
atoms. Such an approximation is good only because the electrons are 
very light compared with the atomic nuclei which are, indeed, concen¬ 
trated within a very small radius. However, uncertainties in the location 
and behavior of electrons in a rotating molecule do appreciably affect the 
moment of inertia. In NaCl, for example, it would be more correct to 
associate with Cl the mass of one electron more than the neutral atom and 

with Na one electron less since the molecule is largely ionic or NaCl. 
In the case of LiBr and Lil, it has been shown [938] that the rotational 
spectrum gives a mass ratio for the two Li isotopes which is in agreement 
with other measurements of this ratio only if the Li is assumed to have 

4"^ 

lost one electron and be Li. 

Electrons are certainly not concentrated at the nuclei, but are arranged 
more or less spherically about their respective nuclei. Hence the 
moments of inertia might be expected to be greater than those calculated 
from the point mass assumption by an amount approximately equal to 
the moments of inertia of the electrons about their respective nuclei. 
This last contribution to the moment of inertia would be rather large, but 
fortunately it is not really present because a completely spherical shell 
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of electrons around an atom would not, in fact, rotate as the molecule 
rotates. This is known as the “slip efTect,” for the spherical shells of 
electrons appear to remain fixed in orientation or slip as the molecule 
rotates {cf. [339] and discussion of this effect in Chap. 8). The valence 
shell of electrons, however, is not comj^letely spherical, and part of it 
must be considered to rotate with the molecule, giving a contril)ution of 
approximately nmr^, where ri is the numlier of rotating valence electrons, 
m the electron mass, and r some average of their distance from the nuclei 
with which they are supposed to be associated. This is of approximately 
the same magnitude as the uncertainty in moment of inertia due to an 
uncertainty of the position in the molecule of one electron. If n is taken 
as 1 and r = r*, the error in moment of inertia is of the order 7 nrl, or a 
fractional error of 7 n{^[l + M)/MiM. This is less than 1 part in 10,000 
for almost all atoms, and hence would not affect a calculation of /’« from 
Be. On the other hand, it does affect a determination of mass ratios, 
giving a fractional error in the mass ratio Mi/Mo of m{M\ — J/ 2 )/d/iil/ 2 . 
For ICl, this fractional error is 8 X 10~^ which is of the same general 
magnitude as the other errors discussed above. However, for the light 
nucleus of Li in Lil, such an effect would be as large as 10“^, and easily 
detectable. 

L uncoupling also involves the behavior of electrons during rotation 
and is very closely related to the above effects, although it may be 
described in somewhat different language. The rotational momentum 
of the molecule can to a very small extent be transferred to the molecular 
electrons. Rotation tends to excite the valence electrons from their 
normal ^2 state of zero angular momentum to excited ^11 states, which 
have unit angular momentum, and hence slightly change the rotational 
energy. This process, known as L uncoupling, is very difficult to 
evaluate quantitatively from theory, since little exact knowledge of the 
electronic wave functions and excited states is available. However, it 
can be approximately evaluated from experimental results. Since a n 
state has an electronic angular momentum and magnetic moment, even 
a small excitation of this state contributes a considerable part of the mag¬ 
netic moment of the rotating molecule, which is of the order of a nuclear 
magneton, or one two-thousandth that of an electron. Hence a meas¬ 
urement of the molecular magnetic moment allows a rough estimate of 
the extent of L uncoupling or of its effect on the rotational energy. 

Electrons in a II state also produce a large magnetic field at the positions 
of the nuclei and hence a magnetic hyperfine interaction with the nuclei. 
Although this is not the only source of magnetic hyperfine interactions 
in a rotating molecule, it is probably a major contributor, so that measure¬ 
ment of the magnetic hyperfine interactions allow an estimate of the L 
uncoupling. 

It is estimated that L uncoupling in ICl or FCl produces uncertain- 
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ties in the mass ratio CPVCP^ of about 1 part in 10®. This is again 
large enough to be of importance in accurate microwave measurements. 
Lighter molecules, which rotate faster, would in general involve larger 
errors from L uncoupling. 

These electronic effects and their interrelations will be discussed in 
some detail in Chap. 8. That chapter shows that the entire contribution 
of electrons to the kinetic energy of rotation of a '2 molecule can be eval¬ 
uated by a measurement of the rotational magnetic moment of the mol¬ 
ecule. The magnetic moment of a ‘2 molecule is due to the rotation of 
both nuclear and electronic charges. The nuclear effect can be calculated 
by assuming that the nuclei form a rigid rotating frame. If their effect 
is subtracted from the measured magnetic moment, the electronic con¬ 
tribution to the moment can be determined. The change in rotational 
energy due to electron motion is, from (8-29) and (11-15), 

Wn = geJ{J + l)hBe (1-47) 

where QeJ is the magnetic moment in Bohr magnetons due to the motion 
of all the electrons. This expression allows the possibility of precise 
corrections for all effects due to electron motion [type (2) above]. 

Finally, it is of interest to examine how accurately the mass M must 
be known for the atom whose mass is not being measured. In deter¬ 
mining the ratio Mi/M 2 , it may be seen from Eq. (1-42) that M/M 2 is 
assumed known. A fractional error e in this ratio will give a fractional 
error 6 in the determination of M\/M 2 which is 


( 71/2 - Mi)€ 
71/ -b M 2 


(1-48) 


It is evident that, when the fractional change in weight of the molecule, 
( 71/2 — 71/i )/{M -b 71/ 2 ), is small, the ratio M/M 2 need not be known with 
high accuracy. The error produced by uncertainties in M/M 2 is not, of 
course, due to theoretical uncertainties in the behavior of the molecule 
as are errors (1) and (2) on page 15. However, inaccurate knowledge 
of M/M 2 may often give errors in Mi/M 2 of the same order as those 
of type (1) and (2). 

So far microwave mass measurements are just at the threshold of 
difficulties of the types discussed here. Since the measurements of Be 
with microwaves can be rather easily improved by another factor of 10, 
these difficulties will provide an ultimate limit to the accuracy of most 
mass ratio measurements of about 1 part in 10®. This limit, of course, 
represents a very good accuracy and one which cannot always be obtained 
by other methods, Le., an error of 10^"* mass unit for nuclei of atomic 
mass 100. 

1-4. Absorption Intensities and Selection Rules. A molecule interacts 
appreciably with a microwave electromagnetic field to emit or absorb 
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radiation only if it has an electric or magnetic dipole moment ju- Usually 
the dipole is an electric moment due to the positive and negative charges 
in the molecule. In the ICl molecule, for example, the Cl has an excess 
negative charge and the I an excess positive charge, so that the molecule 
is a small rotating dipole which acts in many ways like a small antenna 
in radiating or receiving electromagnetic waves whose frequency coincides 
wit h its frequency of rotatio n. The rate of radiation is small because 
the molecule is so small (approximately 10“® cm) compared with the 
wavelengths radiated (approximately 1 cnO/A 

As will he discussed in some detail in Wiap. 13, the intensity of a 
narrow microwave absorption line in a gas may usually be written 


~ 3c/>:7’[(r - 


(1-49) 


where N = the number of molecules per cc in absorption cell 

/ = fraction of these molecules in the lower of the two states 
involved in the transition 

= square of the dipole moment matrix element for the transi¬ 
tion, summed over the three perpendicular directions in 
V = frequency 

j^o = resonant freciuency or, to a good approximation, the 
frequency of the absolution line 
Ap = half width of the line at half maximum, or line-breadth 
parameter 
c = velocity of light 
k = Boltzmann constant 
T = absolute temperature 

The peak absorption of the line occurs very near to p = pq^ and is 




max 


87rW/|M,v|^.-g 
3ckT Ap 


(1-50) 


The fraction of molecules in a particular vibrational state of energy 
h(i)e{v + is given by 


since 



g—Aaj,(v+J)/A"/’ 



n “0 


g(Awe/fcr)(n+J) 


Q—vhut/kT 


(1 - e 


—hwt/kl 


■) 


(1-51) 


^ ^—h<A>t/kT 2Aw#/A:7* ^—Shwe/kT ~ ^ 52) 


Of the molecules in a particular vibrational state, we must find the frac¬ 
tion fj in a particular rotational state J in order to obtain the fraction 
/ = fvfj in the particular state of interest for expression (1-50). The 
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angular momentum J may be oriented in space 2/ + 1 different ways, 
corresponding to the different values of the magnetic quantum number 

M = JjJ — \,J — . . . , — J. The fraction having angular momen¬ 

tum J is then 



{2J + 


CO 


^ {2n + 


+ i)/ibr 


n — 0 


(1-53) 


If B/kT is sufficiently small, the sum, often called the partition function, 
may be replaced by an integral, 


00 

(2n -b = 

n =0 

In case B/kT is large enough that a more accurate value of the rotational 
partition function is needed, it may be written as an expansion 




00 


{2x + = 


kT 

hB 


(1-54) 


09 


^ (2n -f- 


n ®»0 



kT 

hB 


+ 1 + 


1 hB 
15 kT 

+ 



Using only the first term of this expansion, 



{2J -I- 

kT 


(1-56) 


In most cases of microwave rotational spectra, hB/kT « at room 
temperature, so that not only is hB/kT small, but usually 

be approximated as unity for low values of J. Hence 

f = {2J + 1) e-’’''"*"*’'(l - 6-'^“*"*’’) (1-57) 


Dipole Moment Matrix Elements. The dipole moment of a macro¬ 
scopic linear array of charges oriented along the z axis would be defined 
as 

M ^ eiZi or j p{z)z dz (1-58) 

% 

where ei is the size of the ith. charge and Zi is its coordinate. In the 
integral form, p{z) is the charge density per unit length. A linear mole¬ 
cule may be thought of as having an inherent or permanent dipole 
moment of the same type oriented along its axis. However, the molecu¬ 
lar orientation is not fixed in space, so that its average dipole moment in 
any one direction is zero unless it is subjected to external electric fields 
or other constraining forces. 
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A measure of the effectiveness of an electric held along the z axis in 
exerting a torque on a rotating molecule, or in inducing a transition 
between states JM and J*M' is given by the dipole moment matrix 
elements 

dr (1-59) 

where is the projection of the molecular dipole moment on the z axis. 
^JM represents the molecular wave function for a total angular momentum 
J and magnetic quantum number M. Similarly, for electric fields in the 
X ov y directions the dipole matrix elements 

dr (1-GO) 

H.iJMJ'M') = dr ( 1 - 61 ) 

are important. The intensity of absorption or emission of radiation polar¬ 
ized with the electric vector in x, ?/> or z directions due to a transition 
between the states JM and J'M', is just proportional to \fij,(JMJ'M')\^j 

and \fXz{JAIJ^M')\^, respectively. In expression (1-50) 
giving the intensity of an absorption line, in which either the radiation 
is unpolarized or the molecules are randomly distributed in various 71/ 
states, the quantity is given by 

2 + \nA-/Arj'M')\^ (1-G2) 

. 1 /' 

In terms of spherical polar coordinates fixed in space, the components 
of the dipole moment are 

Mx = M sin 6 cos <t) y-y = y- ^in B sin </> yz = y cos 6 (1-G3) 

In these coordinates the matrix elements become: 


yx{JMJ'M') = yH'^M sin B cos 4 > dr 

yyf{JMJ*M^) = yfypjM sin B sin <f) dr (1-64) 

y,{JMJ'M') = cos B dr 

where is an eigenfunction for the rotating molecule. 

For the rigid rotator, on substituting the eigenfunctions from (1-5) 
and (1-6) and using dr = sin B d<p dBj we get 


yi{JMJ'M') = yNj^Nra' Jj P^/^(cos B) cos B PI,^^''(cos B) sin B dB 

e-'"(1-65) 

where Nj^t and Nj’m' are the normalization factors for and or 


Nj,. = - 4 = 

V2n L 


{ 2.1 + 1)(J - | 7 l/|)ni 

2{J + \M\)\ 


( 1 - 66 ) 


The second integral in (1-65) has the value of 27r if M = M'\ otherwise 

* J • ^ 

It IS zero. The first integral may be obtained from the properties of the 
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Legendre polynomials ([471], p. 73; [62], p. 307; [537], p. 136) 
cos e 6) = Y/ P^/L\(cos e) 

+ ^ ^ nr. (cos e) (1-67) 


so that, remembering that M must equal 4/', 


n.iJALPAf) = 27rfiNj,,Nr^r 


J + M 
2J + 1 


Pj-\iGOs 0)PJ/yi(cos 6) sin Odd 


- 2/ + 1^ I ^)Pl/y'(cos 0) sin Odd 



( 1 - 68 ) 


These integrals vanish unless J' = J ± giving the selection rule that 
for a transition AJ = ±1. Taking J as the lower state so that 


./' = J + 1 


the first integral vanishes and 





N j.u J — AI -|- 1 

^ J-f-l.Af 2J -|- 1 


j ^j+i.mlPjVi(cos e)Y sin e de (1-G9) 


The integral remaining is just the normalization integral and equals 
l/27r with our choice of normalization factor. Putting in values of 
Njm and 

,w,./ + Mf) - , (1-70) 

Similarly, and are zero unless J = J' ± 1 and Af = M' + 1. 
Then 


+ 1) = -inuiJ^Af^J + 1,M + 1) 

_ -M /(./ + M + 2)iJ + M + 1) ,, ,,, 

2 V (27 -b 1)(27 + 3) ^ ^ 

+ 1,M - 1) = ifiy{J,M,J + l,M - 1) 

- / (7-'M + l)(7-M + 2) 

“ 2\ (27 + 1)(27 4- 3) ^ ^ 

The signs or ^‘phases” of the matrix elements (1-71) and (1-72) are 
usually not important and may be positive or negative according to 
one’s definition of PJ^(cos 6). The signs given are those adopted by 
Condon and Shortley [56] but are not used by all authors. 

The probability of inducing an absorption in a particular molecule 
in a state 7M by radiation with the electric field in the z direction is then 
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proportional to 

U 2 _ . (^ + D- - 

^ (2J + 1)(2J + 3) 


(1-73) 


and only the transition ./+ \,M ^JM can occur. Here the arrow 
indicates that the absorption process produces a transition from the 
state JM to the state J + Probability of emission of radiation 

of the same polarization due to the transition J + 1,^^/ -^JM is pro¬ 
portional to the same quantity. For radiation with the electric vector 
in the x ov y direction, the absorption probability is proportional to 


2 ^ (J + M + 2)(./ + M + 1) 
4 (2,/ + 1)(2,/ + 3) 

for a transition J + 1,-17 + 1 ^ JM and 


lu (./ - M + !)(./ - M + 2) 

4 (2./ -h 1)(2./ + 3) 

for J + l^M ~ 1 ^JM. 

For an electric vector in the 2 diretdion, the result that il/, the angular 
momentum about the z axis, cannot change is easily understood because 
there can then be no tonpie on the molecule about the 2 axis. For 
electric fields in the x or y directions, however, there is a torque about the 
2 axis and M changes by one unit. 

For any particular initial state JM, it can be shown from (1-73), 
(1-74), and (1-75) that 



ii,{JMJ'M')\‘^ -b \nu{JMJ'M')[^ + 


tx,(JMJ'M')\^ 


= .2 ('7 + 1) 

^ 2.7 + 1 
_ 2 *7 + 1 

~ ^ 2J -h 3 


for the transition ./ + 1 4 — / 
for the transition J + I J 


(1-76) 


The expression is independent of M, as it should be since it represents the 
probability of absorption of unpolarized radiation, which should be inde¬ 
pendent of molecular orientation. 

It should be noted that, although the individual matrix elements are 
identical for reverse transitions J'M' <— JM and JM J'M', the average 
matrix element given by (1-76) for a transition J -f- l <— j jg greater 
than that for the reverse transition J -|- 1 —► J. This must be true in 

* In spectroscopy it is conventional to denote transitions by writing first the state 
having higher energy. For an absorption process, which is the common type of 
transition in microwave work, this involves writing the final state before the initial 
one. We follow the common convention for the sake of uniformity with other 

branches of spectroscopy, although the lower state is written first in much of the 
previous microwave literature. 
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order to maintain thermal equilibrium when transitions take place, since 
there are 2J + 3 states of angular momentum J + 1, but only 2/ + 1 
states of the lower angular momentum J, 

Peak Intensities of Absorption Lines. Combining (1-57) and(l-76) for 
an absorption in which J A- I J 

^hB{J + 1) r _ mYw z... 

l.rp Jv c%i,rn ^^0 



where /„ is the fraction of molecules in the vibrational state being con¬ 
sidered. The peak intensity of an absorption line of a diatomic molecule 
given by (1-50) becomes 


Air^hNU^vl 

3c{kTyAu 


(1-77) 


Since the line-breadth parameter Au is proportional to the molecular 
density N at low pressures, N/Ap and therefore y,nnx is quite constant for 
pressures from about 1 to 10^ microns or 10~^ to 100 mm Hg. As a 
standard procedure, the value Ap is often given for 1 mm Hg pressure. 
Then the universal constants of (1-77) may be evaluated and rewritten 



max 


= 5.48 X lO-^Vv 


Ap 


(1-78) 


where m is measured in debye units, or 10“^® esu, Po and Ap are measured 
in megacycles and T is taken as 300°K. Typical values would be 
/„ « 1, At = 1, 1^0 = 30,000 (\ = 1 cm), Ap = 15, giving = 10-Vcm. 

This value of represents a conveniently strong absorption for micro- 
wave spectroscopic work, z.e., 1 per cent absorption in one meter path 
length. Because of the rapid variation of intensity with i^o, absorption¬ 
line intensities for wavelengths longer than 10 cm are usually too weak 
to be readily observed, while those for wavelengths as short as 1 mm 
are quite intense. 

Measurements of intensity, combined with expression (1-78), can be 
used in some cases to evaluate A;/ if ^ is known. Although dipole 
moments are usually measured most accurately by Stark effects (Chap. 
10), they may be determined to an accuracy of a few per cent from (1-78) 
by a measurement of both intensity and the half width of the line 
Ai'. 

Expression (1-77) indicates that the absorption intensity 7 max increases 
rapidly with decreasing temperature T. For this reason it is often 
advantageous to strengthen absorption lines by decreasing the tem¬ 
perature of the gas to — 78®C (dry ice) or lower if there is sufficient vapor 
pressure. The exact dependence of y^ax on T depends on how Av varies 
with T. Av will be shown in Chap. 13 to vary as T", where ~l<n< — 
Even when n = — 1, 7 max can be increased by decreasing the gas tem¬ 
perature T, 
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LINEAR POLYATOMIC MOLECULES 


2-1. Pure Rotational Spectra—General Considerations. Except for 
the complication of more possible modes of vibration, the spectrum of a 
linear polyatomic molecule is much like that of a diatomic molecule. 
There is a very small moment of inertia about the molecular axis, and 
hence angular momentum about this axis is not easily excited, and the 
linear molecule rotates end over end with energies of the same form as 
for a diatomic molecule 



h‘^ 

Stt^/ 


J{J + 1) 


where I is the moment of inertia and vibrations are neglected. Wave 
functions and intensities for linear molecules are also similar to those 
for a diatomic molecule [Eqs. (1-5), (1-G), and (1-77)] if vibrations are 
neglected. Vibrations do, however, add considerably to the actual com¬ 
plexity of the spectra as well as introduce some new phenomena. 

As an obvious extension of the effects of vibrations seen in diatomic 
molecules, the rotational constant B = h/Sw'^l for a polyatomic linear 
molecule should be written 


B Be — oii{Vi + ^) — J(J 1)D (2-1) 

♦ 

t 

where —represents the change in the equilibrium value Be due to 
excitation of the fth vibration, D the change due to centrifugal stretching, 
and Vi is the quantum number for the vibrational excitation. Even in 
the ground state, where all y,- are zero, the zero-point vibrations change 

the rotational constant by — ^ oci/2. A linear molecule has one or more 

degenerate modes of vibration, f.e., modes which have the same frequency 
o)i and the same value of a*. If these are counted as a single vibration, 
then (2-1) is written: 

B = Be - 2 + 1)£> 

where di is the degree of the degeneracy, or the number of degenerate 
modes with the same value For the diatomic molecule where there 
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is only one vibrational mode, a can be fairly simply treated. We shall 
see that the addition of just one more atom to the diatomic molecule very 
greatly complicates the vibrational effects. 

The commonest type of linear polyatomic molecule is triatomic, such 
as carbonyl sulfide or OCS, where in ecjuilibrium the atoms are arranged 
in a straight line in the order of this chemical formula. Any arbitrary 
relative vibration of the atoms in OCS may be described as a sum of four 
types or normal modes of vibrations. For each normal mode, the dis¬ 
placement of each atom is periodic with a definite frequency and propor¬ 
tional to a variable called the normal coordinate Then the general 
motion of oi^e atom, which we shall label s, is giv^en by 

= Yi X 

* i i 

Two of these normal modes are degenerate, or are similar and have the 
same frequency. The three different vibrations are shown in Fig. 2-1, 
where the arrows indicate the relative directions and magnitudes of the 





t 

S 




OCS 

Fig. 2-1. The nonnal modes of the linear triatomic molecule OCS. Directions and 
lengths of arrows indicate relative motions of the three nuclei for the three different 
vibrations. The mode P 2 is degenerate, a vibration of the same frequency with dis¬ 
placements perpendicular to the page being also possible. 


displacements of each atom. The lowest frequency of vibration, which 
is indicated by ^ 2 , corresponds to a bending of the molecule. This bend¬ 
ing can take place in either of two perpendicular planes, corresponding to 
the two degenerate modes of oscillation of this type. Of the two stretch¬ 
ing modes, by convention the one of lower frequency in which the two 
outer atoms move in opposite directions is called vi and the higher- 
frequency vibration in which these atoms move in the same direction is 
Allowing for the four modes of vibration, two of which are degenerate, 

By, = Be — ai{vi + ^) — a2(v2 + 1) — (2-3) 

The ck's as before must be evaluated from the molecular potential func¬ 
tion. The potential function for a linear triatomic molecule is consider- 
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ably more complex than that for a diatomic molecule. Taking a coordi¬ 
nate system with origin at the center of mass and for which the ^ axis lies 
along the molecular axis, the potential for small displacements of the 
atoms may be written 

F = ^ (22 - ~ (23 - 22)^ + ~ (23 - 21)^ 

+ ^^ 12(^2 — 2 i )(23 — Z 2 ) + KuiZ2 — Zi){Zz — Zi) 

+ A%3(23 — 22)(23 “ -^0 + ^ + y^) (2-4) 


where the subscripts 1, 2, 3 refer to changes of the coordinates of the first, 
second, and third atoms from the efiuilibrium values. The ICs are 
potential constants, and 


X = (2^2X2 — rriix I 

y = (2m22/2 — miyi 




mi + ni 2 + m 3 
3m2(mi + rn^) 


yn-Aij^i) 


mi -t- m 2 + m 3 
3m2(/ni + m 3 ) 


which represent relative displacements of the central and two end atoms 
perpendicular to the molecular axis. Here mi, m 2 , and m 3 are the masses 
of the three atoms. This potential is so complex that frequently it is 
simplified by assuming that forces occur only through the conventionally 
recognized molecular bonds corresponding to their stretching or bending. 
This “valence bond” approximation, which makes all constants in V 
zero except Ki, K 2 , and is usually a moderately good approximation. 
It tends to be rather poor if a stretching of one bond tends to affect the 
nature of a second bond as in bonds said to be “conjugated.” 

Evaluation of the a’s involves not only the terms in the potential given 
above, but also the anharmonic potential constants. These anharmonic 
constants are most conveniently expressed if the potential is written in 
terms of the normal coordinates (see [130], p. 70) 

Enui.armonio = ^ 111^1 d" + ^‘'133^1^3 + ^ 122 (/l (/2 + k^22(lz(l2 + ^' 333^3 

(2-5) 

For these normal coordinates the constants /,«, m, 8 , and riu of (2-2) 

have been chosen so that the kinetic energy due to vibration comes out 
simply 



Because of symmetry about the molecular axis, odd powers of qz do 
not appear in (2-5). A. H. Nielsen [119] has obtained for the a*s 
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2B 


Co)i 


2 

COi 


1 - Hi - Hi + 67» 


COi — O) 


^Ssfelll I o tJ ^21^113 

47rVco? 


012 = 


ecu 2 


, hlko23 j ?23/Cl22 /o 2 , 2. 

iM, + ^ 


^ 2 ^ 


( 2 - 6 ) 


CUo — CO 


- (3co^ + iol) 


II 3 


CO 2 


2 

CO 3 


a ,3 is similar to ai hut with the indices 1 and 3 interchanged throughout. 
Even though these expressions appear somewhat complex, they have 
been abbreviated by using the quantities 


mim.i 


(mi + m^)/, 


Wim^ 


(mi + ms)/ 


(^6. - 2e,) cos 7 


, moimi + m2 + m 3 ) ^ 

+ - 7 -^-TT- Sin 7 

L (mi + m3)/e J " 

(Ze, - 2 .J sin 7 

r7/?.2(mi + m 2 + ms)]^ 

■b - 7 -^-TT- cos 7 

(mi + m3)/e ’ 


(2-7) 


sm 7 = 


-L Fi ■ 

V 2 ^ 4(/;0^ + (A-; - /.-O^ 


The subscript e in Ze„ Ze., and Ze^ indicates the equilibrium value of zi, Z 2 , 
and 23 . 


mi + m 3 


K^ml 


+ 


K^ml 


mim3 L(^i + ^ 3 )^ (mi + ms)^ 


+ /V 3 + 


2K\2'm\mz 

(mi + m^y 


I 2/Ci3m3 ^ 2/C23mi 

mi + m 3 ~ mi + m 3 


mi + m 2 + m 3 


= 


m2(mi -f- m 3 ) 

^mi + m 2 + msX^ 


( 7 Ci + 7^2 - 27:12) 


mim2m3 


TCima 


+ 


Kim 


mi + m 3 mi + m 3 


7:i2(mi — m 3 ) 
mi -b m 3 

- 7:13 + /: 


The frequencies are written as coi, C 02 , and C 03 to indicate as usual the ideal 
frequencies for infinitesimal vibrations. These do not in fact differ 
significantly from the observed frequencies of the lowest vibrational 
states, v\, V 2 j and 1 / 3 . The frequencies co are all expressed in cm~^, and Be 
and the a^s are in cycles per second. 

There are so many potential constants involved in (2-6) that for no 
molecule of the form XYZ (such as OCS) have they yet been all evaluated 
so that the a's can be theoretically determined. However, if the tri- 
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atomic molecule is symmetric such as OCO (CO 2 ), the potential constants 
and formulas simplify considerably [119], and one or two cases have been 
completely worked out from infrared measurements. There is, of course, 
no pure rotational spectrum for these symmetric linear molecules because 
the dipole moment is zero. 

As in the case of diatomic molecules, the contributions to a from the 
anharmonic force constants are usually larger than those from the har¬ 
monic potential terms. Thus the experimental values of ai and ag in all 
known cases are positive as a result of anharmonicities instead of negative 
as would be expected from a purely harmonic potential. From Table 2-1 
it may be seen that 0:2 is negative in cases which have been measured. 

Table 2-1. Molecular Dimensions and Vibration Parameters of 

Some Linear Triatomic Molecules* 

h is the distance between the first two atoms and /o that between the last two in 
the chemical formula. Ki and K 2 , the force constants corresponding to stretching h 
or I 2 , respectively, are evaluated under the assumption of valence forces only. 


Molecule 

u, 

10 “® cm 

h, 

10 “* cm 

/v'u 

10 ^ 

dj'nes/cm 

lU, 

d^'iics/cm 

1 

cm"‘ 

1 

cm“‘ 

*'3, 

cm“^ 



1.156 

5.8 

1 

17.9 

2089 

712 

3312 

C138C12NM 

1.629 

1.163 

5.2 

16.7 

729 

397 

2201 


1.789 

1.160 

4.2 

16.9 

580 

368 

2187 

imci2Ni4 

1.995 

1.159 

3.0 

16.7 

470 

321 

2158 

Oi«C'2S32 

1.101 

1.561 

14.2 

8.0 

859 

527 

2079 


1.126 

1.191 

14.6 

13.7 

1285 

589 

2224 


* All data on force constants and frequencies are from Herzberg [180). Internuclear 
distances come from microwave work (see Appendix VI). 


The centrifugal stretching constant D has also been evaluated by 
Nielsen [119] as 



( 2 - 8 ) 


where the ?’s are defined in (2-7), wi and coj are in cm-*, and D are in 
cycles per second. The centrifugal stretching of linear molecules is very 
small for most rotational lines in the microwave region, but not too small 
to be detected and measured. The calculated values of D assuming 
valence bond forces for several linear molecules are listed in Table 2-2 
and compared with measured values. 

Coriolis Forces. It may be at first surprising to note from (2-6) some 
terms which are “resonant.” For example, the term in aj which is 

_ -b g,,^) 

CC02(<o2 - 0)2) 
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would become very large if C 02 were close to 0 ) 3 . These terms are generally 
thought of as due to Coriolis forces, and represent a coupling of the 
modes of vibration 0^2 and C 03 by Coriolis forces in the rotating molecule. 
The Coriolis force is a fictitious force which must be introduced if mechan¬ 
ical motion is studied in a rotating coordinate system and the rotation 
is otherwise overlooked. It has a value F = 2v X to, where to is the 
vector angular velocity of rotation of the coordinate system and v is the 
vector velocity of motion through the coordinate system. 

A Coriolis force occurs in the case of a rotating and vibrating diatomic 
molecule as well as in the more complex case discussed here. As the 
rotating diatomic molecule stretches, its rotation is slowed down and as 
the molecule contracts its rotation is speeded up by Coriolis forces. 
Such changes in rotational velocity are often attributed simply to the 
law of conservation of angular momentum—as the molecule expands its 
moment of inertia increases and hence it must slow down in order to 
conserve angular momentum. This is not all, but it is a part of the origin 
of Coriolis forces, and the diatomic molecnile may be regarded as subject 
to Coriolis forces which slightly change its rotation and give the “ har¬ 
monic contribution to the rotation-vibration interaction «« which is 

-65^0;. [Eq. (1-28)]. 

Table 2-2. Rotational Constants and Dipole Moments of 

Some Linear Polyatomic Molecules 
All rotational con.stants are given in megacycles. 


1 





D 


M. 










dcbyos 


Molecule 

Bo 

<x\ 

at 

at 



Qi 

or 

Reference 






Calnn- 

Ob¬ 


10-18 


1 

1 





latcd 

served 


esu 

\ 

H>C>2Nn 

44.315.80 

279 

1 1 

1 -21 

324 

0.065 

0.10 

1 

224.47 

3.00 

1 

[130] [532] [733] 










[803] [911] [997] 

CpBCuNn 

5,970.82 

4.120.19 


- 16.39 


0.00159 

0.000842 


7.50 

2.80 

2.94 

[329] [528] 

[329] [531] 

Br”C>2Nn 

15.54 

-11.49 

V V V « 

• • • 4 

0.00091 

3.91 


3,225.53 

9.33 

- 9.50 

• • • ♦ 

0.000626 

0.00088 

2.69 

3.72 

[329] [531] 

0>«C>2Saa 

6,081.48 

20.5 

-10.59 

36.4 

0.00128 

0.00131 

6.39 

0.709 

[329] [530] [946] 










[968] 

0»«C*2Se»° 

4,017.68 

2,017(?) 

1,559.93 

12.561.64 

13.27 

— 6.92 



0.00076 

3.15 

0.754 

[418] 

[432] 

[932] 

[184] [528] [755] 
[915] 

S3JC‘»Se«o 


P 9 4 0 




— 3.245 

tie# 



0.660 

0.17 

Ni<N'*0‘» 

51.6 

-12.6 

1 • « • • 

104 

0.00524 

0.0057 

0.166 


H>C»C‘»C1« 

5,684.24 

4,549.07 







0.44 

[425] 

[548] 

HiC”C»Ci»N« 



* V ^ 

^ ^ — - 




3.6 

1 


• • • • 





For diatomic molecules, introduction of Coriolis forces seems an 
unnecessary complication. It is only for polyatomic molecules that the 
Coriolis-force approach is generally used, for there it is of real value in 
simplifying one's view of rotation-vibration interactions. Figure 2-2 
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shows the effect of Coriolis forces on a rotating linear triatomic molecule. 
It is evident that the vibration 003 excites some motion of the type cos, 
and vice versa. This is the reason the resonance-type terms involving 
the difference between two frequencies are often called Coriolis terms. 
The other terms not involving anharmonic force constants or resonance 
denominators may also properly be called Coriolis terms, although they 
may be just as simply and correctl}" regarded as due to effects of har¬ 
monic vibration on the moment of inertia. 

2-2. Z-Type Doubling. Bending or 
perpendicular modes of oscillation in a i/y 
linear polyatomic molecule are rather 
different from anything that occurs in a 



diatomic molecule, and they introduce a 
new phenomenon known as Z-type dou¬ 
bling. If the molecule is not rotating, 
then it may bend in two perpendicular 
planes, say the xz plane and the yz plane, 
with exactly the same frequencies of 
oscillation. These are the two degener¬ 
ate modes which have been considered to 
have the same rotation-vibration con¬ 
stant a. However, if the molecule is 
rotating about the x axis, then bending in 
the xz plane is not quite equivalent to 


X 



Fig. 2-2. Coriolis forces in a linear 
XYZ molecule. The curved ar¬ 
rows indicate direction of rotation. 



bending in the yz plane, the effective straight arrows give the nor- 

moments of inertia about the axis of rota- T’ 

tir»n ro* 4 . r i-L. X T ® Vibration, and dashed arrows 

tion being different for the two cases. In i„dicate the Coriolis forces, 
addition it may be seen from Fig. 2-2 

that, when the bending vibration is perpendicular to the angular 
momentum J of the molecule, the vibrational frequencies n and ^3 are 
excited by Coriolis forces. However, when the bending motion is 
parallel to J, the Coriolis force 2v X to is zero and other vibration modes 


are not excited. Hence the two directions of vibration coupled with 
rotation give different energies also because of the different Coriolis 
forces. As a result of this vibration-rotation interaction, the two degen¬ 
erate energy levels are slightly split, the splitting being called /-type 
doubling. 


A more accurate description of Z-type doubling and a calculation of 
the magnitude of the .splitting must come from a quantum-mechanical 
treatment [120]. We start by considering a two-dimensional simple 
harmonic oscillator in the xy plane representing the two bending modes 
of equal frequency oi. The oscillator may be studied in Cartesian 
coordinates and found to have various allowed energy levels (n* -f- ^)hv 
for vibration along the .r axis and similarly allowed energies (nl + \)hv 
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for vibrations along the y axis. Here Ux and Uy are, of course, positive 
integers. The total energy W = {ux + iiy + \)hv does not uniquely 
determine the state of the oscillator since various combinations of Ux and 
riy can give the same energy. 

Considering the oscillator from a classical point of view, a proper 
phasing of the x and y motions will make the oscillator travel in a circle 
or ellipse and hence have an angular momentum. To discuss this angular 
momentum quantum-mechanically, it is appropriate to use cylindrical 
coordinates, specifying the state of the oscillator by its distance from the 
origin r and the angle x between r and the x axis. The wave equation 
may be solved in these coordinates, giving wave functions 




(2-9) 


where N^i = 2 





~ associated Lagucrre polynomial 
p = 2'ir -y/mv/h r 
m = mass of oscillator 

The energy is given by hv{v + 1), and the angular momentum I (in 
units of h/2ir) can take on only the values y, — 2, y — 4, . . . , — y. 

Similarly the linear molecule may have angular momentum about 
its axis as a result of vibration in one or more degenerate modes. This 
angular momentum affects the energies of rotation, making the molecule 
very similar to the symmetric-top molecules described in the next chapter 
with angular momentum about the symmetry axis. For a linear tri- 
atomic molecule where there is only one degenerate mode of vibration, 
the wave function for the molecule becomes 


^vlJ “ ypvi{pyx)Rji{^j4d 


( 2 - 10 ) 


where Rji = symmetric-top wave function discussed in Chap. 3 

p = 27r v/h {ql + ql)^, where qx and qy are normal coordinates 
for the two degenerate vibrations 
Z = y, — 2, y — 4, . . . , —y 

The total angular momentum J cannot be less than the angular momen¬ 
tum I about the axis, or J > 1^|. Except for the Z-type doubling energy, 
the rotational energy is very similar to that for a symmetric top. How¬ 
ever, the energy associated with rotation around the symmetry axis is 
normally attributed to vibration in this case, 

W = hv2{v + 1) + + 1) - P] - D.[J(J + 1) - PV (2-11) 

Rotational frequencies are, according to (2-11), 

= 2B.(J + 1) - 4D„(J -b 1)[(J + 1)2 - P] 


( 2 - 12 ) 
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The energies given by (2-11), which are similar to those of a symmetric 
top, still do not include ^-type doubling, but indicate a degeneracy 
between -\-l and —1. The /-type doubling is in many ways similar to 
the splitting of the s 3 ^mmetric-top energy levels by a slight asymmetry. 
Behavior of the vibrating linear molecule's wave functions and energy 
levels is exactly parallel to that of the slightly asymmetric rotor to be 
discussed in Chap. 4. The magnitude of splitting may even be approxi¬ 
mately calculated from the crude model that the molecule is permanently 
bent by an amount equal to its average vibrational displacement, and 
by then treating it as an asymmetric rotor. The rather complete treat¬ 
ment of H. H. Nielsen ([402] and [624]) gives for the energy-level splitting 
when |/1 = 1 

IK* + “ I + *) (2-13) 


where V 2 = the quantum number for the degenerate vibration co 2 
wj = a molecular vibrational freciuency other than 0)2 
^ 2 t = certain Coriolis parameters of the molecule which are depend¬ 
ent on the masses, dimensions, and harmonic force constants 
of the molecule. For a linear triatomic molecule, they are 
given by (2-7). 

The quantity 



may be abbreviated by qi, the Z-type doubling constant. In most cases 

“ 0)1)] is near 0.3; so qi is very approximately 2.6Bl/o)2. 

t 

In the few cases where q has been fairly accurately calculated from the 
above expression, the values agree within a few per cent with measured 
values [505]. For Z = 2 or greater, the splitting is usually too small to 
observe, being of the order B(B/a) 2 y. 

Allowing for the above splitting, expression (2-12) for the rotational 
frequencies is modified to 


V = 


± (^2 + 1) j (J + 1) — 4:D{J -f- !)[(,/ -f- 1)2 — /2] (2-14) 


4 

where, of course, 


By — Be — ai(vi + -j) “ Ot2(V2 + 1) — a3(Vz + ^) 

The above discussion may be readily extended to linear molecules involv¬ 
ing more than three atoms, and hence more than one pair of degenerate 
vibrations. 

Introduction of an angular momentum Z about the molecular axis due 
to vibration affects not only the energy levels but also the intensities. 
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The dipole matrix elements are similar to those for symmetric and slightly 
asymmetric rotors to be discussed in following chapters. For any value 
of J , the energy level of these degenerate states may be specified by I and 
a subscript 1 or 2 indicating, respectively, the lower or upper of the two 
split states. Allowed transitions of the following types occur 


J + I 

J + 1,^2 <— J M I 



, {J+\Y-P 
^ {J + 1)(2./ + 1) 


(./ + \){2J + 1) 


(2-15) 

(2-16) 


where is the dipole matrix element between the two states from which 
intensities may be computed according to (1-49) and /z is the molecular 
dipole moment. If the molecular states are designated by asymmetric- 
top rotation (Chap, 4), the state becomes J|Z|.j 4 .i_,/| and J.U is 
The dipole matrix elements for transitions between these levels are iden¬ 
tical with those for a slightly asymmetric top. 

A type of transition with A./ = 0 is indicated by (2-10) which cannot 
occur when ^ = 0. The frequency of such transitions, from (2-13), is 


" = 1(^2+ !)./(./ + 1) (2-17) 

which is a rather low frequency for many molecules unless J is very 
large. However, Shulman and Townes [505] showed that for HCN qi 
is so large that these transitions occur in the microwave region for 
moderate values of ./. The observed frequencies for a series of these 
lines are given in Table 2-3. It may be noted that qi is not accurately 


Table 2-S. Observed Lines in HCN and Values of 

/-type Dottbling Constant qi 
(After Westcrkamp [997]) 


./ 

Froquency, Me 

qi — frcquoncy/y(/ + 1), Me 

ti 

9.423.8 

224.365 

8 

10,147.8 

224.274 

9 

20,181.4 

224.238 

10 

24,660.4 

224.185 

11 

29,585.1 

224.129 

1 

12 

34,953.5 

224.061 


constant but decreases with increasing J by an amount which is of the 
order qi{B/(j>^\J{J -f 1) ([529], [547], [997]). A small variation in qi of this 
type may be expected in analogy with the expansion of all rotational 
constants in powers of B/co, and has been justified by H. H. Nielsen [505], 
Major features of the rotation-vibration spectrum of a linear molecule 
have now been described. They are illustrated in Fig. 2-3, which is the 
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J = 2 <— 1 transition of OCS. Each vibrational mode produces a series 
of lines of exponentially decreasing intensity. The degenerate mode 
shows Z-type doubling when |/| = 1. Larger values of |/| cannot occur in 
this transition, since 1/| must be less than J. 

2-3. Perturbations between Vibrational States—Fermi Resonance. 
Ordinarily, the values of a may be determined from the separation 
between lines of two adjacent vibrational states. Thus the fretpiency 
difference between the ground state (000) and the excited state (100) in 
the J = 2 1 transition shown in Fig. 2-3 should eciual dai. Similarly 



(300) (200) (2ll0) (100) (lljO) (000) (OllO) (02^) (03^0) 

(001) (21^0) (11^0) (12°0) (OiJO) (03l0) (04°0) 

Frequency ->• 


Fig. 2-3. Rotational transition J = 2 1 in (^CS showing excited vihrational states 

and l-typa doubling. The vibrational state is given by vibrational quantum numbers 
in brackets (viV 2 V 3 }y having a superscript \l\. In case |/| = 1, a subscript 1 is applied 
to the lower-frequency component of the /-type doublet, and 2 to the higher-frequency 
component. Intensities of excited states in this figure are much larger than normal, 
being appropriate for a temperature of 800°C. 

the frequency difference between (000) and the center of the two /-type 
doublets (01}0) and (01^0) should equal 4a2. In most cases this is a 
satisfactory method of determining the as. If higher excited vibrational 
states are observed, they also allow determination of the a’s. The fre¬ 
quency difference between (000) and (02^0) for a J = 2 <— 1 transition 
should according to (2-14) give Sa 2 , except for very small correction terms 
similar to Y 21 in (1-29) or (1-32). However, in all polyatomic molecules 
there are perturbations between vibrational states which shift the energy 
levels, destroy the regularity predicted by (2-14), and make somewhat 
inaccurate the values of the a^s obtained from simple application of this 
formula. Perturbations between vibrational states were first noticed in 
CO 2 , and are generally called “Fermi resonance” effects because they 
were explained by Fermi as due to interaction between two states of 
nearly the same energy. 
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Fermi resonance” effects on the rotational spectrum of OCS are 
rather prominent, and may be seen from Fig. 2-4, which illustrates the 
J” = 3 2 transition. In this figure, the (02^0) line is displaced from 
the ground state (000) less than twice as much as the center of the two 
lines (01}0) and (01^0). In addition, the (02*^0) line does not coincide 
with the center of the unsplit doublet (02^0). According to (2-14), these 
should differ only by the very small ciuantity 16/)(*/ + 1). Separation 
between (02^0) and (02^0) illustrates the fact that these perturbation 
interactions depend not just on the energies of vibration, but also on 
symmetry properties. 

The lower vibrational levels of OCS are shown in Fig. 2-5 with possible 
interactions between adjacent vibrational levels. If the molecular 
potential were purely harmonic, then it could be written in normal 
coordinates 

T/ 2 I 9 I ^^3 9 

= Y 9? + -2 52 + ^ 93 

and there would be no interaction between the various normal coordinates 
or vibrations. However, there are anharmonic terms in the potential 
(2-5) which couple the various normal modes. Thus a term such as 
^\ 22 <iiq\ from (2-5) allows a variation of qi to affect the behavior of qz or 
vice versa. 

Let represent the molecular wave function for a vibrational level 
with quantum numbers Wi, ^ 2 , and |^| when the anharmonic potential 
terms causing interactions between modes are omitted. Then these 
interactions may be taken into account by the usual quantum-mechanical 
perturbation theory. If the initial energies are IF®, the perturbed 
energies W are found by solving a determinant of the form: 


W\-W 

Wi2 

IFi3 




(2-18) 


where Wni = dr 

Fanh = kii^qlqi + kiszqiql + ^122^1^2 + ^322^392 + • • * 

is the anharmonic perturbing potential. Since V^nh does not contain any 
of the angular coordinates 0, 0, or x indicating the molecular orientation, 
Wni will be zero unless states n and i have the same dependence on 
<f>y and Xf or hence have the same angular-momenta quantum numbers. 
This is connected with the fact that internal motions of the molecule 
cannot change its angular momentum. For a given vibrational state, any 
arbitrary total angular momentum J and magnetic quantum number M 
may be found (unless J < |Zl). However, any value of jZj cannot be 
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quencies due to perturbations. The arrows indicate the effects of “Fermi resonance’* 
perturbations. Notation is the same as for Fig. 2-3. 




38 


MICROWAVE SPECTROSCOPY 


found, since a vibrational state is characterized by a particular value 
of the angular momentum about the symmetry axis. The value of |Z| is 
indicated in Fig. 2-5 by superscripts. It is also given in standard molecu¬ 
lar notation by Greek letters, where 2, n, A, <!>, and T represent values of 
1^1 =0, 1, 2, 3, 4, respectively. Only states of the same I can perturb 
each other, since otherwise TF„,- is zero. 

The perturbations which are most effective in changing the energies 
and wave functions are those between states which have nearly the same 
energy. The arrows in Fig. 2-5 indicate such nearby vibrational states 
which may perturb each other. These are mostly pairs of levels of the 
type and (?;i — 1,?^2 + 2 '^',C 3 ). Indicating such a pair of states 

by subscripts 1 and 2 , respectively, the determinant (2-18) may be fac¬ 
tored into a number of determinants of the type 


Wl - W W 21 
IFi 2 Wl - W 

where TF 12 = /lA* dr 

The only nonvanishing term of Fn„i, after integration is 

TI 12 = ^^ l 22 i ^ t ^ V 2 v / IyQl ^ vi - l . V 2 + 2 . V 3 dr 


(2-19) 


( 2 - 20 ) 


Since vibrational wave functions for simple harmonic motion are well 
known ([62], p. 74), (2-20) may be evaluated as 



hh\[iv2 + 2y - rf 

16 \/2 7r*C'aJia)2 


1 : 


22 


( 2 - 21 ) 


The perturbed energies are, from (2-19), 



IF? -h IF? ± + 4 |IFi2 


( 2 - 22 ) 


where 6 = IF? — IF?. The perturbed wave functions ^1 and ^2 are com¬ 
binations of the unperturbed wave functions ^? and 


where 


lAi = aVx - hn ^2 = hVi + (in 


a 

b 


+ 4|IFi2|=^ + 5 

2 -s /52 + 4|TFi2p 


\/52 -|- 4 IF 12 
2 -s/5" + 


i 


(2-23) 


(2-24) 


If the rotational constant is expressed as an expansion in the normal 
coordinates, 


• • 9 
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The effective value of B for a particular vibrational state (yir’ 2 i’a) may he 
evaluated as 


+ ^/r + /:?33 J dj 

since all other terms of second or lower order in the r/s are identically 
zero. Now dr is proportional to the energy of oscillation 

of the fth mode; hence one maj’' also write 

B„ = Be ~ Ofi(Ci + i) — o;2(r2 + 1) — a:3(t’3 + -j) 

where, for example, 


— o;i(Ci +1) = J'/'J,z,,y//i'/'.’,r,..3 dr 

The effective value of B may l>c similarly c\aluated for the perturbed 
wave function \pi — + /ji/'ij and shown to be 

+ bHii = Be a‘^{B\ - Be) + - Be) (2-25) 

where B\ and B\ are the appropriate values of B for the unperturbed 
states i/'5 and respectively. The deviation of B from the eciuilibrium 
value Be due to vibrations is thus intermediate between the deviation 
for the two unperturbed states. The sum of the B values for the two 
states does not change, that is. 


since -|- 5^ = 1 . 


B, + B2 = B\ + B\ 


(2-26) 


For various excited vibrational levels of ()C\S, Table 2-3 indicates the 

* 

importance of perturbations in the I'otational transitions ,/ = 2 <— 1 and 
= 3 <— 2. Since ai and a 2 are rather different, even a small perturba¬ 
tion between pairs of vibrational states and (vi — 1,^2 + 2 ‘^',y 3 ) 

can appreciably affect the rotational freciuencies. From infrared meas¬ 
urements of vibrational frequencies [54] the separation between the ideal 
unperturbed states (100) and (020) may be determined as 165 cm~h 


The unperturbed value of a 2 may be obtained from the separation 
between rotational levels for the (000) and (01‘0) states in Table 2-3. 
The frequency change due to perturbation of the (02'’0) state may be then 
obtained from the known value of a-y. The freciuency change of the (10'*0) 
state must be just eciual to this but of opposite sign to satisfy (2-26) so 
that the unperturbed value of ai may be determined. From (2-25) the 
value of a2 and 5^ for the (10'’0) state can then be obtained as 0.944 and 
0.056, respectively. The interaction energy iri 2 (i^i = 1, ^2 = 0) is then 
evaluated from (2-24) as 43 cm“h This quantity, combined with 5, 
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ai, and ^ 2 , allows prediction of the shift for all other excited states listed 
in Table 2-3. 

Perturbation effects have also been found in CO 2 , OCSe, and BrCN, 
for which Wi 2 {vi = 1, ^2 = 0) is 50.4, 46, and 60.5 cm~b respectively. 

Table 2-4. “Fermi Resonance” Perturbations in the Rotational 

Spectrum of OCS 

Perturbation corrections are calculated from the values 5 — 165 cm“^, 

Wi2{v\ = 1, 1^2 = 0) = 43 cm“^, 


ax = 20.5 Me, are ~ —10.59 Me. Pairs of interacting vibrational states are bracketed. 


Rotational 

transition 

1 

Vibrational 

state 

Observed frequency 
(center of /-type 
doublets where 
doubling is present), 
Me 

Correction for 
perturbations, 

Me 

i 

li 

0 00 0 

24,325.92 

0 


0 1» 0 

24,368.17 j 

0 


11 00 0 

24,253.44 

-9.42 


lo 20 0 

24,401.0 

-f9.42 


f2 00 0 

24,179.62 

-17.54 


ll 20 0 


-1-17.54 

1 

|1 1* 0 

24,303.4 

-17.15 


lo 31 0 

24,435 

+ 17.15 

J = Z^2 

0 00 0 

36,488.82 

0 


0 1' 0 

36,551.7 

0 


0 22 0 

36,615.3 

0 


fl 00 0 


-14.83 


lo 20 0 

36,600.8 

+ 14.83 


2-4. Moments of Inertia and Internuclear Distances. The most 
obvious quantity determined by measurement of the rotational spectrum 
of a linear molecule is its rotational constant B, and consequently its 
effective moment of inertia J = If vibrational motions of the 

molecule are negligible, as they are to a certain approximation in the 
ground vibrational state, and if all atomic masses are considered as con¬ 
centrated at the atomic nuclei, then the molecular moment of inertia is 
dependent only on internuclear distances and atomic masses. A linear 
molecule of three atoms with masses mi, m 2 , and m 3 has a moment of 
inertia about its center of mass 



mim 2 ^i 2 + miTUslh + ^2^3^23 
mi + m2 + m3 


(2-27) 


where Uj represents the distance between masses m,- and mj. Moments 
of inertia of the more general hnear molecule of an arbitrary number of 





LINEAR POLYATOMIC MOLECULES 


41 


point masses may be found from a similar formula 





I 


rrii 


(2-28) 


Expression (2-28) is correct, in fact, for the moment of inertia of any 
planar molecule about an axis through its center of mass and perpen¬ 
dicular to the plane of the molecule. 

If the atomic masses are assumed known, the moment of inertia of a 
linear molecule of n atoms contains n — 1 unknown distances (there are 
obvious relations between some of the /,y^s for a linear molecule). For a 
diatomic molecule, a measurement of / would immediately allow determi¬ 
nation of the one unknown distance. In the case of a linear molecule of 
n atoms, rotational spectra from n ~ I different isotopic species, giving 
values of I for which the known masses are different but the unknown 
distances are not varied, are needed to determine all the internuclear 
distances. 

Fortunately, it is usually easy to obtain moments of inertia of several 
isotopic species of polyatomic molecules. Measurements of effective 
moments of inertia can be made to very high precision, so that the meas¬ 
urements themselves usually offer no bar to very accurate determination 
of internuclear distances. The one serious limitation to easy attainment 
of extremely accurate internuclear distances for polyatomic molecules 
from microwave measurements is the occurrence of rotation-vibration 
interactions which were provisionally neglected above. Expressions 
(2-27) and (2-28) apply simply to the molecule if all atoms are at rest 
in their equilibrium positions, in which case they give the equilibrium 
moments of inertia /«. What is actuall^'^ measured is a reciprocal of the 
moment of inertia averaged over the ground vibrational state, or Bq. 

Bq differs from the equilibrium value Be by “4^ ^ "Fhe a,- may 

depend in a rather complex way on the potential constants and masses, as 
is evident for the triatomic molecule from (2-6). 

Although for the diatomic molecule evaluation of a and allowance for 
it are easily made, in polyatomic molecules it is rarely practical to 
measure all the a’s and determine their dependence on the various iso¬ 
topic masses. Usually various isotopic values of Bo are measured and 
assumed to be equivalent to values of Be, so that internuclear distances 
may be evaluated from (2-28). The errors resulting from neglect of the 
a s, or zero-point vibration, must be accepted as the primary limit on the 
accuracy of distances obtained. In the case of OCS, a large number of 
isotopic species have been measured, so that the two internuclear dis¬ 
tances may be determined from various pairs of isotopic combinations. 
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The results of this procedure are shown in Table 2-5. Discrepancies 
between the various determinations in Table 2-5 are due primarily to the 
neglected zero-point vibrations. 

Although Table 2-5 illustrates the usual size of errors due to neglect 
of zero-point vibrations, they can in some cases be considerably larger 
or considerably smaller. The linear molecule NNO affords an example 
where serious errors in internuclear distances can be made if the Avrong 
isotopic species are used for their determination. The central nitrogen 
is very near the center of gravity of the molecule, and hence changing 
its mass from to might be expected to have a very small effect 
on the moment of inertia about the center of mass, or on Be. HoAvever, 
a change in mass of the central nitrogen can rather markedly affect the 
vibrational frequencies and hence change the rotation-vibration inter¬ 
action ^ fact, experimentally the rotational transitions of 

X 

N14ni 50^® are found to occur at higher frequencies than those for 

[ 357 ] jf rotation-vibration interactions are neglected, this 
would indicate that an increase in mass of the central nitrogen had 
decreased the moment of inertia, which is clearly impossible from (2-27). 
A solution for the internuclear distances from the measured frequencies 
for and yields the interesting result that one of the 

internuclear distances is imaginary. This is obviously an extreme case, 
and one which can be remedied by using isotopic species involving a 
change of mass of the end nitrogen or of the oxygen. Then, even though 
the rotation-vibration interactions are changed by these isotopic sub¬ 
stitutions, the equilibrium moment of inertia is changed appreciably 
and the effects of vibrations represent only small fractional errors in the 
observed isotopic effects. The internuclear distances given for N 2 O in 
Table 2-1 were obtained from the pair and 

Table 2-5. Internuclear Distances in OCS Calculated from Various 

Isotopic Pairs (329J 

Zero-point vibrations are neglected, and are the main source of discrepancies 
between the different values. 


Pair of isotopic 
molecules used 

0 —C distance, 
angstroms 

C—S distance, 
angstroms 


1.1647 

1.5576 

016^12332^ 0’8C>3S32 

1.1629 

1.5591 

016C>2S3>, 

1.1625 

1.5594 

0>«C>2S32, 018C12S32 

1.1552 

1 

1.5653 


2-6, Determination of Nuclear Masses. For a polyatomic linear mole¬ 
cule of n atoms, n — 1 isotopic species must be measured to determine 
the internuclear distances. If additional isotopic species are measured, 
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« 


the measurements should allow accurate determination of mass ratios, 
assuming zero-point vibrations can be neglected. In OCS, for example, 
at least 11 different isotopic species have been measured. 

It might at first be thought that two different sulfur isotopes can be 
used to determine the two unknown distances and that then measure¬ 
ment of moments of inertia for more than one C or O isotope should 
allow their mass ratios to be determined. Since frequency changes due 
to isotopic substitution are characteristically of the order of a few hun¬ 
dred megacycles, and frequencies can be measured to an accuracj^ of 
a few kilocycles, an accuracy of approximately 10“^ mass unit might be 
expected. A look at Table 2-4, however, provides a quick disillusion¬ 
ment. Because of zero-point vibrations, the internuclear distances are 
not known to better than 1 part in 10^, so that the accuracy in mass 
ratios obtainable hy this general method would not be very worthwhile. 

In spite of the inaccurate determination of internuclear distances, there 
is a fairly general way of using the very accurate measurements of micro- 
wave spectroscopy to obtain accurate mass information. If rotational 
frequencies for three isotopes of the same element in one molecule are 
measured, and if masses of two of these isotopes are known, then the 
mass of the third isotope can usually be determined with an accuracy 
comparable with or better than that achieved by more standard methods. 
Use of two isotopes of known masses might he regarded as a ** calibra¬ 
tion” of the isotopic shift in the molecule and the effect of zero-point 
vibrations so that the mass of a third isotope may he determined. 

This process of “calibration” with two known isotopic masses can be 
made exact if zero-point vibrations are negligible, without reciuiring 
I detailed knowledge of the structure and internuclear distances of the 
' molecule. 


The moment of inertia through the center of gravity of a molecule 
0 and along a particular direction defined as the 2 axis of the molecule 
^ may be written 

' lo = ^ rriiix^ + y?) (2-29) 

Where m,- is the mass of the ith atom, and xf -|- yf is the square of its 

distance from the axis. If the mass of the nth atom is changed an 

amount Am, by making an isotopic substitution, the new moment of 

inertia through the new center of mass about an axis parallel to ^ is 


T _ T t + y^) 

^ 1 ^0 I A I -m f 

Anil Mo 


(2-30) 


where Mo is ^ wi,, the total mass of the original molecule before isotopic 


substitution and ^ sf,i,are of the distance from the nth atom 

to the center of mass of the original molecule. Equation (2-30) results 
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from the fact that the moment of inertia of an extended body about any 
axis is the sum of its moment of inertia about a parallel axis through the 
center of gravity and the moment of inertia of a point mass of equal 
magnitude placed at its center of gravity. If the mass of the nth atom 
had been changed by an amount Am 2 , the new moment of inertia would 
have been 



/o + 


Am 2-/!/ 0 

A7n2 “1" Mq 


(a-n + 2/n) 


(2-31) 


Combining (2-29), (2-30), and (2-31), 





(2-32) 


where Mi and M<i are the total masses Ami +-^o and Am 2 + 
respectively, for the two isotopic substitutions. Since the moments of 
inertia are inversely proportional to the rotational constants, which are 
the quantities actually measured, (2-32) may more conveniently be 
written 


Ami ^ mi - mo ^ ^ ^ (gco) _ jgd)) 
Am2 m2 — mo M 2 — 5^^^) 


(2-33) 


Here mo represents the original mass of the elements being isotopically 
replaced, mi and m 2 the first and second replacements, B^^\ B^'^ and 
B^^^ the corresponding values of the rotational constants. Evidently if 
mi and m 2 are known, mo may be determined from a measurement of the 
rotational frequencies. About all that need be known of the molecule 
is the total mass of other atoms which it contains. It should be clear 
from the derivation that (2-32) or (2-33) holds not only for linear mole¬ 
cules, but for any type as long as the moments of inertia or rotational 
constants are appropriate for an axis fixed in direction with respect to 
the molecule. If two isotopic masses are not accurately known, but 
their mass difference is known, then mass differences between them and 

other isotopes may be obtained from (2-33). 

Expression (2-33) is strictly correct only if the equilibrium values of 
the B^s are used. However, if the rotational constants Bo for the ground 
state are used in (2-33), it still gives the mass difference ratios to very 
good accuracy. Since the equilibrium values for B are seldom obtain¬ 
able, masses are generally obtained from (2-33) by using the ground- 
state rotational constants. Various mass difference ratios obtained from 
(2-33) are compared with those obtained by other methods in Table 2-5. 
The errors listed for the microwave data are primarily due to zero-point 
vibrations or to the use of ^0 rather than Bgj and their magnitudes will be 
discussed below [456]. Figure 2-6 shows a curve of Se masses found by 
microwave measurements, and calculated by assuming values for the two 
masses, Se^® and Se®®. This curve shows quite clearly the odd-even mass 
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variation, or the difference in nuclear mass behavior between odd and 
even isotopes. Although some errors may occur in the shape of the 
curve due to zero-point vibrations, these errors are unimportant in 
determining the odd-even mass variation. The even masses establish a 
smooth curve, and the odd-even mass variation is obtained simply by ob¬ 
serving how far oft* of this curv^e the odd isotopes Se^^, Se^^, and Se^'-* occur. 

We turn now to an examination of the errors in mass determinations 
caused by zero-point vibrations. The rotational constants usually 



Moss number 

Fig. 2-6. Variation of masses of the stable Se isotopes as a function of mass number. 
The experimental masses arc determined after assuming values for the two masses 
Se’® and Se®®. Note that Se’®, Se”, and Se’®, having odd mass numbers, fall consider¬ 
ably above the curve established by the even isotopes. {From Geschwind, Gunther- 
Mohr, and Townes [924al.) 


inserted in (2-33) are those for the ground vibrational state. For a 
particular isotopic species, this corresponds to Bq = Be ~ ai, where 

Oi IS the rotation-vibration interaction for the zth vibrational mode. 
This sum is abbreviated in the subsequent discussion to a = 

From (2-33) it is evident that, if a has the same dependence on mass 
variation as does Be, then no error is introduced in the mass difference 
ratio (mi — — mo), for then the ratios of J5's are the same 

regardless of whether the Be^ or the are used. Since a and Be both 
vary in an approximately linear way for small fractional changes in 
mass, and since a. is much smaller than Be in any case, the error intro¬ 
duced by OL is usually not large. If Be is changed an amount Lv due to 
an isotopic change, then the zero-point vibration effects will be changed 
by an amount roughly proportional, or aAv/2B. As long as this change 
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is linearly proportional to A or to the change in mass Am, no great errors 
will result. However, an error due to nonlinear dependence of a on 
Am will occur of magnitude approximately 5 = {ae/2B) Ai/ (Am/m). 
The fractional error which this will produce in the mass difference ratio 
is simply h/Lv, or 


b _ ae Am 
Ai/ 2B m 


(2-34) 


This expression represents, of course, only a very rough estimate. For 
the sulfur masses in OCS, Am/m ==5 iV and aJ2B « so that the 

error in mass ratio would be of the order 1/16,000. 

Table 2-6. Some Mass Difference Ratios Obtained from Rotational 
Spectra of Polyatomic Molecules and a Comparison with 

Other Determinations 


Ratio of mass 
differences 

Molecule 

Microwave 

riicasurement 

Reference 

Other 

1 

measurements 

Method 

S» - S« 
S»« - S” 

OCS 

0.500714 ± 0.00003 

[5741 

0.500727 ± 0.00002 

Mass spectra [855a] 

Se” - Sef> 
Se»o - Se” 

OCSe 

0.33395 ± 0.00002 

[456] 

0.33394 ± 0.00003 

Mass spectra (91 la] 

Siao _ Si« 

Si« - Si« 

SiDiF 

0.49938 ± 0.00003 

[5741 [888] 

0.49943 ± 0.00001 

Mass spectra [855a] 

0 0 

9 ^ 

1 1 

0 0 

OCS 

0.501042 ± 0.00008 

|924a[ 

0.501044 ± 0.00007 

Nuclear reaction {924a] 

Ciae _ Cl« 
Cl« - Cl” 

CHiCl 

1.0018 ± 0.0004 

[924al 

1.00179 ± 0.00007 

Nuclear reaction (924a] 


A more exact expression may be obtained for the error due to neglect 
of zero-point vibration by expanding a and Bt about their values when 
m = mo in powers of the change in isotopic mass Am 


,, (Am)^ , 

a. = + a Am + a —5 -h 


B, = + B' Am + B 


// 


{Am) 


(2-35) 


+ 


The “experimental” value of the ratio of mass differences obtained by 
using ( 2 - 33 ) and neglecting vibrational effects can then be related to the 
“true” value which would be obtained by using equilibrium rotational 

constants as follows: 



(2-36) 


This expression is not a final answer because usually an evaluation of 
a' and a" is very difficult. In fact, if they could be properly evaluated, 
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then corrections could be applied to eliminate these particular errors. 
However, it does allow an estimation of errors. 

B and a are positive in all known cases, B' and a' are negative, and 
B'' and a" positive. In this respect a and B are similar, if not identical, 
functions of m. Hence the two terms in each bracket, {B"/B' — a"/a) 
and {B'/B — a'/a)y tend to cancel. In addition, the two error terms 



may be expected to be of opposite sign and to cancel partially. Hence 
an upper limit for the fractional error in (mi — mo)/(m 2 — mo) may be 
taken as the biggest of the four terms which multiply — mi. How¬ 
ever, the actual error to be expected should be considerably less than this 
upper limit. Detailed estimates [573][924a] indicate that errors of the 

g33 _ g32 

type given by (2-36) in the ratio gj j - _ ^32 obtained from the spectrum 

of OCS are less than 1 part in 15,000. This corresponds to an uncer¬ 
tainty of about 0.03 millimass unit in determining the mass of if 
masses of and are assumed to be known. 

It is, of course, possible to find cases for which the errors given by 
(2-36) would be very serious. These would be primarily cases where the 
masses being measured are located near the center of gravity of the 
molecule—such as the central nitrogen in NNO. Location near the 
center of gravity would make B' very small, but a and a" would not 
necessarily be small, so that the error terms of (2-36) may be large. 
However, if these unfavorable cases are avoided, nuclear masses of the 
medium and heavy atoms may be measured in polyatomic molecules 
to an accuracy of one or two ten-thousandths of a mass unit. Perhaps 
the best assurance that the zero-point vibration errors are usually not 
serious and that no unforeseen errors are present is given by comparing 
the ratios in Table 2-5 which have been measured both by microwave 
spectroscopy and by other well-accepted techniques. Where accurate 
ratios are available from other techniques, they usually agree with 
microwave results very well and indicate that the errors due to zero- 
point vibrations are no larger than those which have been estimated. 
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3-1. Introduction and General Features of Rotational Spectra. For 
the normal rotation of a linear molecule, no angular momentum occurs 
in the direction of the molecular axis because the moment of inertia 
about this axis is so small that one quantum of angular momentum repre¬ 
sents a large excitation energy. For a more general type of molecule, 
however, there is no axis about which the moment of inertia is extremely 
small, and the normal rotational states of nonlinear molecules may 
involve rotation about any molecular axis. 

The moments of inertia of a molecule (or of any system of masses) 
may be represented by an ellipsoid whose orientation is fixed in the 
molecule and whose center coincides with the center of mass. The shape 
of the ellipsoid is such that the molecular moment of inertia about any 
axis through the center of mass is just equal to half the distance between 
intersections of this axis and the ellipsoid. Every ellipsoid has three 
perpendicular principal axes, and if the coordinate system is oriented so 
that x, ?/, and z are along the principal axes of the ellipsoid of inertia, 
then the equation of the ellipsoid of inertia may be written simply 


II n 


+ “ = 1 
^ /? 


(3-1) 


where /*, ly, and Iz are the moments of inertia along the directions of the 
principal axes, and are hence called the principal moments of inertia. 

A molecular rotation can usually most simply be described in terms 
of motions about the principal axes. The special case of a linear mole¬ 
cule has an ellipsoid of inertia which is a flat disk, since the moment of 
inertia along the molecular axis, which we shall take as the z direction, 
is very small, and the other two principal moments of inertia are equal. 
The general rotating body where all three principal moments of inertia 
are different is called an asymmetric rotor or asymmetric top, and 
usually the principal moments of inertia are indicated by Ia^ Ib, and Ic 
in increasing order of size. For some molecules, two moments of inertia, 
such as IA and Ib or /« and /c, may be equal, in which case the molecule 
is called a symmetric rotor or symmetric top. The linear molecule is a 
special case of a symmetric rotor, since for it the two largest moments of 

inertia Ib and Ic are equal. 
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In many cases it is very easy to pick out the principal axes of a mole¬ 
cule and to see whether or not two principal moments of inertia are 
equal. If the molecule has an axis of s^^mmetry, then this is always a 
principal axis of the molecule. An axis of S 3 ^mmetry is recognized if the 
distribution of atoms in space is unchanged when the molecule is rotated 
about some axis by an angle of in which case the molecule is said 

to have an n-fold axis. For example, the water molecule, H 2 O, has a 
configuration as follows 



Symmetry 

axis 


An axis in the plane of all three nuclei, passing through the oxygen 
nucleus lying halfway between the two hydrogens, is a twofold axis of 
symmetry, since the molecule will have just the same arrangement of 
atoms if it is rotated by tt radians, or 180°, about this axis. Since the 
orientation of the ellipsoid of inertia must also remain unchanged as a 
result of this rotation, it is easy to see that this symmetry axis is a 
principal axis of inertia. The water molecule is not, however, a sym¬ 
metric top, because its three principal moments of inertia are all different. 
If a molecule has an axis of three- or more fold symmetry, then it is 
always a symmetric top. An example would be NH 3 , which is a pyramid- 
shaped molecule with the N at the apex and the three hydrogens equi¬ 
distant from the nitrogen. An axis through the N and midway between 
the three hydrogens is a threefold axis of symmetry. It is also from the 
above discussion a principal axis of the ellipsoid of inertia and is usually 
taken as the z axis. If the molecule is rotated through an angle of 2-k/Z 
radians, or 120°, the ellipsoid of inertia must be unchanged. This is 
possible only if and ly are equal, so that the cross section of the ellips¬ 
oid of inertia in a plane perpendicular to the axis of symmetry z degener¬ 
ates into a circle. The same argument would hold for any axis of sym- 
metry greater than threefold. A linear molecule, for example, has an 
infinityfold axis of symmetry. 

By far the most common varieties of symmetric tops are linear mole¬ 
cules, which have already been treated, and those with a threefold axis 
of symmetry. It can conceivably happen that a molecule with less 
symmetry than a threefold axis is a symmetric top, which would be 
called an '‘accidental” symmetric top. Since the high resolution and 
accuracy of microwave spectroscopy can detect even a very slight devia¬ 
tion from equality of two moments of inertia, it is extremely unlikely 
that two moments of inertia would be nearly enough equal by "acci- 
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dent” to make the molecule appear to be a symmetric top. Hence this 
variety of symmetric top with less than a threefold axis of symmetry 
will be ignored. Cases of this type which are almost symmetric will be 
treated in Chap. 4 as “slightly asymmetric” rotors. 

Symmetric-rotor Spectra—Semiclassical Discussion. Much of the 

behavior—energy levels and selection rules—of a 
I symmetric top can be deduced from classical me- 

\ \ chanics and the correspondence principle. Figure 

\ yC 3-1 illustrates this classical motion. The axis of 

\ the molecule processes around the total angular 

\ momentum P with a frequency that can be shown 

y' / 1 to be P/27r/B. At the same time it may spin about 

• ^ ^ its axis (see [130], p. 22). The energy of rotation 

\) would be given by 


Fig. 3-1. Classical mo¬ 
tion of a symmetric top. 

This is a combined rota¬ 
tion around the molecu¬ 
lar axis associated with , , i* -• i .i • • i 

n . • r where x, y, and z are directions along the principal 

Pg and a precession of . -ri 

this axis around the inertia, z being the symmetry axis of the 

total angular momen- molecule. Now since the molecule is a symmetric 

turn P. The molecule top, Ix and ly are equal and will be both called /«, 

represented is methyl ^yhich is the normal symbol for the moment of 

chloride, inertia of intermediate size, h will be properly 

designated either I a or Ic according to whether it 
^ \ ^ is smaller or larger than Iq. If the relative sizes of 

the moments of inertia are unknown or unimpor¬ 
tant, then h will always be designated as Ic. Using the fact that 
Ix = lu — and that + PL (3-2) becomes 


W = ^IxO>! -h ^7.0,2 + 1= 


P? 


p2 
•* V 


21 , ' 21 


+ 


+ 


?! 

2h 

(3-2) 


W = 


p2 

2 /, 


-f- PI 


\2Ia 21J 


(3-3) 


The square of the total angular momentum is quantized and must 
equal /(/ -f- l)AV4ir^ where J is an integer. Similarly, the component 
of the angular momentum along some direction, say the z axis, is quan¬ 
tized, so that PI = X2/lV47r^ where K is an integer. Hence (3-3) 
becomes 

_ J{J + ^ (_hi _ 

or, defining the rotational constants 




- — ) 


K 


h 

W 


B = 




C = 




= BJ(J -I- 1) -1-(C' - B)K 


(3-4) 

(3-5) 




SYMMETRIC-TOP MOLECULES 


51 


The expression (3-5) gives the correct allowed energy levels for a sym¬ 
metric top, which are illustrated in Fig. 3-2. If K is zero, the energy 
levels are just those previously found for a linear molecule. For a given 
value of however, K may have a number of values. K cannot, of 
course, be larger than J since K represents a component of J. It can 
therefore be one of the integers 

/C = J, J - 1, . . . , - J (3-6) 

or have 27+1 different values. Since the energy is independent of the 
sign of /C, levels with the same absolute magnitude of K coincide, so that 
all levels for which K is greater than zero are doublj'’ degenerate, and there 



(^ 7 ) [b) 


Fig. 3-2. Energy levels of typical syinrnetric-top molecules, (a) prolate; {b) oblate 

symmetric top. 

are only 7 + 1 different energy values for each possible value of 7. For 
each particular K, there is an infinite series of levels with different values 
of 7. These are identical in relative spacing with the linear molecule 
levels except that the series must start with J = K rather than 7=0 
A prolate symmetric top is one in which the molecule is more or less 
elongated like a cigar, and for which the moment of inertia about the 
symmetry axis h is smaller than the moment of inertia about the other 
principal axes. In that case which is the coefficient 

of K^ in (3-5), is positive, so that the energy levels for the same 7 increase 
with increasing K as in Fig. 3-2a. An oblate symmetric top, which might 
he represented by a pancake shape, would have I, larger than Is and 
hence the coefficient of in (3-5) would be negative. In this'case 

in energy with increasing K as in 
Fig. 3-25. For a spherical top, with all moments of inertia equal, the 

coefficient of in (3-5) is zero and the energy depends only on the total 
angular momentum 7. 
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In order to determine the spectrum to be expected, the selection rules 
in addition to the energy levels are needed. Because of the symmetry, 
there can be no dipole moment perpendicular to the axis of a symmetric 
top, and hence no torque along the axis due to electric fields associated 
with radiation. This indicates from the correspondence principle that 
the angular momentum along the molecular axis cannot change due to 
radiation, or A/C = 0. The dipole moment lies along the molecular axis 
and this axis processes around the total angular momentum, which is 
fixed in direction, with a frequency P/2'kIb as mentioned above. Hence 
the frequency to be expected classically is just P which is identical 
with what would be expected from a linear molecule. This frequency 
can be obtained approximately with the selection rule AJ — ±1, which 
is identical with the rigorous result of a quantum-mechanical calculation. 

It is important to note that, because of the above selection rules, as 
long as centrifugal stretching and other small effects are neglected, the 
frequencies observed for a S 3 '^mmetric top do not depend in any way on K 
or the moment of inertia about the symmetry axis. They are given 
simply by 

2h{J + 1 ) 






= 2B{J + 1 ) 


(3-7) 



Axis of 

Symmetry 


The fact that the frequencies observed do not depend on I a is an advan¬ 
tage in simplifying the spectrum; it is a disadvantage, however, in pre¬ 
venting any direct determination 
from the spectrum of the moment of 
inertia about the axis of a symmetric 
top. 

The simplest type of symmetric; 
top (other than a linear molecule 
or an ‘‘accidental” symmetric top, 
which never is exactly symmetric) is 
composed of three identical atoms 
arranged in an equilateral triangle, 
and another atom equidistant from these three. The fourth atom may be 
in the plane of the three identical atoms, or out of this plane so that the 
molecule is pyramidal. Planar molecules of this type include the tri¬ 
halides of elements of the third column of the periodic table such as 
BFs, BCI 3 , and AICI 3 . Symmetric planar molecules give no pure rota¬ 
tional spectrum because they have no permanent dipole moment. Simple 
pyramidal symmetric molecules include the trihydrides and trihalides of 
the fifth-column elements such as NH3, NF3, PH3, PCI 3 , or AsFs (see 
Fig. 3-3). In order for these molecules to be symmetric rotors, the three 
like atoms must of course be of the same isotopic mass— NH 2 D, where one 
hydrogen has been replaced with deuterium, is by no means a symmetric 

rotor. 


Fig. 3-3. A simple pyramidal sym¬ 
metric-top molecule, NF3. 
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Moments of Inertia. The moment of inertia about the symmetry axis 
is given by 

7c = — cos 6) (3-8) 

where m is the mass of one of the three identical atoms, /12 the distance 
from one of them to the fourth atom, and 6 is the angle between two lines 
joining the fourth atom with two of the other atoms, f.c., the angle of one 
face of the pyramid at its apex. The angle 6 is usually called the bond 

Table 3-1. Rotational Constant and Structure of Symmetric 

Pyramidal Molecules 

l \2 and 6 are defined as in Fig. 3-2. Where errors in /12 and 0 are not listed, the errors 
have not been estimated. 


Molecule 

Bo, Me 

Zl2) 

angstroni.s 

0 

Ueferenoo 

NHg 

298,000 

1.014 

10G°47' 

[130] [002] 

NFa 

10,080.90 

1.371 

102°9' 

[527] 

Plh 

133,478.3 

1.421 

93°27' 

[000] [730] [800] 

PFa 

7,819.90 1 

1.55 

1 

102° 

[909] 

[307] [947] 

PCl8« 

2,017.1 

2.043 ± 0.003 

100°0' ± 20' 

[481] 

PBra’* 

AsH, 

! 990.8 

111,020 

1.523 

92°0' 

[551] 

[000] [735] 

AsFs 

5,878.971 

1.712 ± 0 000 

102° ± 2° 

[200] [824] 

AsCU^ 

2,147.2 

2.101 ± 0.004 

98°25' ± 30' 

[481] 

Sb>2>H3 

88,000 

1.712 

91°30' 

[000] [730] 

Sb*2>Cl336 

! 1,754 

2.325 + 0.005 

99°30' ± 1°30' 

[597] [947] 


angle because the chemical bonds are represented as straight lines between 
each of the three identical atoms and the fourth atom. The two equal 
moments of inertia perpendicular to the axis of symmetry are given by 

Ib = — cos e) + + 2 cos 0) (3-9) 

OTtti “p 7TI2 

Since the frequencies of allowed rotational transitions depend only on 
Ibj observation of the rotational spectrum of this type of molecule does 
not allow determination of both parameters Z 12 or which give the com¬ 
plete molecular configuration. If, however, spectra of two different 

« 

isotopic species of the same molecule are observed, such as and 

N^^Fg, then two different moments 7* are measured giving two equations 
of the type (3-9), and both molecular parameters Z 12 and 6 may be deter- 
mined. Structural information about these molecules may also be 
obtained from their nonsymmetric isotopic forms, z.e., NH 2 D, AsCl|^CF^, 
etc. These asymmetric molecules will be discussed in Chap. 4. Table 
3-1 includes the best data available on the structure of symmetric 
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/7?2 

a 


pyramidal molecules. The internuclear distances and angles are subject 

^ to the same type of uncertainties due to zero- 
f ^ point vibrations as are the internuclear dis- 
^' 2 / tances in linear molecules. Where estimates 
^ of these or other errors have been made, they 

included in Table 3-1. 

Y Another common type of symmetric-top 

\ molecule involves elements of the fourth 

\ column of the periodic table bonded to three 

o// like atoms and a fourth different atom or 
Fig. 3-4. A common type of group of atoms. Methyl chloride, an ex- 
symmetric-top molecule illus- ample of this type, is shown in Fig. 3-4. The 

trated by methyl chloride. . r • .• t r xu* x r 1 i 

moment of inertia /c for this type of molecule 
is of course also given by (3-8), and the moment of inertia perpendicular 
to the axis of symmetry is 


Fig. 3-4. A common type of 
symmetric-top molecule illus¬ 
trated by methyl chloride. 


7 /I I + »M3)/?2 /I , O 

Zb = mdUl - cos e) + -T-- ( 1+2 cos 6) 


+ 


3 ml + m2 + m3 


3?71i -4" ^2 “h ^3 

X (3mi -|- m^l2z + 6 mi^i 2 


1 -H 2 cos d 
3 


(3-10) 


For these molecules three isotopic species must be measured in order to 
determine the three structural parameters / 12 , hzy and 6. In the rather 

Table 3-2. An Example of Serious Variations in Structural 
Parameters from Various Isotopic Combinations as a 

Result of Zero-point Vibrations 

The best values are those in the last row obtained by using the asymmetric species 
CIID 2 CI. (Data from Miller et al. [729].) 


Isotopic species used 


C'UIaCI” 

C'^DaCl” 

C^^HaCI” 


Molecular parameters obtained 


Uz (CCl) e (HCH) 


1.7813 
1.7872 
1.7850 
1.7815 



0.949 

1.101 



common case where the three identical atoms of mass m are hydrogen, 
effects of zero-point vibrations can give rather large uncertainties in the 
positions of these hydrogens (Z 12 and 9). Variations in structural parame¬ 
ters of CH 3 CI as a result of using various combinations of effective 
moments of inertia of three isotopic species are indicated in Table 3-2. 
In this case variations in the hydrogen positions obtained are especially 

large. It has been shown that for methyl chloride the average C H 

n OnO A <TPiaQ + pr +.bQn f.hft avftraere C—D distance 
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of the deuterated compound, and that the HCII angle is smaller than the 
DCD angle by about [729]. Symmetric-top molecules of the methyl 
chloride type (containing five atoms) which have so far been measured 
are listed in Table 3-3. In some cases all structural parameters have not 
been determined from microwave measurements because a sufficient 

Table 3-3. Symmetric Tops of Five Atoms for Which Microwave 

Spectra Are Known 
For definition of In, hz, and B see Fig. 3-4. 


Molecule 

B^, Me 

hs, 

1 angstroms 

CHaF 

25,536.12 

1.11 

CH,C1« 

13,292.95 

1.113 

1 

CHaBr^* 

9,568.19 

1.113 

CHal 

7,501.31 

1.113 

Si^sHgF 

14,327.9 

1.46 

Si^sHaCI” 

6,673.8 

1.44 


4,321.72 

1.57 ± 0.03 


4,333.91 

1.52 

Ge^HsBr’s 

2,375.88 

1.55 + 0.05 

CF 3 H 

10,348.74 

1.332 

CFjCps 

3,335.56 

1.32 

CFaBr’® 

2,098.06 

1.33 

CF 3 I 

1,523.23 

1.33 

CCI336H 

3,301.94 

1.767 

CBra’^H 

1,247.61 

1.930 + 0.003 

SiFaH 

7,207.98 

1.46 

Si28P3Cl36 

2,477.7 

1 560 

Si^sFgBr’a 

1,549.9 

1.56 

Ge7<F3Cl« 

2,166.60 

1.69 + 0.02 

PF 3 O 

4,594.25 

1.52 

PFaS 

2,657.63 

1.53 

PCla^^O 

2.015.20 

1.99 

PCla^S 

1,402.64 

2.02 

MnOaF 

4,129.11 

1.586 ± 0.005 

ReOaF 

3,566.75 


ReOaCpfi 

2,094.20 

1.761 


angstroms 

0 

Kefcrcnce 

1.39 

110 ° 



[367] [046] 

1.781 

1I0°31' 



[280] [412] 





[496] [729] 

,1.939 

111°14' 



[280] [531] 

1 




[533][729] 

12.1392 

111°25' 



[531] [729] 

1.5946 

109°20' 



[522] [772] 

2.050 

110 ° 



[315] [362] 





[727] [772] 

2.209 ± 0.001 

1 

111 ° 20 ' 

± 

1 ° 

[409] [521] 

2.148 

111 ° 



[362] [727] 

2.297 ± 0.001 

112 ° ± 

1 ° 


[521] 

jl.098 

108°48' 



[367] [690] 

1.77 

109° 



[358] 

1.91 

108° 



[520] [743] 

2.13 

108° 



[743] 

1.073 

1 

110°24' 



[545] [690] 

1.07 i 

110°48' 

+ 

16' 

[764] 

1.565 i 

108°17' 



[525] 

1.989 

108°30' 



[525] [641] 

2.15 

109° 



[525] [641] 

2.067 ± 0.005 

107°40' 

± 

1°30' 

[555] 

1.45 + 0 03 

102°30' 

± 

2 ° 

[518] [765] 

1.87 

100 ° 20 ' 



[ 686 ] [765] 

1.45 ± 0.03 

103 °30' 

± 2° 

[765] 

1.85 ± 0.02 

100°30^ 

± 

2 ° 

[765] 

1.724 ± 0.005 

108°27' 

± 7' 

[943al 





[943a] 



• • 

« » • • » 

2.230 

108°20' 

+ 

1 ° 

[665] [943a] 


number of isotopic species were not measured. In these cases one or two 
structural parameters have been estimated by other means. 

More complex symmetric tops which have been studied in the micro- 
waves are listed in Table 3-4. In many of these cases some structural 
parameters are estimated. 

Isotopic mass ratios may be determined from microwave measure¬ 
ments on the moments of inertia of symmetric-top molecules. As in 
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Table 3-4, Symmetric-top Molecules of More Than Five Atoms 


Molecule 


CHaCN 


CHaNC 


CHaCCH 


CH.CCBr’® 


CHaCCI 


CH3Hg202C13'i 


CH3Hg202Br^2 




Bo 


9,198.83 


10,052.90 


8,545.84 


1,561.11 


1,259.02 


2,076.20 


1,139.88 


788.0 


Structure 


H 


109” 50 

H-*-C 


\.09 

1 


46 


/ 

H 


- 116 
C^N 


H 


109' 


\09 


H-l-C 


43 .. _1 


/ 


117 

N = C 


H 


H 

\ii0 

t08®\ 

hJ—C- 


146 


/ 

H 


1 21 

c 


1 06 


H 


H 

09V’ 

I 1 


109 

H-*—C 


46 


/ 


c = c 


179 


Br 


H 


H 

\- 

00”\ 


09 

HJ—c- 


100'-\ 121 
i46_c^C 


t.99 


/ 


H 


H 


Xi 


10 




/ 

H 


2 202 

Hg-Cl 




110-42 . .... 


Hi_c^:2Z5_Hg- 


Br 


/ 


H 


I 

\ 


H-C 


/ 


Hg 


H 


Reference 


[446] [480] [543] 


[480] [543] 


[544] 


[744! 


[744] 


[462] [928] 


[462] [928] 


[462] 
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Table 3-4. Symmetric-top Molecules of More Than Five Atoms 

{Continued) 


Molecule 




Structure 


Uoference 


CH,Hg202CN 1,747 


H-C 


[7126] 


CHiCF, 


5,185 


\ 


[268] 


ClUSiH 


10,908.90 


1 

\ 

— ( 

/ 


\ 


(004) 


CliaSiF, 


3,715.63 


I 


109''\ 

hJ— c 


1 68 


1.55/ 

/to 


/109’' 

Si— 


/ 


\ 


(498) (041) 


CHaSiCla^^ 


1,769.84 


n 


1 66 


202/ ^ 
/t09® 

-Si—^Cl 


\ 


(847) 


CHjSni2oii 


6,890.2 


H 

\l09 

109®\ 

-C- 

/ 


3.143 


r f 

1 70/ 
/l09* 
-Sn— 

\ 


[6031 


CFaCN 


2.915.51 


\l335 
>8®\ , 


pj—>c—Idi-c = N 


/ 


17431 


CF.CCH 


2,877.95 


A ,.,5 ^7J_ 


109''\ 

F-^C 


1.06 


/ 


[557] 
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Table 3-4. Symmetric-top Molecules of More Than Five Atoms 

{Continued) 


Molecule 


Bo 


Structure 


Reference 


CFsSF 


1,097.6 


\ 


F-C 


\/ 


S-F 


/\ 


[713] 


B^HaCO 


8,657.22 


1 


—e 


4 CA 1.13 


[461] 


(CN)3P 


2.326 


O, L 

'' y <. 
p^c 


\ 


\ 


[7126] 


(CH3)3CCP6 3,016 


H 

H I 


I • 

Ai.09 
y 109"^/ 


1 ?8 


H 


[550] 


(CH3)3CBr’8 2.044 


H 

V 

109^°" \ 
/ ^0^ 

"V 

" i 


1 94 


[5501 


(CHa)3Cl 


1 .562 


,09'^1.09 \ 

hJ—C-T^C 

/ 


2 14 


H 


[550] 
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Table 3-4. Symmetric-top Molecules of More Than Five Atoms 

(Contin ued) 


Molecule 

Bo 

Structure 

Reference 

(CH,)3SiCl»^ 

2,197.44 

H 

ioA;” \ 

Cl 

/ 

"V 

H 

1 

1847] 


5,273.0 

1 / 

H 0\ i09yO H 

[553] 



o' 

1 

1 



I/” 

, 09 ® C L 

/ \ 

1 

1 

CMluCU^ 

1.090.90 

1 

H-H H ’^C—^-^Cl 

A 

[851] 



y \ 


CelluBr’* 

725.9 

/ 109*\ 194 .. 

H—H H 1 C —■ --Br 

h 

[851] 


7.002 85 

H 

1.-22 

” //^'\/\ 

[939] 


* Angle between plane containing two equivalent borons and the apical boron, and 
that containing the same equivalent borons and the hydrogen bonded to them is 196®. 
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polyatomic linear molecules, accurate determination of all the rotation- 
vibration effects and their dependence on mass is almost impossible, but 
mass difference ratios as given by (2-32) may be obtained 


mi — mo _ Ml Ii — /o 

m2 — mo M2 h — h 


(2-32) 


It was shown in Chap. 2 that this expression is valid for any type of mole¬ 
cule as long as the moments of inertia / represent the various values for 
an axis of fixed orientation with respect to the molecule and for the several 
isotopic masses mn, mi, and m 2 . If a molecule is to be a symmetric top 
with changes of the mass of one atom, this atom must necessarily be on 
the molecular axis, and hence the desired moments of inertia are simply 
given by the measured values of B, so that (2-32) becomes 


mi - mo Ml ^(2) (^co) _ ^(D) 

m 2 - mo “ M 2 (Bto^ - 5<2)) 


(3-11) 


Zero-point vibrations may be expected to give approximately the same 

types and magnitudes of errors in evaluation of masses from (3-11) as 

in the case of linear molecules. Mass difference ratios which have been 

measured from observations on symmetric tops are listed in Table 3-5. 

* 

Table 3-5. Mass-ratio Determinations from Measurements of 

Rotational Constants of Symmetric Tops 
(From Geschwind, Gunther-Mohr, and Townes [924a)) 


Molecule 

; Ratio of mass differences 

1 


Qq72 _ Qq70 

GeHaCP'^ 

= 0.49985 ± 0.00003 

Ge^^ — Ge^® 


Qq76 _ Qq74 


= 0.50013 ± 0.00003 

Ge^^ — Ge’° 


Si30 _ spg 

SiHaCP^ 

= 0.49941 ± 0.00005 


Si30 _ Sj29 

SiDsF 

g .30 __ = 0.49934 ± 0.00003 


Other 

determinations 

0.49978 + 0.00002 

0.50011 ± 0.00002 

0.49934 ± 0.00020 
0.49943 ± 0.00003 


3-2. Symmetric-top Wave Functions. Discussion of energy levels and 
selection rules has been so far on a semiclassical basis. A quantum- 
mechanical treatment of course starts with the Hamiltonian and hence 
the wave equation for a symmetric top. The motion of a top is usually 
described in terms of Euler’s angles, which are illustrated in Fig. 3-5. 0 

and <f> are equivalent to the usual polar angles between an axis fixed in 
space and some axis fixed in the molecule, and x (often designated 
where there is no chance of confusion with the wave function) is the angle 
of rotation around the axis fixed in the molecule. For a symmetric top, 
this chosen axis is naturally the molecular or symmetry axis. Eulerian 
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angles are specified in several ways by various authors. Here they are 
defined as follows in agreement with Casimir [24]. Axes x, y, and z are 
fixed in the body; X, F, and Z in space. The position of the body is 
specified from a starting position in which the two sets of axes coincide. 
The body is first rotated an angle <f) about the Z axis, then through an 
angle 6 about the x axis, and finally through an angle x about the 2 axis. 
It can be shown ([81], p. 230) that the wave equation can be written in 


the above coordinates 


1 d 
sin 6 dO 





1 ay 

siiF 6 



2 cos 6 aV 

sin^ 0 dx 04> 



(3-12) 


where C is the rotational constant for the 
symmetry axis and B is the rotational 
constant h/Hir^Iu for an axis perpendicu¬ 
lar to the symmetry axis. The varial)les 
in (3-12) may be separated, and the solu¬ 
tions written in the form 

^ = (-)(i9)c-''V^'>^ (3-12n) 



Fig. 3-5. Diagram showing Euler’s 
angles for specifying the position of 
a rotating body. One dashed line 
is the line of nodes, or intersection 
between the xy and XT planes. 
Another is the projection of the z 
axis on the XT plane. 


where M and K must be integers 0, +1, ±2, . , . in order to make the 
wave function single-valued. 0 satisfies the eipiation 


1 


sin e cld 


(if. ^ d0 
sin 6 • 



I A'os^ 6 , C I 

sin^ d VsiiF 6 B 


_ 2 KM 

sm^ 6 


W 


hB 


0 = 0 


by introducing the variables 


and letting 


X = ^(1 — cos e) 

0(0 = x4‘^'-''''(l - x)l‘^+''''/'Xx) 


the equation for F may be found to be 


fBF dF 

x(l - x) ^ + (a - /3x) — + 7 /'" = 0 




dx 


where 


(3-13) 

(3-14) 

(3-15) 

(3-16) 


« = 1/C - il/1 -h 1 
^ = liC -h M\ + \K - M\ + 2 

7 = ^ - a\K + M\ + i\K - M\) (3-17) 

X (i\K + M\ + ^\K - M\ -I- 1) 
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This is a well-known form of equation called the hypergeometric equation. 
Its solution, known as a hypergeometric function, can be obtained as a 
power series 


where 


«o 

F{x) = ^ flnX” 

n — 0 


_ n{n — 1) + /3n — 7 
{n + l)(n + a) 


(3-18) 

(3-19) 


For ^ to be a satisfactory normalizable wave function, the series must 
terminate and become just a polynomial, which requires that the energy 


IF is 


with 


W 

h 


= BJ{J + 1) + (C - B)K^ 


(3-20) 


J — w,„Bx i K M \ K — M (3-21) 


UmKx = the largest value of n in Eq. (3-18) for which a„ does not vanish. 

In order for ^ to be normalized and to give matrix elements with signs 
or phases” consistent with those of Condon and Shortley [56], the first 
term ao of the series (3-18) for F{x) must be taken as (cf. [931]) 


r (2./ + i)(./ + \\K + ;i/'| + \\K - M\)\iJ - \\K + M\ + - M\)M -\^ 

® - k\K + M\ -I- i\K - M\V. |A: - M\\U + + M\ - \\K - M\)h\ 

(3-22) 

This expression may be regarded as a normalization and phase factor 
for yp. 

From (3-21) ./ must be a positive integer which is equal to or larger 
than 1^1 or \AI\, so that 

J = 0, 1, 2, . . . 

a: = 0, ±1, ±2, . . . , ±J (3-23) 

M = 0, ±1, ±2, . . . , ±J 

As the reader may suspect, J(J l)h^/4w^ can be shown to be the square 
of the total angular momentum; Kh/2'jr is its projection on the molecular 
axis, and Mh/27r its projection on the polar axis fixed in space. The 
energy (3-20) can be seen to be identical with Eq. (3-5) which was obtained 
from a semiclassical approach. 

3-3. Symmetry and Inversion. The energy or behavior of a rotating 
molecule remains unchanged after certain types of changes of coordinates 
or symmetry operations, and hence the quantum-mechanical wave func¬ 
tions describing the molecule might be expected to remain unchanged. 
The wave equation may be written 

= Wyp 


(3-24) 



SYMMETRIC-TOP MOLECULES 


63 


where Hop represents the Hamiltonian operator for the energy which, for 
a symmetric top, takes the form (3-12) if Eulerian angles are used as 
coordinates. If Cartesian coordinates are used, Hop is easily seen to be 
unchanged when the coordinate system is inverted about the origin, z.e., 
when X is replaced by —x^y by — and zhy —z. This is shown by the 
fact that terms in Hop do not involve odd powers of the coordinates, but 
only terms of the type d^/dx^j x(d/dy)j etc. 

If the coordinate change x ~~x\ y —y\ and 2 : —^ —z' is made on 
(3-24), then Hop is unchanged, and the new 1 /'' must be a solution of (3-24), 
for the same energy W. If this energy does not represent a degenerate 
level, for which there are several different solutions of (3-24), then the 
new must be the same as the old or differ only by a multiplicative 
constant. Let this constant be c. If now another such transformation 
is made, x' ~x"^ y —y'\ z' —> the new 1 ^" is \p" = c\l/' = 

but it also must be identical with since this is just the reverse of the 
original transformation. Hence C“=l, orc==±l. Ifc=-|- 1, 1 /' is 
unchanged by inversion about the origin, is said to be symmetric with 
respect to this operation, and is designated as an even (-f) level. If 
c ~ — 1, ^ simply changes sign on inversion, is said to be antisymmetric, 
and is designated as an odd ( —) level. 


One reason for the importance of the symmetry of the wave function 
with respect to inversion is its connection with the dipole matrix elements 
which determine the intensities of transitions. These have the form 


/^ixV '2 dr, dr, and J ^ 12^2 dr (3-25) 

where ypi and ^2 are wave functions for the two states between which 
transitions occur and dr is a volume element. 

The integrals are to be taken over all values of the coordinates. Each 
integral may be equated to the sum of two integrals, the first over all 
positive values of x, y, z and the second over all negative values. The 
second integral is obtained from the first by the transformation x —> —x', 
y ^ 2 /', and z^ —z'. In this transformation, the integrals will not of 
course change value, but may be seen to change sign unless ypi and ^2 have 
opposite symmetries. Thus if yj/i and 1/^2 have the same symmetry, the 
integral over all space is the sum of two integrals which are equal in 
magnitude and opposite in sign, and so is zero. This establishes the 

selection rule 

+-H+ --H- 

The transitions of a diatomic molecule, for which the matrix elements 
vanish unless J ± 1 <—./ (page 22), must of course obey the above 
selection rule and will be found to do so. We shall examine the symmetry 
of symmetric-top wave functions, but before doing so, the coordinate 
system for a symmetric top must be more completely described. 
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Consider a planar symmetric top such as BF 3 with three like atoms and 
a fourth atom equidistant from them. The orientation of this molecule 
can be specified in terms of an axis through the center of mass and per¬ 
pendicular to the plane of the molecule. In order to define the positive 
direction of this axis, the three like (fluorine) atoms must be labeled with 
the numbers I, 2, 3. The positive direction is then taken as the direction 



Fig. 3-6. Coordinates for a symmetric- 
top molecule, (a) The positive direc¬ 
tion of the molecular axis of a sym¬ 
metric-top molecule (e.g., BF 3 ) and the 
polar angles B and <f>. The three iden¬ 
tical nuclei are labeled 1, 2, and 3. 
(6) A symmetric-top molecule viewed 
along the positive direction of the 
molecular axis showing the angle x 
which indicates rotation around the 
molecular axis. The vertical line is the 
“line of nodes.” The solid circles 
represent the nuclear positions before 
an inversion through the origin, and the 
dotted circles are their positions after 
such an inversion. 


of advance of a right-handed screw 
rotated in the direction of successive 
nuclei 1, 2, 3. This is illustrated in 
Fig. 3-6a, or in Fig. 3~6b Avhere the 
positive direction is into the page. 
6 and <f> are the usual polar angles 
between the molecular axis and a 
fixed polar axis (^), and x, illustrated 
in Fig. 3-66, is the angle of rotation 
around the molecular axis. If the 
coordinates of each atom in the mole¬ 
cule are inverted about the origin, 
then Fig. 3-66 shows that the positive 
direction of the molecular axis does 
not change, so that 9 and </> are un¬ 
affected. However, x is changed 
into X + TT. 

The rotational wave functions for 
a symmetric top are from (3-12a), of 
the form 

hKyf = (3-26) 

so that when the coordinates undergo 
an inversion about the origin, the 
new wave function becomes 

^ = (-l)^V (3-27) 

Hence the rotational wave function is 
even (- 1 -) or odd ( —) with respect to 


inversion according to whether K is even or odd. 

In addition to the rotational part of the wave function, the electronic, 
vibrational, and spin coordinates must be considered. The complete 


wave function may be indicated by a product 




(3-28) 


where and ypi represent the parts of the wave function depend¬ 

ent, respectively, on electronic, vibrational, rotational, and spin coordi¬ 
nates. The behavior of with respect to any symmetry operation 
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depends on the behavior of each of these four parts. The electronic wave 
functions for almost all polyatomic molecules in the ground state are 
symmetric, so they ma^^ he neglected in considering the symmetry of 
i/'w The spin wave functions \pi ma}' usually he either symmetric or 
antisymmetric, but consideration of them will he postponed until later. 

The vibrational wave function for a molecule in the ground vibrational 
state is always symmetric, so in this case the symmetiy of depends 
only on rpn (if \f/i is neglected). Consider excited states of the vibration 
for which the central boron atom in the symmetric top illustrated by 
Fig. 3-6 moves perpendicularly to the plane of the three fluorines. The 
coordinate for this motion will be called h. It indicates the distance 
moved by the boron from the center of mass and will be called positive 
when the boron has moved along the positive direction of the molecular 
axis, negative if the boron moves in the opposite direction. The Avave 
functions for a harmonic vibration of this type are ([62], p, 74) 

^Pvih) = (3-29) 

where Ci and C 2 are constants, and //„ is a Ilermite polynomial of 
order n. The loAvest energy le\^el corresponds to y = 0, AAuth higher 
integral values y = 1, 2, . . . being successively higher in energy. //„ 
involves only odd or even powers of h according to Avhether v is odd or 
even. Hence Avhen an inversion about the origin occurs, Avhich changes 
h into the new vibrational Avave function is 

K = (-l)^'V'. (3-30) 

The rotation-Aubration Avave functions hence have symmetries Avith 
respect to inversion as shoAvn in Fig. 3-7, Avhere the ground and first 
excited Aubration states are indicated. 

There are many symmetric tops such as CH3CI or NH3 Avhich are not 
normally considered planar molecules, but Avhich have the same sym¬ 
metry Avith respect to inversion as BF3. NH3 may actually be considered 
planar, but Avith a potential function Avhich differs so much from a simple 
harmonic potential that as a result of Aubration the nitrogen spends most 
of its time some distance from the plane of the three hydrogens. The 
energy levels of a particle moving in a parabolic potential are equally 
spaced as on the left side of Fig. 3-8. If the potential is distorted by a 
hill being gradually raised in the center, the energy levels approach each 
other in pairs as shoAvn in Fig. 3-8. For a A'^ery high potential hill, the 
particle again has equally spaced energy levels, but tAvo sets of them 
corresponding to oscillations on either one side of the hill or the other. 
IIoAvever, even Avhen the hill is so high that the particle does not have 
enough energy to go to its top, a quantum-mechanical “tunnel effect” 
occurs Avhich alloAVs the particle to oscillate sloAvly from one side of the 
potential barrier to the other. (This will be discussed more fully in 
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First excited vibrotlonol 
state 


1 --+ 

0 - 

/r= 0 ^ 2 


1 

0 




+ 



_ ^ Ground vibrotlonol stote 

3 -+- 


-+ 2 

2 -+- 

1 -+- 1 

0 -+ 0 

/r= 0 1 2 3 

Fig. 3-7. Levels of a symmetric top and their symmetry with respect to inversion. 
The vibration is a nondegenerate mode in which atoms on the molecular axis move 
parallel to this axis. 




Energy levels 





Potentlol 




AJ\ 


Wovefunctlons of 
first two energy 
levels 


Fig. 3-8, Behavior of a vibration with introduction of a potential harrier. 
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Chap. 12 on the ammonia spectrum.) The rise of the central potential 
hill modifies the wave functions as is shown in Fig. 3-8, but does not 
destroy their symmetry. For BF 3 there is no potential hill and the 
potential minimum occurs when the boron is iji the plane of the fluorines, 
so the energy levels are those on the left of Fig. 3-8. NII 3 , on the other 
hand, is a pyramidal molecule. Potential minima occur when the nitro¬ 
gen is on either side of the plane of the hydrogens, and the energy levels 
correspond to those on the right-hand side of Fig. 3-8. In NII 3 , the 
central potential hill is only moderately high, and the two lowest vibra¬ 
tional levels are separated by an energy gap such that a transition 
between them falls in the microwave region. In the case of NF 3 , CH 3 CI, 
or almost any other nonplanar top, the potential hill is so high that the 
two lowest vibrational levels have almost coalesced, their separation 
corresponding to freciuencies which are so low that usually many years 
are required for an oscillation period. 

For nonplanar symmetric tops, the transition between these two lowest 
levels is often referred to as inversion, for the classical motion corresponds 
to the molecule being turned inside out. This is not identical, however, 
with inversion of the molecule about the center of mass. Let the posi¬ 
tion of nitrogen with respect to the plane of the hydrogens in NII3 be 
given by wave functions 1/^0 and ypi as shown on tlie right side of Fig. 3-8. 
The energy for ypo is IFo, so that it varies with time as 
similarly i/^i varies as 

where A is the energy separating the two lowest levels. If at time i = 0 the 
nitrogen is on the negative side of the hydrogens, then the wave function 
for the system may be written 








(3-31) 


which at time ^ = 0 is (^0 + and at time h/2A is (\po — 

corresponding to the nitrogen being on the positive side. Hence the 
Nllj molecule inverts itself with a frequency (for a complete cycle) 
^ = A//i, which happens to be about 2.4 X 10*^^ times per second. 
CH3CI, on the other hand, exists for some time with Cl on one particular 
side of the molecular axis, and inverts only very slowly. 

Symmetry and spacing of the rotation and inversion levels of NH 3 
are indicated in Fig. 3-9. Possible transitions, allowed by the rules 

+ '-' —, AJ = 0, ± 1, AK = 0, are also shown. Figure 3-10 shows the 

same things for CH3CI, where the inversion levels are so close together 
as to be indistinguishable, and the rule is no longer of impor¬ 

tance since + and — levels coincide in pairs. Some levels in Fig. 3-9 
for which K == 0 are drawn as dashed lines. These levels cannot occur 



J 



/r=o 1 2 


Fia. 3-9. Levels and possible transitions in the rotation-inversion spectrum of NHa. 
The dotted levels for K = 0 are forbidden by the exclusion principle. 


J 



/r= 0 I 2 

Fig. 3-10. Levels and possible transitions in the rotation-inversion spectrum of 
CHaCl, where the inversion frequency is negligibly small. 
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because of certain properties of the spin wave functions to be discussed 
below. 

For NH 3 , the doubling of each level due to inversion produces a 
doubling of the rotational lines with a separation between doublet com¬ 
ponents of twice the inversion frequency. This rotational spectrum lies 
in the infrared region. In addition, transitions between inversion levels 
with AJ = 0, Aiv = 0 occur and produce lines which occur in the normal 
microwave range near 1 cm. In the case of CH 3 CI, the pure rotational 
spectrum is observed in the microwave range, and although each rota¬ 
tional line is split by twice the inversion frequency, this splitting is so 
small that it is completely unobservable even with the high resolution 
of microwave spectroscopy. 

3-4. Effects of Nuclear Spins and Statistics. Other types of symmetry 
operations in addition to inversion about the center of mass may also be 
considered. For a symmetric top with a threefold axis of symmetry 
such as NH 3 or BF 3 , a rotation of 120° about the s^^mmetiy axis should 
leave the molecule essentially unchanged, and reasoning similar to that 
applied above to inversion about the origin shows that this rotation must 
either leave the wave function unchanged or change only its sign if the 
state is not degenerate. Similarly an interchange of two H nuclei in 
NH 3 or two F nuclei in BF 3 is another permissilde symmetry operation 
which must affect the wave function in the same way. 

Symmetry considerations may also be applied to the case of inter¬ 
changing two identical particles in any type of system. It is found 
experimentally that Hb F*®, and any other nucleus of odd nuclear mass 
always occur in antisymmetric wave functions. These nuclei are said 
to obey Fermi-Dirac statistics. Nuclei of even mass always occur in 
symmetric wave functions and are said to obey Einstein-Bose statistics. 
Hence it is essential that any true and permissible wave function for Ntls 
changes sign when two H nuclei are exchanged. 

Consider just rotation of 120 ° around the symmetry axis of NH 3 . 
This is equivalent to exchanging two pairs of H nuclei, say first numbers 
1 and 2 , then 2 and 3. Since there are two exchanges, the wave function 
must be unchanged by a rotation of 120° if H obeys either Fermi-Dirac 
or Bose-Einstein statistics. The only one of Euler's angles which 
changes with such a rotation is x> which enters the wave function as 
or Hence after a 120°, or 27r/3, rotation, 


= ^e±(2»/3)A'i 


(3-32) 


If K is a multiple of 3, then the exponential in (3-32) equals 1, and 
so that the wave function is symmetric. If K is not a multiple 
of 3, then ^ is neither symmetric nor antisymmetric. This indicates 
that the state is degenerate, which is true since the same energy is 
obtained for d-X as for —K, In order to make wave functions of the 
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correct symmetry when K is not a multiple of 3, the spin wave function 
ypr must be considered, for when nuclei are exchanged not only their 
spatial coordinates are changed, but also their spins. 

Before discussing spin wave functions, consider the symmetry opera¬ 
tion of exchanging only one pair of nuclei, e.g.^ 2 and 3. An interchange 
of these two nuclei changes the positive direction of the molecular axis 
as defined above, since it changes the relative order of the nuclei. The 
molecular variables are transformed as follows: 


6' —> IT — 6 <t>^ —> T 

x' —> TT “ X h' —h 


(3-33) 


Detailed examination of the wave functions given by (3-12a) shows that for 
0 ^ and 0 —> 0 ' — TT, the wave function changes as 

(3-34) 

For this change of variables, is neither symmetric nor antisymmetric 
but the wave functions are degenerate. They can be put in symmetric 
or antisymmetric form by choosing a wave function yf/jKM + or 

^jKM — In exchanging nuclei 2 and 3, x changed to tt — x- 

If, instead of interchanging 2 and 3, 1 and 3 had been interchanged, 
then the variables would have transformed as 


B' — > TT — 6 — ><^ + 7r 



(3-35) 


The new symmetrized forms ± would then for this exchange 

no longer be symmetric or antisymmetric unlevss A is a multiple of 3. 
Spin wave functions are needed to produce which has the correct 
type of symmetry for all possible interchanges of nuclei. 

S'pin Wave Functions. The spin wave function for a nucleus needs to 
tell the projection of the spin on some fixed direction, which in the case of 
hydrogen can take on only two values, and —The value 
will be indicated graphically by a vector pointed up, and — 4 ^ by a vector 
pointed down. Various possible spin functions which exactly specify 
the spin orientation of three H nuclei are then represented by Fig. 3-11. 

The spin wave functions I and VIII of Fig. 3-11 are clearly symmetric 
with respect to interchange of any two nuclei, since they do not change. 
Spin function II, however, is symmetric with respect to interchange of 
2 and 3, but it changes into III if 1 and 2 are interchanged, or into IV if 
1 and 3 are interchanged. All spin functions shown m Fig. 3-11 are of 
this type except I and VIII, and hence are degenerate. Functions which 
are symmetric or antisymmetric with respect to interchange of any nuclei 
can be formed by combining the variation with x and spin. Such 
functions automatically are symmetric for a 120 ° rotation, which cor¬ 
responds to successive interchange of two pairs of nuclei. If K is not a 
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multiple of 3, they are 

ypjKMiY + e2rA'./3vi + (3-36) 


If K is a multiple of 3, these reduce to 

i^jKM ± '/'y.-A..w)(n + III + IV) 

± ^j.-k.m){Y -|- VI + VII) 

and two additional functions have the correct symmetry, 


(3-37) 


{4'JK.\f i ^J.-A..w)I 

i^JKM ± ^y.-A'.A/)VIII 


(3-38) 


Nucleus 


I 


n 


m 


IV 


VI 


vn 


VTTT 


t t t 
I t t 

t i t 
I ! I 
! 1 1 
1 t i 
I i t 
I i I 


In all these expressions, when J is even the -(- sign pro¬ 
duces a function which is symmetric with respect to 
interchange of two identical nuclei, and the — sign 
gives an antisymmetric function [cf. Eq. (3-34)]. 

When J is odd, the symmetries are reversed. 

Not all the functions (3-36) or (3-37) and (3-38) are 
permitted for a particular rotation-inversion state. 

In the lowest inversion state, the vibrational (inver¬ 
sion) part of the wave function does not change sign 
for a transformation of the type (3-33) or (3-35), which 
reverses the sign of h. The parts of the wave func¬ 
tion involving h, 9, and are symmetric with re¬ 
spect to interchange of two nuclei if J + K is even 
[cf. (3-34)]. For these cases antisymmetric forms, 
with the — sign, must be chosen from (3-36), or (3-37) 
and (3-38) to make the total wave function change 
sign with exchange of two nuclei, i.e., if J is odd, the 
— sign is chosen in these equations, or if J is even, 
the 4- sign is needed. In the upper inversion state, 
the vibrational part of the wave function is antisymmetric for interchange 
of two nuclei, and the choice of + or — signs in (3-36), or (3-37) and (3-38) 
must be just reversed. 

When = 0, the functions of the form (3-37) or (3-38) become zero 
when the — sign is used, and hence no such wave function exists. This 
is the reason why half the levels are nonexistent when /C = 0 as indicated 
in Fig. 3-9. In the lowest inversion state, when /C = 0 and J = 0, a — 
sign in (3-37) or (3-38) would be called for, but this makes the wave func¬ 
tion zero. In the upper inversion state, however, when K = 0 and 
•/ = 0, a -{- sign is called for and such a wave function is not zero. When 
K! = 0 and J is odd, however, the ground inversion level requires the 
+ sign and hence is the state in which molecules can exist. 


Fig. 3-11. The eight 
possible spin states 
for three nuclei with 
spin 
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Statistical Weights. It is evident that, with the exception of the case 
K = 0, there are twice as many acceptable wave functions from (3-37) 
and (3-38) for the case where K is a multiple of 3 as can be obtained 
from (3-36) for the cases where K is not a multiple of 3. This gives the 
states for which /C is a multiple of 3 twice the statistical weight and 
hence approximately twice the population of otherwise similar states for 
which K is not a multiple of 3. 

The above discussion has been specialized to the case of three identical 
atoms with spins which is by far the most common case. If there are 
three identical atoms with spin /, the statistical weights are given by 
Table 3-6 [25], [43]. Regardless of the type of statistics, the levels with 
K a multiple of 3 always have a greater weight, the ratio between these 
and other values of K being 2:1 in the case of spin ^ as was found above. 

If /C = 0, we have seen that alternate inversion levels on the level 
diagram of Fig. 3-9 are missing, beginning with the lowest inversion level 
for J = 0. If the spin I of the identical nuclei had been zero, Bose- 
Einstein statistics would apply instead of Fermi-Dirac, and for /C = 0 
the role of permitted and forbidden levels on Fig. 3-9 would be just 

Table 3-6, Statistical Weights 

Statistical weights due to nuclear spin for rotational levels of a symmetric-top 
molecule with three identical nuclei of spin /, These apply to molecules in a non¬ 
degenerate vibrational state. For a degenerate vibrational state, K should be replaced 

by K — 1. 



Statistical weights 

Nuclear spin, I 

K a multiple 3, but not 0 

^(2/ + 1)(4/* + 4/ + 3) 

0^1 1 

K not a multiple of 3 

i(2/ + l)(4/= + 4/) 

4/* + 4/ + 3 

.^2116 

Ratio 

4/2 + 4/ 

« T ■¥' 5 

K — 0, J even lower inversion level 
or J odd upper inversion level, 
Fermi-Dirac statistics 

K — Of J odd, lower inversion level | 
or J even, upper inversion level, 
Fermi-Dirac statistics 

Ratio Fermi-Dirac statistics 

Ratio Bose-Einstein .statistics 

^(2/ + 1)(2/ - 1)/ 

^(2/ + 1)(2/ + 3)(/ + 1) 

(21 - 1)/ 

(2/ -h3)(/ -h 1) 

(21 -h3)(/ + 1) 

(21 - 1)/ 

0 i 

1 0 

00 — 


reversed. If the spin is greater than none of these K — 0 levels is 
forbidden: their statistical weights for the case of Fermi-Dirac statistics 
are given in Table 3-6. For Bose-Einstein statistics, these formulas for 

statistical weights of alternate levels are just reversed. 

For symmetric-top molecules with four identical nuclei equidistant 

around the axis, the statistical weights are as follows [43]: 
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For K 9^ 0: 

(/ + 1)(2/ + 1)(2P + / + 1) 

for K a multiple of 4, Bose-Einstein statistics or for K even, not a 
multiple of 4 and Fermi-Dirac statistics. 

7(2/ + l)( 2/2 + 37 + 2) 

for K a multiple of 4, Fermi-Dirac statistics or for K even, not a 
multiple of 4 and Bose-Einstein statistics. 

7(7 + 1)(27 + 1)^- 
for K odd. 

For 7<^ = 0: 

+ 1)(27 + l)i2P + 37+2) 
for J even, Bose-Einstein statistics. 

\I{I + 1)(27 - 1)(27 + 1 ) 

for J odd, Bose-Einstein statistics. 

17(27 + 1)(272 +7+1) 
for J even, Fermi-Dirac statistics, 

17(7 + 1)(27 + 1)(27 + 3) 
for J odd, Fermi-Dirac statistics. 

In this case, the inversion levels are considered to coincide, so statistical 
weight:; of the 7C = 0 levels refer to the sum of both inversion levels. 

The above considerations about statistical weights apply only to mole¬ 
cules in nondegenerate vibrational states. When a degenerate vibra¬ 
tional mode is excited, a new angular momentum I is introduced (c/. 
^tyne doubling in Chap. 2 and below). In this case similar statistical 

apply, but with K replaced hy K ~~ I [943a]. Thus levels with 
K ~ Isc multiple of 3 have greater statistical weights than do other levels 
for molecules with a threefold axis. 

Nuclear spins are important in a wide variety of other types of mole¬ 
cules. Some of these are discussed by Placzek and Teller [43], Wilson 
([64] and [90]), and Minden [730]. 

3-6. Intensities of Symmetric-top Transitions. Intensities of sym¬ 
metric-top absorption lines may be calculated from the basic formula 
(1-49). Some of the quantities in this expression, however, such as the 
matrix element /x and the fraction of molecules / in a given state, must be 
evaluated for the symmetric-top case. 

Selection rules for dipole radiation of a nonplanar symmetric top 
(dipole moment taken only along the molecular axis since it is a truly 
symmetric top) are 

AJ = 0, ±i AK = 0 H—> - (3-39) 

The last selection rule, taken from symmetry considerations above, is 
needed to specify the inversion levels involved in a transition, and may be 
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applied by referring to Fig. 3-9. Matrix elements may be calculated as 
indicated in (1-59), (1-60), and (1-61). However, since wave functions 
for a symmetric top are considerably more complex than those for a linear 
molecule, actual evaluation of these integrals is more difficult. The 
matrix elements are of course nonzero only for transitions given by the 
selection rules (3-39). The nonzero matrix elements are as follows: 


J + l^J,K^K 




2 = ^2 


J K ^ K: 


J - K^K 


{J + 1)2 - 
(J + 1){2J + 1) 

(3-40) 

“ j{j +1) 

(3-41) 

, J2 _ ^2 

^ J{2J + 1) 

(3-42) 


These are the matrix elements appropriate for substitution into (1-49), 
and represent the sum of the components for a par¬ 

ticular molecule orientation specified by M, the projection of J on the 
z axis, to all possible final M states. The components \Rx\‘^j and 

\Rz\^ and their dependence on M are given in Table 4-4. 

The quantity fx in the above equations is the usual dipole moment of 
the molecule. One might question whether a symmetric top has a dipole 
moment, since we have been considering inversion as a type of vibration 
and even a pyramidal molecule as an oscillating planar molecule. This 
dipole moment fx, however, is to be evaluated without considering inver¬ 
sion, but taking the symmetric top in its normal pyramidal configuration. 
Thus although NHg is inverting approximately 3 X 10^*^ times per second, 

is called a “permanent” dipole moment and is to be calculated when N 
is on one side only of the three hydrogens. This is the NHs dipole moment 
which commonly enters into other physical and chemical measurements. 
Quantum-mechanically, fx should be evaluated in the state (^o + ^i)/ 
where i/'o and represent wave functions for the two inversion levels. 

The fraction of molecules/in a particular initial state is also needed to 
calculate absorption intensities from (1-49). This fraction / is the 
product of the fraction /„ in the vibrational state of interest and the 
fraction of thesein a particular rotational state. If statistical weight 
due to nuclear spin is neglected, the probability of a molecule s being in a 
state Jj K is proportional to 


(2J + + 


(3-43) 


2J -h 1 is the statistical weight due to the different orientations of 
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The fraction of molecules in this rotational state would be 



(2./ + l)g-I/#y(y+i)+(c-rt)A*)/./fcr 

__ 



(2.7 + 




(3-44) 


Here B and C are in cycles per second as in (3-4). When Bh and Ch are 
small compared with kT the sums may be replaced by integrals, givdng 


fjK = {2J + l)e 


~lBJ(.J+l)-\-(C~/f) Ki]h/kT 


BK^h^ 

ir{kT)^ 


(3-45) 


It should be noted that (3-45) applies to one particular value of 7C, and 
does not allow for K degeneracy. A more accurate evaluation of the sum 
has been made ([130], p. 506) but is not of much interest to us because the 
error in approximating the sum as an integral is usually very small and 
in addition (3-44) does not allow for the statistical weights introduced 
by the spins of the like particles which must always be considered in a 
symmetric top. 

The usual type of symmetric top has threefold symmetry about the 
axis and the separation between inversion levels is negligible. In that 
case, from Table 3-6 the degeneracy due to spin and inversion levels (or 
spin and K degeneracy) for each value of J and K is proportional to 
(omitting a constant factor (2/ + l)/3): 

For K a multiple of 3, but not 0, 



S{I,K) = 2(4/2 + 4/ + 3) 
S{I,K) = (4/2 + 47 + 3) 


For K not a multiple of 3, 


S{I,K) = 2(4/2 + 47) 


Allowing for this degeneracy, (3-44) becomes 


(3-46a) 

(3-465) 

(3-46c) 



I 

r ^ 


J 

X =0 


(3-47) 


It is evident that (3-47) is unaffected by the omission of a constant factor 
(2/ -f l)/3 in the degeneracy S{IjK) associated with spin and inversion 
as given in (3-46). Again assuming B and C to be much smaller than 
kT, the sums in (3-47) may be changed to integrals, so that one obtains 



S{I,K){2J + 1) FWC^ 
4/2 4- 4/ + 1 ^ivikTy 


[Ay(y+i)+(c—A) K^h/kT 


(3-48) 



76 


MICROWAVE SPECTROSCOPY 


For low values of J and the exponential in (3-48) is very close to 1, 
so that 



S{I,K){2J + 1) 

4/2-h 4/ -h 1 yirifcTy 


(3-49) 


The fraction of molecules in a given vibrational state may be obtained 
analogously to (1-51) as 


n (1 “ (3-50) 

n 

where d„ is the degeneracy of a vibrational mode of freciuency a>„ and ]\ 

n 

represents the product 



Q—hw\/kT^dx^'^ 


Q~hwi/kTyh(^\ 



for all vibrational modes. Since a symmetric top has a number of vibra¬ 
tional modes, the product is sometimes appreciably less than 1 , but 

n 

in simple symmetric tops not usually less than about 0.5. Substituting 
(3-49) and (3-40) into (1-49), and setting 2B{J -f 1) = the intensity 
for a transition J -f- 1 ^ J, /C <— /C is 



AirhNf.B{I,K) 

(4/2 + li -b l)3c(/vT)2 



(./ + 1 )^J 

V{iV^ Av 

(p - uoy + (A.)2 


(3-51) 


It may be seen that y increases, as in a linear molecule, approximately 
as v^. However, for a symmetric top y is more strongly dependent on 
the temperature T than it is for the linear molecule. The expression 
(3-51) might be summed over all possible K for a particular J transi¬ 
tion, since transitions for the various values of K coincide in frequency 
(approximately—see discussion of centrifugal distortions in Sec. 3-6). 

S{I K) 

Summing over the K values, assuming J is large, and letting _j_ 4 / _|_ f 
be approximately 2 , 


2irh^Nf. IwCh , (4J + 3)(J + 2) Av 

9c{kTyB y hT ^ {J + \y {v - Vo)" + (Av)2 


(3-52) 


This shows that the entire intensity for a transition J + \ J summed 
over all K increases approximately as v"*, even more rapidly than intensi¬ 
ties of transitions for linear molecules. 

The maximum absorption coefficient of a symmetric-top transition 
J + 1 ^,/ may also be written from (3-51), after some numerical 



SYMMETRIC-TOP MOLECULES 


77 


evaluation, 


max 


_ 1.23 X VC 

4.P + 4/ + 1 


= 1 - 


{J + 1)2 Av 


cm 


—1 


(3-53) 


where C = rotational constant about the symmetry axis, J\lc 
/i = dipole moment, debye units ( 10 ~*^ esu) 

Ai^ = half width at half maximum at a pressure of 1 mm ITg, Me 
Po = resonant frequency, Me 
the temperature is assumed to be 300°K 
For symmetric tops with more than three identical nuclei, the statistical 


weight factor 


S(I.K) 

4/2 + 4/ + 1 


in 


(3-53) must be adjusted, but this factor 


is of the order of 1 and may be set equal to 2 if an approximate evaluation 
of 7 ,nax is all that is required. The only other type of transition, J <— */, 
which occurs for a symmetric top is rather rarely of interest since it is a 


transition between inversion levels which usually corresponds to a neg¬ 
ligibly small frequency. However, these inversion transitions are impor¬ 
tant in the case of NH 3 and will be discussed in more detail in Chap. 13- 
It may be noted that (3-51) or (3-53) does not reduce to the correspond, 
ing expression for a linear molecule when K = 0 and C is infinite. This 


is because C has been assumed much smaller than kT in deriving these 
expressions, and hence they are no longer valid when C is allowed to be 
large. Because of the additional possible rotation around the symmetry 
axis, symmetric-top molecules are generally distributed throughout more 
states than are linear molecules and individual transitions are usually 
less intense by a factor of approximately 10. Typical intensity of a sym¬ 
metric-top absorption at 1 cm wavelength is 7 niax = 10 “® cm~b 

Since variations in intensity with K depend on the nuclear spins (cf. 
[3-53] and Table 3-6), they may be used as a means of determining 
nuclear spins when several identical nuclei occur in the same molecule. 
This method of spin measurement has very limited utility, however, since 
molecules of this type are normally found 01113 ^ for abundant isotopes of 

common elements such as H and the halogens whose spins are already 
well known [233]. 


3-6. Centrifugal Stretching in Symmetric Tops. The discussion so far 
has assumed a rigid symmetric top, with no effects of vibration or cen¬ 
trifugal distortion. Centrifugal stretching of symmetric tops is some¬ 
what more complicated than that for linear molecules because it involves 
both angular momentum quantum numbers J and K. It is fairly obvi¬ 
ous that the amount of centrifugal distortion of the molecule cannot 
depend on the sign of the angular rotation {e.g., whether it is clockwise or 
counterclockwise). Hence the change in rotational energy must involve 
only even powers of the momentum, such as the square of the total angular 
momentum J(y 4 - 1 ) or of the component of momentum along the sym- 
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metry axis K^. The rotational energy W including centrifugal effects 
may therefore be written 

W{J,K) = BJ{J + 1) + (C - B)K^ - DjJ^J + 1)“ 

- Dj^JiJ + l)K^ - (3-54) 

plus terms of higher order in J{J -|- 1) and where the centrifugal 
distortion constants Dj, Djk, and Dk are of the order of 5V“ being a 
molecular vibrational frequency. The distortion constants are hence 
very small compared with the rotational constants B and C. The fre¬ 
quency due to a rotational transition J -h 1 <— J, AK = 0 is, from (3-54), 

V = 2{J + 1){B - DjkK^) - iDjiJ -h ly (3-55) 

Without centrifugal distortion, the rotational transitions for a sym¬ 
metric top are all equally spaced, and for a given transition of J , the 
various possible values of K all give identical frequencies. From expres¬ 
sion ( 3 - 55 ), it may be seen that centrifugal distortion destroys both these 
simple relations, although the previous approximation of a rigid rotor is 
still an extremely good one. Because of the term Djk, molecules with 
different values of K have effectively slightly different values of the 
rotational constant B, so that their rotational transitions are not pre¬ 
cisely superimposed. A high-resolution microwave spectroscope usually 
resolves separate rotational lines due to molecules with different values 

of K, so that Djk is easily evaluated. 

Centrifugal distortion for molecules of this type was first observed in the 
infrared rotational spectrum of NHa and PHa [44a]. In this case the 
lines due to different values of K were not resolved, but the center of 
gravity of successive J transitions could be fitted by an expression of the 

form 

. = 2(./ -f \)B - AD{J + 1)^ 

The constants Dj, Djk, and Dk depend of course on the various 
molecular force constants and the moments of inertia. The calculation 
from observed vibrational frequencies and rotational constants is both 
tedious and uncertain, since some of the force constants needed cannot 
always be accurately determined. However, Slawsky and Dennison 
[ 94 o] obtained theoretical values of the centrifugal distortion constants o 
NHa NDa, and PH, which fit experimental measurements of infrared 
spectra. These values are listed in Table 3-7. Chang and Dennison 
[783a] have succeeded in calculating Dj and Djk for CH 3 CI to an accuracy 
of a few per cent. Nielsen [624] has given general expressions lor toe 

centrifugal stretching constants of symmetric molecules of the type A Y 3. 
Appropriate force constants must be evaluated, however, before numer¬ 
ical results can be obtained from these expressions. • rp ui •? 7 

Values of Dj and Djk for a number of molecules are given in Tab e 



SYMMETRIC-TOP MOLECULES 


79 


It can be expected that Dj will always be positive as is illustrated in the 
table, since centrifugal forces due to rotation about any given axis will 
always tend to increase the moment of inertia about that axis or decrease 
the effective rotational constant. The sign of Djk may in principle be 
either positive or negative. It is striking that all molecules of the type 
XY 3 which have so far been examined have Djk negative, while mole¬ 
cules involving a methyl group or its derivatives have a positive Djk^ 

Table 3-7. Values of Centrifugal Stretching Constants for 

Representative Symmetric-top Molecules 


Molecule 

Dj, Me 

1 

1 

Djk, Me 

Reference 

NH3 

19 

-28 

(94a] 

ND 3 

5.2 

- 7.8 

[94a] 

PH 3 

3.7 

- 4.6 

[94al 

AsFs 


0.009 ± 0.002 

(8241 

CH 3 CI 35 

0.0181 

0.189 

[531] [913] 

CH 3 I 

0.0080 

i 0 0994 

1531] 

H 3 CCCI 


0.0072 

i 1744] 

FaCCCH 

0.00024 

0.0063 

[557] 

FaGeCl 

~0.0006 

\Djk\ < 0.001 

[555] 

H3B>‘C0 


0.00036 

[461] 


3-7. Rotation-Vibration Interactions and /-Type Doubling in Sym¬ 
metric Tops. The rotation-vibration constants a for S 3 ^mmetric tops 
have been discussed theoretically by Shaffer [109a] and an extensive and 
systematic treatment has been given by Nielsen [624]. However, theo¬ 
retical evaluation of these rotation-vibration constants involves knowing 
so many different force constants that as yet essentially no comparison 
between theory and experimental values of a has been possible. There 
are a number of experimentally determined values of the a's in various 
symmetric tops. In many cases, however, the multiplicity of vibrational 
modes makes it difficult to assign uniquely a given observed rotational 
line due to an excited state to a particular vibrational mode, and hence 
to assign uniquely measured values of a. 

There are always a number of degenerate vibrational modes in sym¬ 
metric tops. Even the simplest types (of the form XY3) have two sets of 
doubly degenerate vibrational modes, and each of these modes can pro¬ 
duce an angular momentum which reacts in an interesting way with the 
angular momentum of rotation. If a degenerate vibrational mode 
involves only motion perpendicular to the molecular axis, then as in the 
case of the degenerate modes of a linear molecule, the vibration produces 
an angular momentum Ih about the molecular axis, where / is an integer 
and h = h/2Tr. In general, the vibrational motion may not be entirely 
perpendicular to the axis, and it produces angular momentum ^Ik about 
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the axis of symmetry, where |f| < 1 (c/. [130]). The molecule may at the 
same time be rotating about the axis of symmetry, and it is the sum of the 
vibrational angular momentum plus that due to rotation of the molecular 
frame which is quantized and equal to Kh, where K is an integer. These 
two types of motions are illustrated in Fig. 3-12. 

A given value of the angular momentum may be produced in a variety 
of ways. For example, if the molecule is excited to the first excited 
state of a degenerate mode for which f = 1, then a momentum K = I 
may be formed entirely of vibrational momentum {I = 1) or it may be a 
combination of vibrational momentum Z = — 1 and an angular momen¬ 
tum of the molecular frame of two units in the positive direction. 



io) (^) 

Fig. 3-12. Angular momentum along symmetry axis of XY 3 molecule, (a) Rota¬ 
tion of molecular frame only; {!>) rotation of molecular frame plus angular momentum 
produced by degenerate vibration. 

Similarly K = ~~l can be formed in two ways. The angular momentum 
due to rotation of the molecular frame is A — fZ, and the energy associ¬ 
ated with this momentum is hence not CK^, but C{K — fZ)^ or 

C{K^ - 2fZ7C + f2^2) 

Since f^Z^ does not vary with rotational state, it may be omitted so that 
the rotational energy is written 

Wn = BJ{J + 1) + (C - B)K^ - 2/CfZC (3-56) 

The energy levels with Z = ± 1 are compared in Fig. 3-13 with those for 
I “ 0, assuming f = 1. 

When K = I = ±1, the molecule may be regarded as having no over¬ 
all rotational motion about the symmetry axis. This is strictly true 
only if f = 1, when the entire angular momentum K is provided by 
vibrational motion very much as in the case of a linear molecule with an 
angular momentum Z = ± 1 due to a degenerate vibration. In this case, 
it is not hard to understand why Z-type doubling occurs just as in a linear 

molecule [503], [624]. 

If the symmetric top is the common variety with a threefold symmetry 
axis, then levels for which K = —I — ±1 are not split, nor is there 
appreciable splitting when l^l > 1. Since these cases correspond to the 
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0 - 0 - 1 - 

/ = 0 / = 0 / =+l / =±1 I =±1 

/r=o /r= 1 /r = o k =+i /r = ±i 


Fig. 3-13. Comparison of rotational energy levels for a symmetric top in the ground 
state with / = 0 and those for an excited degenerate vibrational mode with I — ± 1. 
The vibrational energy has been disregarded. Each level indicated by / = ± 1 is 
actually two which may be slightly dilTererit in energy due to /-type doubling, f is 
assumed to be positive. 

J 


Energy levels 






/=±1 / = ±1 

/r=o /r=+i /r=±i 


Spectrum 

d o^b c 

Fig. 3-14. /-type doubling in a symmetric rotator with three-fold symmetry axis. 
Energy levels and allowed transitions arc shown above, and the resulting spectrum 
below. is assumed to be negative. Note that the transitions a and h are between 
doubly degenerate levels and are superimposed to a good approximation, although 
some splitting due to centrifugal distortion may occasionally be observed. 

framework of the molecule rotating as a whole, any change in the effec¬ 
tive values of B due to vibration may be thought of as equivalent for all 
orientations of the angular momentum J because of the averaging effect 
of the rotation. However, this qualitative explanation cannot be taken 
too seriously, since de Heer has shown [568] that, for a molecule with a 
fourfold axis of symmetry, the levels K = —1= +1 are split by an 
amount similar to those for which K = I = ±1. 
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Energy levels and allowed transitions for a 7 = 2 -e— 1 rotational line 
of a symmetric top with an excited degenerate vibration are shown in 
Fig. 3-14. The resulting spectrum is also shown. 

3-8. Dipole Moment Due to Degenerate Vibrations. There are many 
symmetric molecules which have zero dipole moment because of their 
symmetry and hence one would not normally expect microwave absorp¬ 
tion due to pure rotational transitions of these molecules. Mizushima 
and Venkateswarlu [846] have shown, however, that if certain types of 
symmetric molecules with zero dipole moment are excited to degenerate 
vibrational states, it is possible to observe pure rotational transitions 
due to an effective dipole moment resulting from the vibrations. Such 
an effect should occur in molecules like allene, C 3 H 4 , or spherical tops 
such as CF4. 



CHAPTER 4 


ASYMMETRIC-TOP MOLECULES 


An asymmetric top is a rotor with no two principal moments of inertia 
equal. General principles involved in the motion of such rotors are of 
course the same as for symmetric tops, but the details turn out to 
be much more complex. This complexity shows up not only in the 
quantum-mechanical behavior of an asymmetric top, but also in its 
classical motion. The classical motion is well known and closely parallels 
the quantum-mechanical behavior; but it is not simple enough to afford 
any generally useful model for the quantum-mechanical case. For this 
reason the discussion below will begin immediately with a quantum- 
mechanical approach. Much of the discussion follows the recent extensive 
work of King, Hainer, and Cross on asymmetric rotors [118], [122], [215], 
[372]. 

4-1. Energy Levels of Asymmetric and Slightly Asymmetric Rotors. 
A general picture of the behavior of the energy levels of an asymmetric 
top may be had from examining their behavior as the rotor begins to 
deviate from the two simple extremes, the prolate and the oblate sym¬ 
metric top. As in (3-2), the energy is 



h 


PI + 


~ir 


PI + 


h 


PI 


where for an asymmetric rotor the constants A, J5, and C are all different. 
If the three rotational constants are, in decreasing order of size, A, B, 
and C, a prolate symmetric top corresponds to B = C, and an oblate 
symmetric top to B = A. The range of values of B between A and C 
correspond to various conditions of asymmetry. If B differs from A or 
from C by only a small amount, the rotor may be called a slightly asym¬ 
metric top. Figure 4-1 shows in a qualitative way how the energy levels 
vary as B varies from C to A so that on the left-hand side the levels are 
just those of a prolate symmetric top {B = C) and on the right they 
correspond to an oblate symmetric top {B = A), A slight asymmetry 
splits the levels +K which are degenerate for symmetric tops. Note 
that, as the value of B changes, no two levels of the same J cross. Levels 
of different J values may cross, however. 

Various parameters may be used to indicate the degree of asymmetry. 
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Ray’s asymmetry parameter [37] is 





which becomes —1 for a prolate S 3 'mmetric top {B = C) and 1 for an 
oblate symmetric top {B = .4), varying between these two values for 
asymmetric cases. Another parameter, especially appropriate for a 
slightly asymmetric prolate top, is 


i. _ C - B K + 1 
2A - B - C K - 3 

br is zero for a prolate symmetric top, and increases in size as the top 
becomes more asymmetric. The analogous asymmetry parameter for a 
slightly as^^mmetric oblate top is 

j A — 13 K — 1 

° “ 2C - B - A ^ 7+3 

For an asymmetric top, the total angular momentum J and its pro¬ 
jection M on an axis fixed in space are constants of the motion and 
‘"good” quantum numbers which can be used to specify the state of the 
rotor. However, neither in the classical motion (see [130], p. 42) 
nor for the quantum-mechanical solution is the component of the angular 
momentum constant along any direction in the rotating asymmetric 
molecule. This means that the quantum number K, which in a sym¬ 
metric top is the projection of J on the symmetry axis, is no longer a 
“good” quantum number and cannot very well be used to specify the 
rotational state. In fact there is no set of convenient quantum numbers 
which can specify the state and also have simple physical meaning. 
Regardless of the fact that K is not a good quantum number for an 
asymmetric top, the energy levels may be specified by giving the value of 
-/, and the value of /C_i for the limiting prolate and Ki for the limiting 
oblate symmetric top. The subscripts — 1 and 1 used here are the 
asymmetry parameter k. Thus a level may be designated as J or 
532, indicating a ,/ of 5 and a level which in the limiting cases connects 
on the left-hand side of Fig. 4-1 with a /C of 3, and on the right-hand 
side with a /C of 2. Another method of designating the levels is by Jr, 
where J is the total angular momentum and r is an integer between 
— J and J which indicates simply the order of the energy levels of a given 
J. Thus J^j represents the lowest energy state of total angular momen¬ 
tum, the next, and Jj the highest. It may be seen from Fig. 4-1 

that r = K-i — so that these two common ways of designating the 
states are easily related. 

If a molecule is a slightly asymmetric prolate top, the energy may be 
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conveniently written in the form 

■t;. + 1 ) + (.4 - „ <4-4, 

It may be seen by comparison with the energy of a prolate symmeti ic 
top that, since B ^ C, w must approximately equal K~, Exact expres¬ 
sions for the various possible values of w, regardless of the size ol the 
asymmetry parameter 6 , are as follows: 

J = 0: w — 0 

J = 1 : w = 0 

w — I — b = 0 
w ~ I h = 0 

J = 2: wj-4 = 0 

wj - 1 + 36 = 0 
itj — 1 — 36 = 0 

- 4i/j — 126^ = 0 

t/ = 3: la — 4 = 0 

~ 4:W ~ (106^ = 0 

^2 - (10 - i]b)w + (9 - 546 - 1562) = q 

- (10 + (Sb)w + (9 + 546 - 1562) = 0 

J = 4 : yj 2 _ 10(1 - b)w + (9 - 906 - 6362) = q 

Uj 2 _ 10(1 + b)io + (9 + 906 - 6362) ^ q | ( 4 . 5 ) 

u ;2 - 20m; + (64 - 2862) q 

_ 20 u ;2 + (64 - 20862)w; + 288062 = q 

J = 5: w'^ - 20w + 64 - IO 862 = 0 

~ 20w;2 (64 - 52862)wj + 672062 = q 

- u) 2(35 - 156) + w;(259 - 5106 - 21362) 

- (225 - 33756 - 424562 q_ 075 ^ 3 ) q 
+ 156) + m;(259 + 5106 - 21362) 

- (225 + 33756 - 424562 - 6756^) = 0 

J = 6 : _ ^ 0(35 _ 215 ) + w(259 - 7146 - 52562) 

- 225 + 47256 + 916562 - 34656^ = 0 

- 'u; 2(35 _|_ 216) -|- ^^;(259 + 7146 - 52562) 

- 225 - 47256 + 916562 + 34656^ = 0 

- 56m;2 -|- w;(784 - 33662) _ 2304 + 998462 = 0 

- 56w;2 -f w;2(784 - 117662) 

- w;(2304 - 53,66462) - 483,84062 -f 55,4406^ = 0 
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Similar expressions for J up to 11 have been developed by Randall, 
Dennison, Ginsburg, and Weber [84] and equations for still higher values 
of J may be derived from Wang’s general expressions [18], If the mole¬ 
cule is only slightly asymmetric, w may conveniently be expanded 


w = + cibp -f C 26 I + czbl + • • • (4-6) 

where bp is the asymmetry parameter for a prolate top, which is given 



Fig. 4-1. Qualitative behavior of the asymmetric-top energy levels. The rotational 
constant B varies from left to right, equaling C and giving a prolate symmetric top 
on the left, and equaling A to give an oblate symmetric top on the right. 


by (4-2). The coefficients ci, C 2 , and ca are given in Appendix III for a 
slightly asymmetric prolate top. 

For the oblate case, similar formulas are good. The energy is 

^ J{J -b 1) + (c - ^-4^) w (4-7) 

with 

w? = + Cxho + c^hl + Czhl + * • * (4-8) 

and ho is defined by (4-3). K is now the appropriate value for an oblate 
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rotor, and Ci, C 2 , C 3 may be obtained from the table in Appendix III 
used for the prolate case if the values of K-i and Ki are interchanged or 
the sign of r reversed. 

It may be noted from Eqs. (4-5) or Appendix III that levels with 
/C = 1 which are degenerate for the symmetric case are split an amount 
proportional to the asymmetry b and to J{J + 1). For levels with 


A = 4 



<0 

+ 



J 

Fio. 4-2. Rotational energy of a slightly asymmetric top {b about 0.01) as a function 
of J. (The term + C)J{J + 1) is subtra(!ted from the energy, i.e., the devi¬ 
ations of the curves from horizontal lines represent the deviations from the levels of 
the symmetric top.) {From Dieke and Kistiakowsky |47a].) 


higher iC, the splitting due to asymmetry is very much less and pro¬ 
portional to 6 ^^, which is just analogous to the case of /-type doubling 
described in Chap. 2 for linear molecules. Wang [18] has shown that 
for small asymmetries the splitting of these levels which are degenerate 
in the symmetric case is given approximately by 

, h^{J K)\ 

- a:)![(a: - 1)!]^ 

where h and K are the appropriate prolate- or oblate-top values. 

The variation of energy levels with J and K for a molecule of slight 
asymmetry is shown in Fig. 4-2. In addition to a splitting of the degener¬ 
ate levels which increases with «/, there is in most cases a deviation of the 
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center of the two degenerate levels from their symmetric-top values. 
This deviation is usually proportional to An approximation for the 
splitting which is good to the (K + 2)nd power of the asymmetry b has 
been given by Kivelson [825]. He showed that (4-9) should be multi¬ 
plied by a factor of the form |1 + [Cl + C 2 J(J + 1) + CsJ^(J + 
where the constants Ci, C 2 , and C 3 are tabulated [825] for various values 
of K. 

The molecule PCI 3 might ordinarily be classed as a symmetric top, as 
it is when all three chlorines are of the same isotopic species, or CP^ 
However, common species of this molecule contain two atoms of CP® 
and one of Cl*^^, or one of Cl*^® and two of Cl'^^, making them slightly 
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Fig. 4-3. The 5^4 transition of a slightly asymmetric rotor (bn — 

0.037.) 


asymmetric. This asymmetry affects the energy levels in a very notice¬ 
able way, since the observed freciuencies are measured accurately. 
However, the effect of a slight asymmetry on the selection rules and 
intensities of transitions is generally negligible since intensities are not 
usually measured to high accuracy. The matrix elements and intensity 
relations given in Chap. 3 for a symmetric top may therefore be applied. 
The spectrum of the J = 5 4 transition of PClpC^^^ is shown in Fig. 

4-3. Even though the asymmetry parameter 

, .4 - B 

“ 2C - B - A 


is only —0.037, most of the lines which would coincide for the symmetric 

molecule PClf are split by the asymmetry. 

Slightly asymmetric tops are commonly and naturally formed by a 
mixture of isotopes as in PClfCP^ or asymmetric methyl chloride 
CH 2 DCI, and by adding a light off-axis atom to an otherwise symmetric 
structure as in methyl alcohol 

H H 

/ \ 


H 3 C—O 


or in 


N=C=S 
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Even the molecule 0=N is approximately a prolate symmetric top 

\ 

Cl 

with an asymmetry parameter b as small as —0.0002 [032]. Slight asym¬ 
metries may also occur in what ma}^ seem more accidental ways. For 
any bent triatomic molecule (as NOCl), there is some value of the bond 
angle which makes the molecule an oblate symmetric top, and therefore 
a range of bond angles (in addition to those near 0 and 180°) for which 
the molecule is only slightly as 3 ^mmetric. 

In case a molecule is very asjmimetric and the asymmetry parameter 
b is large, an expansion for the energ}^ of the t 3 'pe (4-G) or (4-8) is no 
longer appropriate. Eciuations (4-5) ma 3 ’' of course be sohed com¬ 
pletely for any arbitrary value of b and hence the energies obtained from 
(4-4). However, it is generally better to express the energy in the form 

1 = -H-l + C)J(J + 1) + -j(.l - C)Er (4-10) 

where Er has replaced w in (4-4) as a numeric to be evaluated for the 
particular case and amount of asymmetiy. r is the integer used above 
to specify the order of the energy among the different levels of the same J . 
Certain values of Er or Ek.^k, may be evaluated explicitly by solution of 
linear or quadratic equations. They are given in Table 4-1. 

The quantity Er in (4-10) is a function only of the asymmetry param¬ 
eter, and if Ray’s as 3 '^mmetry parameter k — (2/i — A — C)/{A — C) 
is used, then 

Er(K) = -E-r{-K) (4-lla) 

or in the J notation, 

/*;„.„(«) = -En,n{-K) (4-115) 

Since Er is a complicated function which must be computed and tabu¬ 
lated, relations (4-11) are of real value. Only positive or only negative 
values of k need be tabulated, and from these the other values may be 
obtained from (4-11). The table in Appendix IV, computed by Turner, 
Hicks, and Reitwiesner [877a], gives values of Er for all levels with,/ less 
than 13, and for values of k from 0 to — 1 in steps of 0.01. These values 
of K are not so closely spaced as might be desired for microwave work but, 
with care in interpolation V^etween tabulated values of k, energies may be 
obtained for any k with sufficient accuracy for most microwave work. 

It may also be noted that when k = 0, which is sometimes called the 
most asymmetric case, (4-11) leads to the equation Er{0) == £'-^(0), so 
that the energy levels arc symmetrically spaced [about .Eo(O)] when k 
is zero. This relation might be guessed from examination of Fig. 4-1, 
since k = 0 is just halfway between the two limiting types of symmetric 
tops. 
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A number of sum rules for energy levels have been found by Mecke 
([130], p. 50). They are of help in checking the correctness of energy- 
level computations. The most easily interpreted of these sum rules is 

y Wj, 

^ h 

_|_ I ~ + -S + C)J{J + 1) (4-12) 

which states that the average rotational energy of all levels of a particular 

J is given by J (,/ -|- 1) times a rotational constant which is the average 
of A, and C. 

Table 4-1. Solutions of £^(k), the Eneroy Parameter for Asymmetric 
Rotors [rf. Eq. (4-10)] from Linear or Quadratic Euuations 


J K.yK, 


Ooo 

0 

1 10 

K + 1 

111 

0 

1 01 

K - 1 

220 

2[k + (k^ + 3)h 

221 

K -|- 8 

2ii 

4k 

2i2 

K - 8 

2o2 

2(k - 4- 3)M 

3.10 

5k + 3 + 2(4k 2 - ()K + (>)i 

-'Ll 

21k + (k2 + 15)1] 

821 

5k - 3 + 2(4k 2 + f)K + (>)1 

822 

4k 

812 

5k + 3 - 2(4k 2 - ()K + (i)l 

813 

2[k - (k2 + 15)1] 

3o3 

5k - 3 - 2(4k 2 + f)K + 0)1 

4^0 

# 4 * 

441 

5k + 5 + 2(4k2 - 10k 4- 22|! 

431 

10k + 2(9k2 + 7)1 

432 

5k - 5 + 2(4k2 + 10k + 22)1 

422 


423 

5k + 5 - 2(4k^ - 10k + 22)1 

4i3 

10k - 2(9k2 + 7)1 

4i4 

5k - 5 - 2(4k= + 10k + 22)1 

4o4 

• • • 

^42 

10k + 6(k2 + 3)1 

^24 

10k - 6(k2 4- 3)1 


Applicability of Various Approximate Methods. Alany useful meth¬ 
ods for approximate evaluation of the rotational energy of asymmetric 
rotors have been developed. The discussion below is largely concerned 
with the applicability or range of usefulness of approximate methods. 
The reader is advised to consult original papers for detailed descriptions 
of the actual methods of computation {cf. also [872]). 

Approximations are of most interest for large values of J, since many 
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of the equations (4-5) for small J's are easily solved, and tabulations 
(Appendix IV) are available for J^s up to 12. For any large the vari¬ 
ous types of solutions for energy levels needed may be indicated on the 
two-dimensional diagram of Fig. 4-4. Various approximations are 
applicable in various parts of this diagram, but unfortunately in the 



/r 

Fig. 4-4. Sketch of the regions of error expected in approximating Ej. {From Hainer, 
Cross, and King [372].) 


regions C and C\ no known approximate method is very good because 
the energy levels change very rapidly across the heavy line 

Er{K) 

J{J + 1) 

shown in this figure. 

One type of approximation already discussed is a power-series expan¬ 
sion in the asymmetry parameter h [cf. (4-6) and (4-8)]. This expansion 
yields good results in the regions A and A', that is, when \K\/J ^ 1. 
In the regions D and D' , that is, when \K\/J is small, the expansion is 
good only for very small asymmetries. Inaccuracy of such an expansion 
in these regions may be guessed from the very large size of the coefficients 
given in Appendix III when \K\/J is small, indicating the rapid change 
in energy near the line [F,-(k)]/[J(J + 1)] = k. 

Another power-series expansion about x = 0 of the form 

Er — do -\- d\K (4-13) 

has been used by King, Hainer, and Cross [118]. The coefficients ao, Oi, 
and a 2 are tabulated for all levels with J less than 13. This expansion 
tends to be poor where the x = 0 line crosses the [Ej{k)]/[J{J + 1)] = ^ 
line in Fig. 4-4, or hence for small Er. 

The “correspondence principle approximation[215] uses the tech¬ 
niques of early quantum mechanics by setting the integrals of angular 
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momentum components for each of the Eulerian angles integrated over a 
complete cycle of the angle equal to some simple numerical multiple of 
/i/27r. This leads to elliptic integrals which must be solved to obtain Er. 
This approximation allows no difference in the energy between the two 
levels which are degenerate in the symmetric-top cases, and in general 
a good estimate of its error is the amount of actual splitting of these 
levels as given in (4-9). Hence for large values of J it yields very good 
results in regions A and A' of Fig. 4-4, is considerably worse in B and 5', 
bad in C and C', and very bad in D, D\ E, and E' (for numerical illus¬ 
trations of the errors due to this and the following approximation, see 
[372]). 

Another method of approximating energy levels for large./ takes advan¬ 
tage of the similarity between the matrix for the energy of an asymmetric 
rotor and a matrix arising from Mathieu’s differential eciuation [274]. 
Characteristic values from Mathieu’s eriuation with some corrections by 
perturbation methods may hence be used to approximate the asymmetric 
rotor energies. This “jMathieu’s equation approximationsupplements 
the “correspondence principle approximation” by 3 ''ielding good values 
for the energy in regions I) and D' in Fig. 4-4 where the latter method 
is very poor. Elsewhere it is not appreciably better than the “corre¬ 
spondence principle approximation” and is less convenient because the 
amount of computation is somewhat greater. This approximation is 
therefore particularly useful when \K\/J « 1. 

A similar type of approach may be used when \K\/J — 1. In this 
case, the energj^ matrix for larger./ becomes similar to one obtained from a 
harmonic oscillator. This “harmonic oscillator approximation” [3G9] 
is similar to the “correspondence principle approximation” in giving no 
splitting between the levels which are degenerate in the s^unmetric-rotor 
case. These two approximate methods are good in the same regions, 
that is, A and A\ 

4-2, Symmetry Considerations and Intensities. The spectrum of an 
asymmetric rotor is complicated not onl^^ b^'^ the irregular distribution 
of energy levels, but also because the selection rules and transition prob¬ 
abilities between these levels are more complex than in the s^TOmetric 
case. The selection rules are complicated partly by the increased num¬ 
ber of separate levels, and partly because of the arbitrar^^ direction of 
the dipole moment. It may be remembered that the dipole moment 
for a symmetric rotor must lie along the s^^mmetry axis (if the possible, 
but nonexistent, accidentally s^^mmetric rotor is excluded). In an 
asymmetric rotor the dipole moment may lie in any arbitrar^^ direction 
with respect to the principal axes of inertia. However, the dipole 
moment is not uncommonly parallel to one of the three principal axes, 
and selection rules in such cases will be considered first. 

General selection rules are usually the result of some symmetry prop- 
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erty, so we turn to an examination of symmetry relations. The rotational 
behavior of a molecule can he deduced from its ellipsoid of inertia, which 
is symmetric with respect to a rotation of 180° about any principal axis 
even though the molecule itself may not he symmetric with respect to 
such a rotation. Hence the wave function i/' must be either symmetric, 
antisymmetric, or degenerate with respect to such a rotation. Since 
degeneracy of the pure rotational energy levels is usually removed by 
asymmetry of the rotor, the only cases which need be considered are 
when \[/ is symmetric ( + ) or antisymmetric ( —). 

For the limiting case of a symmetric prolate rotor, symmetry of the 
wave functions with respect to a rotation of 180° around the axis of least 
moment of inertia, which is the molecular axis, is easily determined. 
Since the wave function depends on this angle x as it is symmetric 

when K^i is even, antisymmetric when /v_i is odd. Now this symmetry 
property of the wave function is not changed as a result of a perturba¬ 
tion of the same symmetry as the initial Hamiltonian; i.c., although the 
wave function changes somewhat, it maintains the same symmetiy or 
antisymmetry when the moments of inertia are slightly changed and the 
molecule becomes asymmetric. Hence any asymmetric wave function 
,K, is symmetric with respect to rotation of 180° around the axis of 
smallest moment of inertia when /v_i is even, antisymmetric when /v_i 
is odd. Similar consideration of the limiting oblate symmetric rotor 
shows that is symmetric with respect to rotation around the axis 

of greatest moment of inertia when Ki is even, antisymmetric when /vi 
is odd. 

Suppose the axes are labeled a, h, and c in increasing order of size of 
the moments of inertia. The S 3 mimetry for axes a and c has already 
been determined. The symmetry for the intermediate axis b is deriv¬ 
able from them. Since successive rotations of 180° about each of the 
three axes brings the molecule Vjack to its original orientation and the 
coordinates back to their original values, the sj'^mmetry for the rotation 
about b must be just such that it will counteract the effect of rotations 
about a and c. Hence the wave function is s>mimetric for a 180° rota¬ 
tion about b if K^i and Ki arc both odd or both even; otherwise it is 
antisymmetric. 

If the dipole moment lies along the a axis, the dipole moment will 
reverse direction because of a rotation of 180° about either 6 or c. The 
matrix element, on which intensities depend, is of the form 

Mo = M COS (aij) dr (4-14) 

where J and represent the (juaiitum numbers of initial and 

final states, and cos {ag) is the cosine of the angle between a and some 
axis fixed in space. If cos {ag) changes sign for a rotation of 180° around 
c, the must also change sign if ii„ is not zero. Otherwise 
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Mff would appear to change sign, and since the matrix element \ig cannot 
change with this symmetry operation on the coordinates, it would have 
to equal zero. Hence transitions can occur only when Kx and K\ are 
of different parity (one even and the other odd). A similar argument 
for rotation around b shows that /C_i and must be of the same parity. 
This type of procedure may be applied to a molecule with dipole moment 
along the b or c direction to establish selection rules for these cases. 

Wave-function symmetries are summarized in Table 4-2 and selection 
rules in Table 4-3. 


Table 4-2. Symmetry Properties ok Asymmetric-top Wave Functions 


Designation 

Behavior with 180° rotation 
about principal axes 

Cross, Ilainer, 
and King 

Den 

c 

nison j 
a 

a 

(least moment) ! 

1 

h 

(intermediate 

moment) 

c 

greatest 

moment) 

e 

e 

+ 

+ 

+ 

T 

+ 

€ 

0 

1 

+ 


1 

— 

0 

0 

1 

1 

— 

— 


— 

0 

e 

+ 



— 

-f- 


Table 4-3. Selection Rules for Asymmetric Tops 

In all cases Aj = 0, ±1, 


Axes parallel to 
dipole moment 

Allowed transitions 

Cross, riainer, 
and King 

Dennison 

a (least) 

ee < - > eo 

00 <-> oe 

-f-f 4 - . _ + 

<—> 4 -- 

6 (intermediate) 

ee *■ -> 00 

eo * - * oe 

+ + ^- 
^—> +- 

c (greatest) 

ee < -► oe 

oo < -» eo 

+ + ^^ +- 


Symmetry properties have been discussed in terms of the evenness or 
oddness of K-i and Ai, which are indicated by c or o in the tables. 
Since the symmetries for all three axes are not independent, it is sufficient 
to give the symmetry for the two axes only, and in the K notation they 
are given in the order a, c, the letters e and o being used for even and 
odd, respectively. The symmetry or antisymmetry of the wave func- 
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tion may also be indicated by + or —. When this notation is used, the 
two axes are designated in the order c, a. This is the older notation, and 
unfortunately the notation c, o above uses just the reverse order of axes. 
The usual selection rules AJ = 0, ±1 for dipole radiation of a rotating 
body also apply to asymmetric rotors. 

If the molecular dipole moment does not lie along any principal axis, 
it may be resolved into components along the three axes and the allowed 
transitions are the sum of all those allowed by Table 4-3 for each com¬ 
ponent. Thus if the dipole moment has nonzero components along all 
three axes, all possible transitions consistent with the general selection 
rule AJ — 0, ±1 are allowed. 

Dipole Matrix Elements. In order to evaluate intensities, the dipole 
matrix elements must be obtained. The z component of the matrix 
element for a transition j <— i is 

Mr = MaJ cos (az) + fioj COS (hz) dr 

+ mJ cos (cz) dr (4-15) 

where /Za, M6t Me are the components of the dipole moment along the 
three principal axes of the molecule and cos ( 02 ), cos {hz), cos (cz) repre¬ 
sent the cosines of angles between the principal axes and the 2 axis fixed 
in space. To obtain the integrals in (4-15), the wave functions for an 
asymmetric rotor arc needed. The general form of these wave functions 
is discussed below, although the functions are not explicitly given. 

The wave functions yi/jKM for either a prolate or an oblate symmetric 
top form a complete set of functions in terms of which the wave functions 
for an asymmetric rotor may be expanded as follows: 

^ ^ ^ X (4-lG) 

r K M' 

where a^KM’ Is an appropriate numerical coefficient. Since the total 
angular momentum J and its projection M on a fixed axis are good 
quantum numbers for any asymmetry and more than one value cannot be 
involved in a given state, J' ~ J and M' = M, so that (4-16) reduces to 

^ ajKSt^JKM (4-17) 

K 

Prolate symmetric-top wave functions are, of course, most appropriate 
when the rotor approximates a prolate symmetric top, and oblate top 
functions when it is nearly an oblate symmetric top. 

Since the function must be either symmetric or antisymmetric 

with respect to a 180° rotation as pointed out above, only odd or only 
even K will appear in the sum; hence for an expansion in prolate wave 
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(4-18) 


^ O^JKm4'JKM 

K = K-\± 2n 

where n is an integer. The energy depends on the since they give 

the probability of rotation with the particular angular momenta J and K. 

However, since the energy cannot depend on iM, the projection of J 

on some arbitrary direction in space, the must be independent of 

the quantum number J]/. The Gj/c.v/ in (4-17) or (4-18) may hence be 
indicated simply by ajR-. 

The coefficients gja- can be evaluated (see, for example, [379]), but no 
simple closed expiession may be found for them, except in special cases. 

Fiom (4-18) it may be seen that the matrix elements for an asymmetric 
rotor can be derived from those for a symmetric rotor. In cases of 
slightly asymmetric rotors, a sum of type (4-18) reduces to essentially 

one term, and matrix elements are, to good accuracy, the same as those 
for symmetric tops. 

The dipole matrix elements for a symmetric top may be broken up 
into several factors [Soo] 

Mo ~ M4>JJ'<i>JKj'K'<f>j.\rj'M' (4-19) 

where ^ is the molecular dipole moment, or its component along some 
principal axis. Ihe (/>*s, which might be called factors of the direction- 
cosine matrix from (4-15), are each dependent on the rotational quantum 
numbers indicated by subscripts. The 0’s are also dependent on the 
particular component which is being cv'aluated and on the molecular 
axis along which the dipole moment m lies. Table 4-4 gives expressions 
for the various 0’s. 

From Table 4-4 the dipole matrix elements of symmetric tops for 

Table 4-4. Values of Factors of the Direction-cosine Matrix Elements 
The dipole moment matrix element is Subscript a applies to 

cases where m is along the molecular axis, b or c to cases where is perpendicular to this 
axis. Subscripts x, y, or z apply for or which are the appropriate elements 

for polarization along the x, y, or z directions, respectively. The phases chosen are 
consistent with reference [oO]. Matrix elements listed are appropriate for a prolate 
symmetric top (with n the symmetry axi.s). For an oblate symmetric top, <i>a should 
be replaced by 4>c, <t>c by 0i,. and <i», by 0a. 


Matrix plornrnt 
factor 

Value of r 

J 4- 1 

J 

J -1 


[1 ./ -i- I) y/l2J + \){2J -t- 3>]-‘ 

(W + l)l-> 

[4/ V'4T2 - l]-‘ 


2 \ l)i - A'2 i 

' 2K 

-2 y/.n - 

or ±i<t>c)j.K.J’.K±l 

4 VfJ ± K+ \)(J ± A'+2) ; 

VU + K)(J ± A + I) 

± V(j + K)(j T A - 1) 


2 \ (J ^ - .1/2 

2.V 

-2 VJ^ - 


+ V(J ± M 4 l)fj ± M -e 2) 

Vu + M)(J ± + n 

i ± V(J + M)(J ^ M - \) 


transitions between individual M values may be obtained, and from these 
the average square of the matrix element, or as given in (3-40), 
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(3-41), and (3-42). A rather unreliable, but sometimes useful, estimate 
of the transition intensity for an asymmetric rotor may be made by 
interpolating between the intensities of the corresponding transitions for 
a prolate and an oblate s^mimetric top. For slightly asymmetric rotors, 
Lide [720] has given the dipole matrix elements as those of the symmetric 
rotors plus a correction term proportional to the asymmetry. Numerical 
values for the intensities of the more important transitions involving 
levels with J less than 13 may be obtained as a function of asymmetry 
in Appendix V [122]. 

A general view of the many transitions which can occur in an asym¬ 
metric rotor is given by Table 4-5. The changes in pseudo quantum 
numbers K^x and Kx are indicated by numbers, a minus sign being put 
before the numbers when a change in A_i or Kx is negative. Super¬ 
scripts a, 6, and c indicate components of the molecular dipole moment 
along directions of the least, intermediate, and greatest principal moments 
of inertia, respectively. For an arbitrary direction of the dipole moment, 
all possible changes A/v_i and A/Ci are allowed except that both these 
changes cannot be even (c/. Table 4-3). Any particular transition is 
due to only one of the components of the dipole moment, that is, ^a, 
or Me 

Intensities of absorption lines of asymmetric rotors are given by the 
basic formula (1-59) or (13-19). The matrix element |m,>|‘ used in these 

expressions is the sum ^ (mI + + mD for any arbitrary orientation of the 

M' 

molecule indicated by 4/, the projection of J on a fixed axis. As was 
found in Chap. I, this quantity is independent of M, and furthermore the 
sum of ImoI^ for all states M of the transition J' must just e(iual the 
sum for all states M' of the transition J' —> J in order to maintain thermal 
equilibrium. Since there are 2J + 1 different M states, 

(2J + l)|Mrw|^ = (2.r 4- (4-20) 

Here states designated properly by and have been indi¬ 

cated more briefly by J and ./'. The quantity tabulated in Appendix 
is what may be called the transition strength 

= (2./ + 1) I' (4-21) 

The superscript x indicates the principal axis parallel to the dipole 
moment m which produces the transition, and hence takes on the values 
a, 6, or c. The quantity |mo|^ which is needed to obtain the absorption 
coefficient of a microwave line from expression (13-19) can hence be 
easily obtained from the entries in Appendix V, since 

2J -h 1 


= 


(4-22) 



Table 4-5. Permitted Transitions between Asymmetric Rotor Levels of Low J Values 
Numbers indicate changes in and Ki\ the letter superscript indicates the axis along which the molecular dipole moment must have a 
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where fj. is the component of the dipole moment responsible for the 
transition and J refers to the lower state. 

Because of relation (4-20) if ^Sjj for the transition Jk-ik-, ^ J'k' is 
tabulated, the similar quantity for the reverse transition is immediately 
available, since it has the same value. 

(4-23) 

where A:, Z, m, and n represent the values of /C_i and A'l, and the depend¬ 
ence of S on the asymmetry parameter k is indicated. In addition, it 
can be shown that 

(4-24) 

or that the strength of a transition <— Jkt for a rotor with asymmetry 
parameter k is just equal to that of what might be called the inverse’^ 
transition <— Jik of a rotor with an equal and opposite asymmetry 
parameter. The relation (4-23) is rather similar and closely related to 
Eqs. (4-11) connecting energies for positive and negative values of k. 
Note that in (4-24) the component of the dipole moment involved may 
be different for the inverse transitions. If the component is required 
to be along a in the first transition, it will be along c in the inverse transi¬ 
tion, and vice versa. However, if the dipole moment required for the 
first transition lies along the b axis, it will also lie along the b axis for the 
inverse transition. 

For rotation-vibration spectra, which occur in the infrared region, the 
groups of transitions of types J — 1 J, J 4 — J, and / + !<—/ often 
give somewhat separate parts or branches of the spectra, and are called 
the P, Q, and R branches, respectively. These three types of transitions 
are intermingled in the pure rotational spectra which occur in the micro- 
wave region. However, the designation of branches P, Q, and R for 
transitions with A7 = — 1 , 0 , and -f-l, respectively, is still useful as an 
aid in classifying transitions. Types of transitions, approximately in 
order of intensity, are listed in Table 4-6. Transitions called “for¬ 
bidden” are forbidden only for symmetric rotors but tend to be weak 
even in the asymmetric cases. Still weaker or more highly “forbidden” 
transitions occur, involving larger changes in K-\ or /Ci, but they are not 
included in Table 4-6. 

Appendix V lists transition strengths for the various types of transi¬ 
tions shown in Table 4-6, and in the same order. Because of relations 
(4-23) and (4-24), strengths of four types of transitions are given by the 
same entry in the table, t.e.. 
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Table 4-G. Summary of the Sthoxcjer Transitions in an Asymmetric 

Rotor Sfei trum 

“Branrhos” or gi'oups of fnmsitions indicated by P, Q, and li involve absorption 
transitions J — I ^ J *-~J, or ./ + 1 *—J, respectively. Notation such as 
indicates a transition for which XT — —1, A/v_] = 1, AZ-Ci = —2. The superscript, 
which in this case is r, indicates the principal axis along which a component of the 
dipole nionient must lie in order for such a transition to occur. The forbidden transi¬ 
tions cannot occur in symmetric rotors anil t(Mid to be weak in asymmetric rotors. 
(After Cross, Ilainer, and King |122|.) 



^‘Symmctric-rotor 

a and r sub) 

” sul)branches 
)ranches 



Prolate aiK 

1 oblate 


'’Quo 


"Qo.i 

"Oo.-I 


"P-,.o 


'■Po.-I 

Prolate oidy (r) 

Oblate only (a) 


"Cl.-2 

"C 2.-1 




"P 2.-1 


h sub])rancli('s 

•'Q-i.i 


''Ou-i 

''Q-I.l 


''P-i.-i 

''/b.l 


Pr 

olate only 

Oblate 

onlv 

* 



''/O.-i 

''P-3. , 


First-order forbiddi 

I’ll sul)bram’hes 



a and r subl 

)ranclies 





"Q-i.z 

"C-3.4 


"O 4.-3 

"0-4.3 


'‘P_3.2 

"^-2.3 

"P2.-3 


^Pz,-\ 

'*Ab.-3 

"P-4.3 



" Pa.-3 

"P_4.3 

I ) subbranches 



Hh,-z 

''0-3.3 


''P3.-3 

^Pz.-z 

''P-3.3 


’^Pz.-s 

^Ph,-Z 

"P-6.3 


Transition strengths are listed for k values of 1, 0.5, 0, —0.5, and — 1. 
Strengths for intermediate values of k must be obtained by interpolation. 

Intensities of Absorption Lines. Absorption intensities involve not 
only fraction / of molecules in the ground state of the 

transition. Neglecting the effects of nuclear spin, / may be written as 
previously (pages 19 and 20) 


/ = 
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where 




/ 




(2./ + l)e 


V (2,/ + l)e- 

J 


ir 




kT 


= e-ii-./tT- 11(1- c-'^^r./kryi 


n 


(4-25) 


(4-2G) 


where Wj^ is the rotational energy and ]\\ the vibrational energy. 
If the temperature is high enough so that JcT/h » A, 



where A, B, and C are the rotational constants in cycles per second. 
Better approximations for the partition function may be found [48]. 
However, when T is greater than lOO^K, the approximation (4-27) for 
the partition function has an error less than 2 per cent for all known 
cases. 

In the discussion of asymmetric rotors thus far, centrifugal stretching 
effects have been neglected. A precise evaluation of the partition func¬ 
tion must take such effects into account. Their contribution to the 
partition function may in some cases be as large as 1 per cent. Hence 
if more accuracy than that given by (4-27) is needed, a rather detailed 
evaluation of the partition function must be made, taking into account 
centrifugal distortion. 

Although the high-temperature approximation may be used for the 
denominator of (4-25), it cannot always be assumed that the exponential 
in the denominator of (4-25) is approximately equal to 1. For a sym¬ 
metric molecule, only the lower rotation states give transitions in the 
microwave region, Wjk /cT, and the Boltzmann factor may 

usually be safely set equal to unity. For asymmetric rotors, however, 
microwave transitions may occur between states each of which has a very 
large rotational energy, so that the corresponding factor is sometimes 
considerably smaller than 1 and must be retained. 

Assuming no effect of nuclear spins, the maximum absor])tion coeffi¬ 
cient for an asymmetric transition in the microwave region from (4-25) 
(4-27), and (13-19), is 



max 


87r/(A7. \whABC , 

V ~Fr~ " *r (2^ + 



(4-28) 


where all quantities are in cgs or electrostatic units. (2.7 + 1 )|m.j|^ is 
just Mx the square of the appropriate component of the dipole 

moment times the number tabulated in Appendix V. Letting T = 300°K 
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and substitAiting values for the universal constants, 


Wj 




7n.ax = 2.46 X 10 - 27 , VABC e - ^ (2J + l)|/z,y|2 


Av 


(4-29) 


The Effects of Nuclear Spins and Statistics. If there are two equivalent 
nuclei in a molecule, i.e., identical isotopes of the same element which 
have exactly the same molecular environment, the nuclear spins and 
statistics will affect the population of molecular states and hence the 
transition intensities. If two equivalent nuclei occur, the molecule has 
a twofold axis of symmetry, and coordinates of the two equivalent nuclei 
may be interchanged by a 180° rotation about this symmetry axis, or by 
combinations of inversion and 180° rotations about various axes. In an 
asymmetric rotor, there cannot be more than two equivalent nuclei, 
because if there were, the molecule would have at least a threefold axis 
and would be a symmetric top (cf. Sec. 3-1). However, there may be 
more than one pair of equivalent nuclei. 

In order to avoid the complication of possible inversion of the mole¬ 
cule, we consider first a planar molecule. The molecules H 2 O, NO 2 , and 
H 2 CO are examples of this type. If a planar molecule has two equivalent 
nuclei, it has a symmetry axis which is the intersection between the plane 
in which the molecule lies and the perpendicular bisector of the line 
joining the two equivalent nuclei. This symmetry axis must be a prin¬ 
cipal axis of the ellipsoid of inertia (Sec. 3-1) and a rotation of 180° 
about this axis interchanges the positions of the two equivalent nuclei. 
If the nuclei obey Bose-Einstein statistics, an interchange of both the 
position and spin coordinates must leave the wave function unchanged; 
if they obey Fermi-Dirac statistics, the wave function must change sign 
{cf. page 69). 

The wave function can be written as a product of rotational and nuclear 
spin functions 

^ (4-30) 

The symmetry of the rotational function has already been discussed. 

Let the spin function of the first nucleus of spin I be written <rm(l), 
where m is the projection of I on an axis fixed in space, and may have the 
2/ + 1 values /, / — 1, / — 2, . . . , —I. Similarly, the spin func¬ 
tions for the second nucleus may be written o'm'(2), and spin functions 
for the two nuclei <rm{l)<Tm'i2). There are in all {21 + 1)^ such combina¬ 
tions. For the 2/ -|- 1 cases when m = w', the function <rm(l)o'm^(2) is 
clearly symmetric with respect to an interchange of the spin coordinates 
of nucleus 1 and 2. If m ^ m\ then this function is neither symmetric 
nor antisymmetric, but equal numbers of symmetric and antisymmetric 
combinations can be formed from these of the type 

(r,n{l)<rm'{2) + (7m{2)<Tm'{l) (symmctric) 

o'm(l)o-w(2) — am{2)a^'{l) (antisymmetric) 
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There are [(2/ + 1)^ — (21 + l)]/2 of each of these types, so the total 
number of symmetric spin functions becomes 

= (2/ + !)(/ + 1) (4-31«) 

and of antisymmetric spin functions 

^^anfiByrn = (21 + 1)/ (4-3 1/^) 


A molecular rotation of 180° about the symmetry axis and an exchange 
of spin coordinates of the two equivalent nuclei amounts to an exchange of 
all coordinates of these two nuclei. Hence if Bose-Einstein statistics 
apply to the two nuclei, the symmetric spin functions must be used with 
rotational functions which are symmetric with respect to a rotation 
around the symmetry axis, and antisymmetric spin functions with anti¬ 
symmetric rotational functions. The ratio of the number of spin states 
or the statistical weights of the levels which are symmetric to those which 
are antisymmetric with respect to a 180° rotation about the symmetry 
axis is then, from (4-31), 


For Bose-Einstein statistics: 
For Fermi-Dirac statistics: 


/ + 1 
I 
I 

I + 1 


(4-32a) 

(4-32b) 


Since the molecular symmetry axis in (luestion is a principal axis of 
inertia, Table 4-2 gives the behavior of with respect to 180° 

rotations about this axis. Statistical weights due to nuclear spins for a 
number of cases are given in Table 4-7. Expression (4-25) giving the 
fraction of molecules in a given rotational state must accordingly be 
modified for molecules with two equivalent atoms by multiplying the 
probability for each state by the nuclear spin statistical weight factor 
from (4-31) or Table 4-7. Actually only the ratio of statistical weights 
for the two types of states is of importance. The statistical weight due 
to nuclear spins may be considered unity for the more populated states 
and 7/(7 1 ) for the others. If this is done, the partition function [the 

denominator of (4-25)] is multiplied by (27 -|- l)/[2(7 1)]. 

If there are more than one pair of equivalent nuclei in a molecule, the 
symmetry properties of each pair may be taken into account. An 
example is CIHClf, which is not planar, but the inversion, which will be 
discussed below, may be neglected. This molecule has a twofold axis 
of symmetry which exchanges the positions of the two hydrogens and 
the two chlorines at the same time. Let the hydrogens have S\ sym¬ 
metric spin functions and Ai antisymmetric spin functions. Similarly 
the chlorines will have S 2 symmetric and A 2 antisymmetric spin functions. 
The product of hydrogen and chlorine functions will give > 81*82 + A 1 A 2 
symmetric and > 81^2 + ^^ 2^1 antisymmetric total spin functions. Hence 
from (4-31), letting the spins of the two different types of nuclei be 7i 
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and /s, 

^sym = (2/i -|- 1)(272 1)(2 /i/ 2 “t“ /i 4“ /2 “h 1) (4-33a) 

^aiitisym = (2/i 1)(2/2 “h 1)(2 /i/2 4~ /1 4“ I 2 ) (4-336) 

Both H and obey Fermi-Dirac statistics, so that an interchange of 
both pairs of nuclei must leave the wave function unchanged, and sym¬ 
metric total spin functions must be paired with symmetric rotational 
functions. The resulting statistical weights are given in Table 4-7. 

Table 4-7. ICxa.mple.s of Statistical Wekjhts Due to Spins of 

lOgi'IVAI.E.N'T NUCLEI 


Molecule 

Symmetric 

% 

levels* 1 

Statistical 

weight 

;\nf isymmetric 
levels* 

Statistical 

weight 

H,0 

('.C,00 

1 

eo,oe 

3 

D 2 O 

ee,oo 

(') 

CO,or 

3 

II 2 CO, II 2 C..O 

ce ,(‘0 

1 

ov .,00 

3 

D 2 CO, 0,0./) 


11 

or ,00 

3 

NO.'®, S02'« 

H2C'2 - C'2ll2 

(‘<‘,00 

1 

ro,oe 

0 

\ 

0 

/ 

ee,()o 

10 

eo,oe 

6 

CH 2 F 2 , H 2 C = CF 2 1 

D2C'2-C'2D2 

ee,eo 

10 

oc,oo 

0 

\ / 

0 

ee,oo 

45 

eo,oe 

i 

36 

CD 2 F 2 , D 2 C - CF 2 
H.C'3-C'3H2 

re,CO 

15 

or ,00 

21 

\ / 

0 1 

ee,oo 

28 

eo,oe 

36 

1 

CH 2 CI 23 ® 

C136 

\ / 

ee,oo 

j ;j(i 

1 

eo,oe. 

28 

C'2=:C'2 

ee,oo 

3G 

eo,oc 

28 

CDsCI..^® 

ee,oo 

00 

eo,oe 

78 

NDH 2 

ee,oo 

(lower inversion 
level) 

or 

eo,oe 

(upper inversion 
level) 

1 

1 

1 

1 

1 

cOyOe 

(lower inversion 
level) 

or 

ec,oo 

(u{)per inversion 
level) 

3 


* Rotational levels specified by evenness or oddness of K_xKi. 


Other cases of more than one pair of equivalent nuclei may be similarly 
treated. In general for a molecule with n pairs of identical nuclei, the 
number of symmetric spin functions which can be formed is 


n (2/i +1) 

i=l 


n ( 27 . +1) +1 

1 =* 1 


^aym "S’ 


(4-34a) 
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and the number of antisymmetric functions 


^aiitiaym 


1 


n (2/< +1) 


»=i 


n (21, +1) -1 

i=l 


(4-345) 


If the molecule has a twofold axis of S 3 ’'mmetiy and the n pairs of nuclei 
are interchanged by a 180° rotation around this axis, the ratio of intensi¬ 
ties of rotation levels of odd and even K is given by Eqs. (4-34). 

4-3. Centrifugal Distortion. Centrifugal distortion is enormously 
more important in the microwave spectra of asymmetric rotors than in 
the spectra of s^'^mmetric tops. In the latter it produces veiy small shifts 
of the order of 1 Me or less, whereas in the microwave spectra of some 
asymmetric rotors, centrifugal distortions change the rotational fre¬ 
quencies many hundreds of megacycles. This is because microwave 
transitions may occur in asymmetric rotors between states of rather large 
angular momentum and of very large rotational energies. In light sym¬ 
metric tops, transitions between states of rather small J are generally 
observed. Furthermore, in the heavier symmetric molecules which give 
microwave spectra for transitions between states of larger J, the moment 
of inertia is so large that rotational energies in these states are still rather 
small. 

Consider as an example the asymmetric rotor SO 2 , whose rotational 
constants lie between 8000 and 80,000 Me. If this molecule were linear, 
a transition involving J as small as 2 would fall in the ‘'/C-band’^ region 
near 24,000 Me. However, in the actual spectrum between 20,000 and 
30,000 Me transitions involving J values from 3 to 35 have been identi¬ 
fied [647]. Many other transitions occur in this region which are thought 
to involve still higher values of .7. The rotational energy for J = 35 is 
of the order of 1000 cm“^, or 3 X 10^ Me. Although the centrifugal 
distortion is a small fraction of the rotational energy, for J = 35 it is 
as large as about 0.3 cm”*, or 10^ Me, and hence corresponds to an 
enormous shift of the observed microwave lines. Hence for an accurate 
understanding of the microwave spectrum of SO 2 , rather accurate knowl¬ 
edge of centrifugal effects is necessary. 

Still more extreme cases are the light molecules H 2 O and HDO. The 
6_6 5_i transition of H 2 O which lies at 22,235 Me involves levels with 

rotational energies near 500 cm“\ or 1.5 X 10^ Me, even though J is 
only 5 or 6. For .7 = 11 states of H 2 O, centrifugal distortion corrections 
occur which are as large as 9 per cent of the entire rotational energy, or 
280 cm-* [84]. Transitions involving these particular states of H 2 O lie 
in the infrared region, however. 

Lest the reader infer that centrifugal distortions produce even more 
difficulties in the interpretation of microwave spectra than they really 
do, it should be pointed out that, for all but the lightest molecules, it is 
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usually possible to find rotational transitions in the microwave region of 
low angular momentum J which are not shifted by centrifugal effects 
more than a few megacycles. Hence moments of inertia and parameters 
for asymmetric rotors may often be obtained with sufficient accuracy 
without allowing for centrifugal distortion. Furthermore, in some cases 
where centrifugal distortion is large, microwave transitions occur between 
states of rather similar angular momentum, so that the net shift in 
frequency due to centrifugal distortion is not so large. 

In order to understand qualitatively what variables are important to 
centrifugal distortion, consider first a molecule which rotates about only 
one axis, so that classically the energy of rotation may be written 

w = (4-35) 


where / is the moment of inertia and P the angular momentum. Assume 
now that I depends on one coordinate R. Then the centrifugal force 
tending to increase R is 

dW ,_a(i//) 


F = - 


dR 


= ~iP 


dR 


(4-36) 


Because of this force, R is modified by a small mount A/? such that the 
restoring force k AP etjuals F. Hence 


AP 


, P^d{\/I) 
^ k dR 


(4-37) 


There is a consequent change in the energy of rotation 




d(l//) 

dR 


AR 


, P^ d(l//) 
^ k dR 


(4-38) 


In addition, the potential energy stored as a result of the displacement 


AR is 


AWk = ik{ARy 



d{l/I) 

dR 


(4-39) 


Combining (4-38) and (4-39), the total energy change due to centrifugal 


distortion is 


AW 


, P^\d(l/I)Y 

^ k dR _ 


(4-40) 


From (4-40) it may be seen that centrifugal distortion always decreases 
the energy by an amount dependent on the fourth power of the angular 
momentum, and the inverse of a molecular force-constant. 

In the general case, angular momenta about all three principal axes 
of the molecule will be involved, and the energy due to centrifugal dis¬ 
tortion must be written in the more general form (4-41) given by Wilson 

and Howard [761, [7151. 

dW ” "i ^ Ta0yiP aPffPyRi 

a0y6 


(4-41) 
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where Pa, P/j, etc., is each an angular momentum about some principal 
axis of the molecule (they are not all different, and all may be the same). 
The molecular constant Ta 0-,6 is 


^ a$y6 


^ L dRi dRj 


(4-42) 


Here and correspond to 1/7 in (4-40). In this generalized form, 
they are elements of the matrix which is inverse to the inertia matrix or 
dyadic. Before displacements and hR^ are made, the moments of 
inertia are with respect to principal axes, so that this matrix is simply 


/1//.X 0 0 \ 

(m) = 0 1//,, 0 ) (4-43) 

\ 0 0 \/lJ 

The derivative dyia^/^Ri is more complicated. The matrix element (A:~^),j 

replaces the factor \/k in (4-40). It is an element of the matrix which 

is inverse to the matrix of force constants /c,> obtained from the potential 
energy 

T = ^ ^ kijRiRj (4-44) 

» • 

The above expressions assume that the potential may be taken as har¬ 
monic, of the form (4-44). This is probably a sufficiently good 
approximation since the effects of centrifugal distortion are usually not 
extremely large, and if they are very large the potential constants are 
not usually known so well that anharmonic terms in the potential would 
greatly improve the accuracy. However, it is possible that in the future 
the effects of anharmonic potential constants on centrifugal distortion 
may be determined and used as a method of evaluating these constants. 
An additional approximation is involved in omitting from (4-42) terms 
proportional to the sixth power of momenta and higher. These may be 
of importance in some extreme cases [346]. 

If Ru Rj are taken as normal coordinates Qy, then by definition of 
normal coordinates the potential has the particularly simple form 

7 = 1^ kiiQ\ (4-45) 

X 

The coordinates Q, are usually taken such that the vibrating mass associ¬ 
ated with each coordinate may be assumed to be unity, and the molecular 

"s/Kx- Hence (4-42) becomes 


vibrational frequency v, = 




1 Y d/Xgg dyyi ( \ \ 

^ L dQi dQ, 


(4-46) 
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Fortunately, many of the total of 81 constants Ta^ys are usually zero, 
and others are not independent. In a molecule such as H 2 O, there are 
only four independent coefficients of this type. They can often be evalu¬ 
ated empirically^ by fitting the observed spectra, tiowever, in some cases 
it is important to calculate the constants from the known geometry and 
force constants of the molecule. 

The coefficients Ta^ys are probably most easily calculated by using 
expression (4-42), although this depends of course on what information 
about the molecule is available. If a, /?, 7 , and 5 are directions of 
principal axes of inertia as assumed above, 


_ 1 dlaff 

dRi /aa/j3/3 SRi 


(4-47) 


where Ia$ represents an element of the moment of inertia matrix or 
dyadic. In obtaining the derivatives dfjLaff/dRiy the variation in the 
coordinates Ri must be taken in such a way that the center of gravity 
of the molecule is not changed, nor the orientation of its principal axes 
(c/. “Eckart conditions’^ [715]). If small variations Aaj, Afij, etc., are 
found for the Cartesian coordinates aj, f3j of each atom j of the molecule 
such that Ri is changed by A/?,, and other internal molecular coordinates 
remain unchanged, then the above re(iuircments give [820] 


dl 


ct& 


AI 




-2 


dRi ARi lyyAR 


- miai y m;i3jAaj + ^ mi^i ^ myajAft) (4-48) 

t ■ • • • 


Kivelson and Wilson [826] have given sample calculations of this type 
and formulas for several common cases. 

A calculation of the effects of centrifugal distortion on the frequencies 
of rotational spectra depends on evaluation not only of the constants 
ra 0 y&, but also of the effect of the operators Pa, Pffy P^, and P 5 . A closed 
general expression for the etlect of such operators is not possible. How¬ 
ever, since the energy due to centrifugal distortion is almost always a 
small part of the total rotational energy, the energy contributions due to 
it may usually be treated with sufficient accuracy by first-order perturba¬ 
tion theory. The Hamiltonian for the rotational energy without cen¬ 
trifugal distortion is as in (3-2) 



(4-49) 


The perturbing centrifugal terms may be taken as 


i/* = 1 y O-50) 

a/3 

Matrix elements for a Hamiltonian of the form (4-50) are given by Nielsen 
[108]. The technique of first-order perturbation theory may be descriV^ef 
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as that of obtaining wave functions appropriate to the large part IIq 
of the Hamiltonian, and then averaging the perturbing energy over 
these states. All terms involving odd powers of an}^ component of P 
have been omitted from (4-50), since they are zero for a large class of 
molecules and in any case their average is zero so that the 3 '' contribute 
nothing in this first-order approximation. 

It can be shown [715] that the energy resulting from //o and tlie first- 
order effects of //Ms 

W = Wo + A,Wl + AAVoJiJ + 1) + A,,P(J + 1)2 

+ AJ{J + l)(PD.v + A,(Pt).. + AoWoiPI).. (4-51) 

where the A^s are constants of the molecule which are given explicitly' 
in terms of the moments of inertia and the hy Kivclson and Wilson 
[715], Wo is the rotational energy' assuming no centrifugal distortion, and 
{PDf^v represents the average or expectation value of P^. 

For asymmetric or nearly sy'mmetric rotor, = /v^ and (/^^),,v = 

so that (4-51) reduces to a form similar to that given for a symimetric 
rotor in (3-54). In other cases, (-P;)«v may be obtained from the relation 
[352] 

- 5(tfe 

The quantity dWo/(i{'\^/Pz) may be evaluated by methods given in the 
earlier part of this chapter for obtaining the rotational energy of a rigid 
rotor. Evaluation of {P\)^v is a bit complex when the approximation 
(Fz)av ~ {PDny ^ot sufficieiitly accurate. A method for its evaluation 
is discussed by Kivelson and Wilson [715] (c/. also [59] and [601]). 

Lawrance and Strandberg ([601]; cf. also [59]) have developed an 
expression similar to (4-51) and applied it to H 2 CO by evaluating the 
constants empirically from the observed spectral frequencies. Certain 
transitions were observed involving values of J as high as 31 and centri¬ 
fugal distortion corrections as large as 600 Me. These fitted the expected 
form (4-51) within a few megacycles. 

A rather complete calculation of centrifugal distortion effects from 
molecular geometry and force constants has been carried out for SO 2 
[647], for PH 2 D and PHD 2 [866], and for HDS [587]. Matrix elements 
and helpful details of this type of calculation are included in the discus¬ 
sion of HDS by Hillger and Strandberg [587]. In each of the above 
cases the fit to experimental data obtained by the calculation of cen¬ 
trifugal distortion from known force constants appears to be satisfactory, 
although there is some minor disagreement in the case of HDS. 

4-4. Structures of Asymmetric Rotors, Because of the complexities of 
the spectra of asymmetric rotors, the rotational structure of the spectra 
of only two (H 2 O and HDO) had been fairly completely solved before the 
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Table 4-8. Structures of Asymmetric Rotors Which Have Been 

Obtained from Microwave Spectra 



B2BrH6 


/^i>\ 


[447] 


CHNO (HNCO) 




N=^C=0 

1,207 1.171 


[479] 


CHNS (HNCS) 


,^1500^ 

n=^c 


1.216 1.561 


[434] [794] 


CH2CI2 


ll2®O^C‘^iii®'*7' 


H < 


[732] 


CH 2 F 2 


111*52^C^8*17 


[722] 


CH 2 O 


iip^c^=0 




[353] (601! 
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Table 4-8. Structures of Asymmetric Rotors Which Have Been 

Obtained from Microwave Spectra {Continued) 


Molecule 


CH^O (CHjCOH) 


CH4S (CHaSH) 


C2H2F2 (CH2CF2) 


C2H2O (H2C2O) 


CjHaNS (CHaSCN) 


Structure 



Reference 


[817] 


(Oxygen lies 0.079 A above symmetry axis of 
methyl group) 



[C40] [870] 


[4061 


[708] 


[345] 


CaHaNS (CHaNCS) 



[345] 
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Table 4-8. Structures of Asymmetric Rotors Which Have Been 

Obtained from Microwave Spectra {Continued) 


Moleculo 


Structure 


Reference 


C2II4O 


n 

\l 


\A72 





[3161 [5661 


fAnfilo hot ween C—C bond and plane contain- 
carbon and its two hydrogens is 159®25') 


CMS 


n 

M 


I 


A 


[5661 


(Angle between C—C bond and plane contain¬ 
ing carbon and its two hydrogens is I51®43') 


C-ilUX (ethyienimine) 


I 

\ 

( 




1 4^0 




1877} 


(Anglo between N—II bond and CCN plane is 
112°. Angle between C—C bond and CII 2 
plane is 159°250 


CallaN (vinyl cyanide) 


H , 




120” C 

V 

H 


- C'’20*’ 

V 

H 




[763al 


C 4 H 8 X (pyrrole) 


[7631 


(Molecule is entirely planar) 


CfiHiN (pyridine) 
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Table 4-8. Structures of Asymmetric Rotors Which Have Been 

Obtained from Microwave Spectra { Continued ) 


Molecule 

Structure 

Reference 


H 

/ 

H 

/ 

= C 

\ 


CellsF (fluorobenzcne) 

1 05 / \ ‘ 348 

H—C C — F 

^ _^ 

[79G] 


/ 

H 

\ 

H 


Cl Fa 

..598 

[8G7J 


r 

F 

1 


FNO (NOF) 

1.13 

N =^0 

F 

[609] 

FNOa (NOiF) 

F— ” N 

[7481 

F 2 OS 

141? , 

0 s:^“49' 

[802] 1922] 

FaSO, 

92*4^$ ^^9° 58 

9 ^ ^^0 

[684] 
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Table 4-8. Structures of Asymmetric Rotors Which Have Been 

Obtained from Microwave Spectra {Concluded) 



H.S 


O2S (SO2) 


O, 


1.?40 


H 


S 9?‘’6' 

X 


^0 


of <16*49' 


17831 


(647J 1565) 


(875) 


advent of high-resolution microwave spectroscopy. A large number have 
now been worked out by microwave techniques, and it seems feasible to 
solve the rotational spectrum of any asymmetric rotor which does not 
have serious complications due to internal motions {cf. Chap. 12) or 
an exceptionally complex hyperfine structure {cf. Chap. 6). The Stark 
effect has been extremely valuable in identifying and working out this type 
of spectrum {cf. Chap. 10). The structures of asymmetric rotors which 
have been obtained from microwave results are given in Table 4-8. 


CHAPTER 5 


ATOMIC SPECTRA 


While most microwave spectra have their origin in absorption by 
molecules, certain types of atomic spectra may fall in the microwave 
region. Atomic theor^'^ is important even for molecular spectroscopy 
because it is often convenient to consider a molecule as being composed 
of atoms whose properties are not too greatly different from their proper¬ 
ties in the free state. Moreover, many molecular phenomena are 
sufficiently analogous to phenomena in atoms so that it is worthwhile to 
study first the simpler atomic case. 

This chapter will present a summary of those parts of the theory of 
atomic spectra which are needed for microwave spectroscopy. More 
extensive treatments are given in the several books devoted to the subject 
{e,g., A. C. Candler [79], G. Herzberg [124], L. Pauling and S. Goudsmit 
[23], H. E. White [53], and for a more advanced, quantum-mechanical 
treatment, E, U. Condon and G. H. Shortley [56]). 

6-1. The Hydrogen Atom. The simplest atom is that of hydrogen, 
consisting of a single proton and an electron. It is described by the wave 
equation 

vv + ^ (IK - K)^ = 0 

or, in spherical coordinates, 

1 1 ay 1 ^ 

dr \ dr ) sin^ 6 d<f>^ r^ sin 6 dd \ dO) 

+ (If _ 7)^ = 0 (5-1) 

where the nucleus, or more exactly the center of mass of the electron and 
nucleus, is taken as the origin of coordinates, and ^ = mM/{M + m) is 
the reduced mass of the atom. W is the total energy of the atom, 
V = -ZeVr is the potential energy, Z is the nuclear charge in units of 
the proton charge, and e is the proton charge. 

By a process of separating the variables similar to that used for the 

diatomic molecule (Chap. 1), the wave equation may be solved [62], 
giving 

^ = R{r)<d{e)^m{4>) 
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TT 


{21 + 1)(Z - 



i 



Ph' (cos 6) 



Mn ~~ I ~ l)\Z^ /2ZrY 

[{n + l)\Yn^al \nao/ 


Q—Zr/naoJ^'i.l^l 



(5-3) 

(5-4) 

(5-5) 


and where n — 1, 2, . . .is the principal quantum number 

Z = 0, 1, 2, . . . , (n — 1) is the orbital quantum number 

^ + 1, . . . , Z — 1, Z is the magnetic quantum 

number and should not be confused with the same sym¬ 
bol used for the mass of the electron 
= associated Legendre polynomial 
~ associated T^aguerre polynomial 
ao = is the radius of the first orbit of the hydrogen 

atom in the Bohr theory 

It may be observed that Eq. (5-1) for the hydrogen atom is exactly 

the same as the wave equation (1-11) for a diatomic molecule with the 

potential V{r) replacing the molecular potential U{r). The hydrogen 
atom may, in fact, be regarded as a diatomic molecule with the proton 
and electron as the two atoms. The parts of the wave function (5-3) and 
(5-4) which depend on angle are identical with those for a diatomic or 
linear molecule (1-5) and (1-6). They are the same for any spherically 
symmetric potential, since these functions represent conservation of total 
angular momentum (Z or J) and of the projection of the angular momen¬ 
tum {m or M) on a chosen axis. Unlike the diatomic molecule, the 
dependence of the potential on r in this atomic case is very simple and 
the radial wave function (5-5) can be determined. In more complex 
atoms, the potential for a single electron may often be considered spher¬ 
ically symmetric, so that the angular parts of the wave function are 
unchanged. However, the dependence of the potential on r is usually 
very difficult to determine, so that the radial wave function and energy 
cannot be exactly obtained. 

Figures 5-1, 5-2, and 5-3 show the radial and angular distribution of the 
electrons. The s electron wave function is seen to be the only one which 
does not vanish at the center of the nucleus. The s electron is also the 
only one which has a spherical charge distribution. 

The allowed energy levels for the hydrogen atom are given by 



2Tr‘^nr^Z'^ 


— Rhc 



(5-6) 


where R = 2'w‘^pie^/ch^ is the Rydberg constant in cm b W is in ergs; 
to convert to cm"*, divide by he. On this model of the hydrogen atom, 
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Fio. 5-1. The radial part of the hydrogen electronic wave function Rn,i plotted as a 
function of the distance between the electron and the nucleus. 












5 / 
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6 /" 
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Fig. 5-2. The electronic density distribution is plotted as a function of the 

electron-nuclear distance for several states of the hydrogen atom. The ordinate 

shows the probability of finding the electron between spherical shells of radii r and 
r + dr. 



118 


MICROWAVE SPECTROSCOPY 


which neglects electron spin and relativistic effects, the energy is inde¬ 
pendent of I and m, and depends only on the principal quantum number n. 

Since the angular dependence of the wave functions is the same as for 
the diatomic molecule, the selection rules and intensity relations which 
depend on angular momentum are identical. As in Chap. 1, it can be 
shown that transitions occur between energy levels such that 


Z' = Z ± 1 and m' = w, m ± 1 

A state with Z = 0 is called an S state; states for which Z = 1, 2, 3, . . . 
are, respectively, P, D, F,G, H, , . , states. 




/??=0 



P 

electrons 


s 





Fig. 5-3. The probability-density distribution factor (-)2 plotted as a function of 6 
for s, p, d, f electrons. For states with m = 0 the scale is approximately l(l + 1) 
times that of the other states having the same value of 1. (After White (531.) 


6-2. Atoms with More Than One Electron. While a wave equation can 
be written for many-electron atoms, it is not possible to solve it exactly. 
To a good approximation, however, each electron may be considered to 
move in a spherically symmetrical field produced by the nucleus and all 
the other electrons. Then the angular part of the solution will be just 
the same as for the hydrogen atom, and the electron can be characterized 
by quantum numbers Z and m as before. 

The radial part of the wave function can only be approximated. Some 

useful methods of making the approximation and obtaining numerical 

% 

or sometimes analytical wave functions have been discussed by Hartree, 
Fock, Fermi, Thomas, Slater, and others [305]. 

Particularly simple are the alkali-type atoms which have one electron 
outside a spherically symmetrical core of “closed electron shells.” As 
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long as the valence electron stays out beyond all other electrons in the 
atom, it moves in a Coulomb field with Z^u = 1. To this extent the wave 
functions and energy levels resemble those of the hydrogen atom, and 
each state is characterized by quantum numbers n, Z, m. The energy 
is still independent of m and for large values of Z does not depend greatly 
on Z. But for small values of Z, especially for *S states where Z = 0, the 
wave functions (Figs. 5-1 and 5-2) show a relatively large probability 
of the electron’s being near the nucleus. In these states, the electron 



has been completely removed or the atom ionized. 


spends considerable time inside the closed electron shells, in a region of 
larger Zeff, so that its binding energy is increased. Figure 5-4 shows the 
energy levels of a hydrogen atom and those of an alkali atom. 

The energies for levels in a complex atom are often given by a formula 
analogous to Eq. (5-6) for the hydrogenic case. However, since Eq. (5-6) 
no longer applies exactly, it can be made to agree with the observed 
energies only by modifying the value of n or the value of Z, or both. 
Thus for the first case, 



RhcZl 


RhcZl 

{n - ay 


(5-7) 
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where R = Rydberg constant 

Zo = effective nuclear charge in the outer region of the atom. 
Zo = I for alkali atoms, but may be 2, 3, 4, . . . for ionized 
alkalilike atoms such as 30+. B++, C+"*"*', etc. 
n* = effective principal quantum number; not an integer 
n = principal quantum number, and is an integer 
O' = quantum defect 
From Eq. (5-7) it is seen that 



If n is retained and Z is modified, the term value or energy depends on an 
effective Z, Zcjf, such that 



RhcZ^fj 



Equations (5-7) and (5-9) are written down by purely formal analogy 
with the expression which applies to a hydrogenic atom. Since n* in 
Efp (5-7) or Zru in Ecp (5-0) arc not integers but arc empirical constants, 
these e(iuations are useful only when the same constant can be used for 
several purposes. Ecjuation (5-7) is (piite useful for describing the term 
values of alkalilike atoms because the ([uantiim defect, o = n — n*, 
varies only slowly with n and /. Thus if n* is known for one level, 
its value, and hence the term value for another level, can be found at least 
approximately. 

An effective value of Z is often used in connection with atomic fine 
structure, or for the energy levels of different atoms in an isoelectronic 
sequence. It is then sometimes convenient to express Zch in terms of 
Zinner Rud Z„utrr, which Ri'C effectivc nuclear charges in the inner and outer 
region of the atom. 

6-3. Fine Structure, Electron Spin, and the Vector Model. When 
spectral lines are examined with instruments of moderate resolving power, 
they are found to have a structure, z.c., to consist of several components. 
This “fine structure" is explained by attributing to the electron a spin 
angular momentum and a magnetic moment. The angular momentum 
is related to a spin (|uantum number s, and its magnitude is given by 
■\/s(s + 1) in units h/2Tr. For a single electron s always has the value 
This s should not be confused with the same letter used to denote a state 
with I = 0. The corresponding spin magnetic moment is 1 + ial2ir), 
in units of the Bohr magneton* he/Awme, where m is the electron mass. 
The fine structure constant a is 2ire^fhc and approximately equals tst- 
A further quantum number is required to describe the projec- 

* The Bohr magneton is u.sually taken as a positive quantity even though the 
electron charge is negative. Regardless of this convention, it should be remembered 
that the electron magnetic moment is opposite to the direction of its spin. 
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tion of s on some fixed direction, just as nii gives the projection of the 
orbital angular momentum on a fixed direction. 

The electron's orbital angular momentum and spin angular momentum 
are vectors and will therefore add in some way similar to the ordinary 
rules of vector addition to form a resultant denoted by j. The magnitude 
of j is also quantized. It is specified by the total-angular-momentum 
quantum number j which has the values j = I + s andj = |Z — s] (when 
s = ^). The corresponding vector equation is 


j = 1 + s (5-10) 

where the two possible values of j correspond to 1 and s being nearly 
parallel or nearly antiparallel. 

The magnitudes of j, 1, and s are, respectively, \/j(j + 1), \/l(l + 1), 
and \/s(s -|- 1). However, sometimes equations are written as if the 
magnitudes were j, I, and s. This convention is frequently employed 
because of its conciseness {cf. [23]). Using it, one may speak of 1 and s 
being parallel or antiparallel for then the magnitude of their resultant 
would just be Z + s or jZ — s|. The method leads to equations which 
must finally be corrected by replacing hy j{j + 1), by Z(Z -|- 1), and 

by s(s -f- 1). 

The two orientations of s relative to 1 produce levels with slightly 
different energies. They are distinguished by appending the value of j 
as a subscript to the term symbol, for example, Pj, Z)^, Pg. Since 

there are in general two possible orientations of s relative to 1, for any 
given Z there are two possible j values. The multiplicity of the term is 
therefore said to be 2, and this is denoted by a superscript 2 to the left 
of the term symbol. The doublet symbol is used even for S states where 
only one value of j is possible. Some typical states in a one-electron 
(hydrogenic or alkalilike) spectrum are . . . . 

The two levels ^Pj and ^Pj form a fine-structure doublet term. 

The splitting between the two levels with different values of j which 
occurs when Z is not zero is caused primarily by the magnetic interaction 
between the electron spin and electron orbital magnetic moments. This 
interaction can be derived from the magnitude of the magnetic field 
at the electron caused by the relative motion of the nucleus with respect 
to the electron. The splitting, however, is reduced by another contribu¬ 
tion to the energy exactly half as large and in the opposite direction which 
is connected with a precession of the electron axis due to relativistic 
effects [7]. When both are taken into account, the energy level for a 
hydrogenic atom with nuclear charge Z is displaced by an amount 


(5-11) 
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where e — electron charge 

lYi ~ mass of the electron 
c = velocity of light 
h = Planck’s constant 

(lA^)av = average of the inverse cube of the distance between nucleus 

of charge Z and the electron. 

Two values of cos (s,l) are possible corresponding to 1 and s being 
“parallel” or “antiparallel”; z.c., the quantum number j can equal I s 
or I — s. Ihe quantity si cos (s,l) appearing in (5-11) can be evaluated 
from the vector model. Figure 5-5 shows how the vectors 1 and s com¬ 
bine to form a resultant j. From the trigonometric rela¬ 
tion between the sides and angles of a triangle in the 
diagram 



si cos (s,l) = 


J 


2 _ 


2 _ 


1| 


2 


where |j|2, |s|2j and represent, respectively, squares of 
the magnitudes of the vectors j, s, and 1. From quantum 
mechanics, these are to he replaced by j{j -j- 1), s{s + 1), 
and l{l + 1), so that 


Fig. 5-5. Vector 
addition of land 
s to form result¬ 
ant j. 


sZ cos (s,l) = + 1) - !(i^+ 1 ) - m + 1) 

^ J 


(5-12) 


This method of adding vectors trigonometrically and then 
correcting the square of their magnitudes can be applied 
to any quantum vectors. It will be found useful for the 
addition of nuclear angular momenta to atomic or molecular angular 
momenta. 

The vector model, which treats angular momenta as classical vectors 
except for quantum conditions imposed on their magnitudes, is very 
helpful because it permits easy calculation and visualization of many 
quantum-mechanical results. It always gives correctly the results of a 
true quantum-mechanical calculation if only the cosines between vectors 
or their projections on arbitrary directions are of importance. It is not 
directly applicable, however, when more complicated functions are 
required, such as the squares of cosines of angles between vectors. 

Substituting the expression (5-12) or si cos (s,l) into (5-11), the dis¬ 
placements of the two levels J — l + s — are given by 


W. = i 


1 eW 



i (^ + -S') ~ i 


2 2 

The -h sign corresponds to^ = / + ^. The splitting or energy difference 
between the two levels is then 




0 



{I -f- I) cm 


—1 


(5-13a) 


av 
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For a hydrogenic orbit, Z is constant and 


so that 


where R = cm“^ [Eq. (5-6)] 

a ~ 2-Ke^lhc is the fine-structure constant 
Oo = /i^/47r^me2 is the Bohr radius of hydrogen 
For an alkali-type atom a similar formula might be expected to hold 
approximately. The quantum number n in (5-13) must again be modi¬ 
fied to an effective value n* = n — tr. In addition, the is not a 
simply determinable quantity since the electron is affected by or Zouter, 
when it is very far from the nucleus, and Z,-, or when it is inside the 
shells of other electrons and close to the nucleus. A good empirical 
expression, which can also be justified theoretically, is 



Z3 


nhxV^Kl + m + 1 ) 


(5-136) 


Av ^ 


Ra'^Z^ 


nH(l + 1) 


(5-13c) 



Ra^ZfZl 5.83Z?Z2 
nH{l -h 1) n*l{l -h 1) 


cm“‘ 


( 5 - 14 ) 


n* is the effective principal quantum number which may be evaluated 
from the term energy and from (5-7). Z„ is the same as in (5-7), 
which is the net charge on the atom after removing the valence electron. 
Zi, the effective value of Z near the nucleus, may be taken as approxi¬ 
mately 4 less than the nuclear charge Z for p electrons. Methods of 
approximating Av and appropriate values of Zf are discussed by White [53]. 

Although (5-14) represents as accurate an expression as can usually be 

obtained for many-electron atoms, the hydrogen case can be treated 

much more completely. A more exact theory for the hydrogenic case 
will be discussed below. 

6-4. Atoms with More Than One Valence Electron. Many atoms 
have more than one valence electron, each one of which is characterized 
by quantum numbers n, I, and s. The angular momenta 1 and s may be 
coupled in several different ways by the interactions between the elec¬ 
trons. The most common coupling scheme, and one that applies for all 
light atoms, is known as LS or Russell-Saunders coupling For this 
scheme the individual I’s are coupled so that they add vectorially to form 
a resultant L, and the spins couple to form a resultant S. Finally L and 
S add vectorially to form a total angular momentum J. To the vectors 
L, S, and J correspond quant um numb ers L, S, and J, while their maeni- 
tudes are, respectively, VL{L + 1), V^TT), and VliTTV). 

he state of the atom as a whole is represented by a term symbol quite 
analogous to that used for the hydrogen atom. In fact the hydrogenlike 
atoms may be regarded as especially simple cases of LS coupling A 
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capital letter S, P, F, , . . gives the value of L, corresponding, respec¬ 
tively, to L = 0, 1, 2, 3, ... . A subscript to the right gives the value 
of J , while 2^ + 1 is given by a superscript to the left. 2S + 1 is called 
the “multiplicity’' of the state. This is because, as long as L > S, J 
may assume any of the values L + L + 5 - 1, . . . , L - S, or 
2*S + 1 different J states are possible. For example, the states 
^Po have the same L and *S’, but different ./’s; they constitute a triplet. 

In compounding the angular momenta of the individual electrons, it is 
usually necessary to consider only those electrons outside closed shells, 
because for all closed shells L, and J are zero. The number of electrons 
in a closed shell is governed by the Pauli exclusion principle. 

In a strong electric or magnetic field, the interactions of the individual 
electrons with the field arc stronger than their interactions with each 
other. Then in addition to n, /, and s, each electron has quantum num¬ 
bers 7ni and m, which are, respectively, the projections of 1 and s on the 
field direction, mi can have the values Z, Z — 1, . . . , — Z, while 
^3 = +i, — Pauli’s exclusion principle states that only one electron 
in any one atom can have a given set of the five quantum numbers n, I, 
s, mi, nis. From this it follows that 2(21 + 1) electrons may have a given 
n and 1. They form a closed subshell, with zero angular momentum and 
a spherical distribution of charge. For a given value of n, I may assume 
the values 0, 1, 2, . . . , n — 1. Including all these possible values of 
I, 2n- electrons have the same value of n, and they constitute a closed 
shell. 

6-6. Selection Rules and Intensities. The intensity of a transition 
between two states of an atom is proportional to the square of the matrix 
element of the electric dipole moments between the states, that is, 

7 cc \j\l/%rz\pi dr|“ (5-15) 

and to the population of the initial state. 

The value of the matrix element involves both the radial and the 
angular parts of the wave function. The radial part of the wave func¬ 
tion depends on the quantum numbers n and I and on the particular atom 
in question. It is usually difficult to evaluate exactly. However, the 
angular part of the wave function depends only on the angular momentum 
quantum numbers and not on the details of the particular atom as long 
as the electron can be considered to move in a spherical potential. Gen¬ 
eral selection rules may hence be found for the changes in angular momen¬ 
tum quantum numbers allowed during a radiative transition. They are 
very similar to the selection rules of Sec. 1-4 and may be written 

L' ^ L ± 1, L 

J' = .7 + 1, .7 (but J' and .7 cannot both be zero) (5-16) 
SZi changes from odd to even or vice versa 
Am/ = 0, ± 1 
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Although these selection rules are very useful in predicting which transi¬ 
tions may occur, they give little information about the absolute or rela¬ 
tive intensities of transitions, which often depend on the radial parts of 
the wave function. 

In cases involving a group of transitions with the various initial states 

and the various final states differing among themselves only in the relative 

orientation of the angular momentum vectors L, S, and J, the radial 

part of the matrix element (5-15) is constant. The relative intensities 

of such transitions then depend only on the angular momentum quantum 

numbers. A typical example of this type of case is a group of fine- 

structure components of “one” transition. Their relative intensities 
are given by [23], [53]; 


For transitions L <— L — 1: 



J^J, 


/ = _ /hA/+./ +.s + i)(/y-i-j—.9)(/y—./+g)(Zy—■/—,s f —n( 2 ./-t-n 

J (J + 1 ) 


■f '■ y + 1, / = - J + s - i)(,L - J - s - i)(L - J ~ s - 2) 

(TTT) 


(5-17) 


For transitions L < L: 


/ y - 1, / = 


./ 


J, 


I = 


J 


J + 1, I = 


- + J + S + l)(L + J - g)(L - ./ + S + l)(L - J - S) 

J 

A[L(L + 1) + J{J + 1) - S{S + 1)1^2/ + 1) 

J(J + I) 

_ + y + S + 2 )(L +J - S + 1 )(L - J + 

(J + 1 ) ----^ 

(5-18) 


Expressions (5-17) and (5-18) for the relative intensities take into account 
Doth the squares of the matrix element (5-15) and the relative popula¬ 
tions of the different levels, assuming that the populations are pro- 
portional to the statistical weights or M degeneracy. 

In Appendix I, these relative intensities have been tabulated It 
should be noted that the lines whose intensities are to be compared 
must be close together in frequency for Eqs. (5-17) and (5-18) to apnlv 
Otherwise the intensity should be multiplied by a frequency factor which 
IS V for optical emission lines, or for microwave absorption. 

These formulas and tables depend only on the magnitude and direc- 
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tions of the vectors which have been added, and not on the specific form 
of interaction between the vectors. They may therefore be used for 
transitions in which angular momentum vectors other than L, S, and J 
are involved if appropriate changes are made in the symbols. 

For example, if the nucleus has an angular momentum I, it can inter¬ 
act with the electronic angular momentum J to give a new total angular 
momentum quantum number F. The energy separations between levels 
with different values of F give rise to hyperfine structure, which will be 
considered shortly. Then the relative intensities of different transitions 
in a hyperfine-structure pattern are given by the same equations (5-17) 
and (5-18), provided we replace J by F, L by ,/, and S by 7. Here the 
symbol I should not be confused with the same letter used to denote 
intensity in Eqs. (5-17) and (5-18). 

The general behavior of the relative intensities of fine-structure com¬ 
ponents may be readily understood. 1 he radiation fields act primarily 
on the orbital angular momentum and change L by one unit without 
changing *S. This is because the force of the electric component of the 
field on the electron charge is much greater than magnetic forces acting 
on the electron spin. If L is increased during the transition to L + 1 
and S is unaffected in magnitude or direction, then J would be expected 


to change in approximately the same way as L, or to increase to J + 1. 
It will be observed that the stronger transitions in Appendix I tend to be 
those for which the change in ./ has the same value as the change in L. 
This is most notably true for large values of L, where (juantum-mechanical 
results most closely approximate classical expectations. 

6-6. Fine Structure—More Exact Treatment. Although most atoms 


are so complex that a theoretical calculation of fine structure which 
is much more exact than the expressions (5-13) and (5-14) given above 
is very difficult and even uncertain, the hydrogen atom and hydro¬ 
genlike one-electron ions are sufficiently simple to allow a consider¬ 
ably more exact treatment. Because of this simplicity, the hydrogen 
spectrum, and the hydrogen fine structure in particular, has been much 
used as a testing ground for atomic theory. Several different treatments 
of the hydrogen fine structure have met with temporary success, but each 
in turn has required modification as experimental techniques and theo¬ 
retical knowledge advanced. The basis of the modern treatment of the 
hydrogen atom and its fine structure was given in 1928 by Dirac. He 
proposed a relativistic form of quantum mechanics which inherent y 
provides the electron with the properties previously postulated separate y 


as a spin and magnetic moment. 

According to the Dirac theory, the energy levels of a hydrogenlike 


atom are given by 


W = + {aznn - \K\ + (K^ - “ D (5-19) 
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where |K| = j + It may be seen from Eq. (5-19) that the levels 
with the same value of n and j are degenerate. If this equation is 
expanded in powers of aZ, it gives 


Wnj 

he 


Z^R a^Z^R 


n- 


n 


U + 4 )-* 


4n 



+ 


so that the fine-structure doublet separation between the 
levels is 

Ra^Z^ 


Av = 


nH(l + 1) 


• ■ (5-20) 

and 


(5-21) 


which agrees with the previous result [Eq. (5-13)], although here it is 
evident that terms in higher orders of aZ have been neglected. Figure 


0=2 
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rio. 5-6. Fine structure of h = 2 levels of hydrogen (Dirac theory). The dotted 
line indicates the position tlie levels would liave according to the Bohr tlieory, wliich 
does not consider fine structure. 


5-6 shows the n = 2 levels of the hydrogen atom according to the Dirac 
theory. 

Optical spectroscopic measurements of the fine structure of the hydro¬ 
gen H„ line (n = 3 to n = 2), indicated that the structure of the n = 2 
level of hydrogen was in reasonable, although not precise, agreement 
with the predictions of the Dirac theory. However, because hydrogen 
IS such a light gas, the atoms have large thermal velocities which, 
through the Doppler effect, cause considerable broadening of the lines! 
Ihe resultant blurring of the pattern was sufficient even at liquid-air 
temperatures to make the disagreement uncertain. There was some 
indication that the ’'S, level was displaced upward with respect to the P 
levels by about 0.03 cm-', or 1000 Me [80], [88], [89]. On the other hand, 

the apparent shifts were attributed by some [97] to impurities in the light 
source. “ 

As early as 1928 Grotrian [9] had pointed out that the selection rules 
permitted transitions between states with the same value of n, and that 
radio waves might be used to induce such transitions. Several’ attempts 
were made [31], [60] to observe transitions between the 2s ".S, and 2p 
levels which on the Dirac theory should be separated by = 0.365 cm-** 
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or 10,950 Me. Spark-gap oscillators were used, and the radiation was 
passed through a hydrogen gas discharge tube. Betz reported absorp¬ 
tions of about 25 per cent at wavelengths of 3, 9, and 27 cm, but these 
absorptions seem to be impossibly large. Haase [GO] found no resonant 
absorption at all. 

It does appear possible to detect this fine-structure splitting by direct 
microwave absorption. Hydrogen atoms may be excited to the 2s 
or 2p states in an electrical discharge in wet hydrogen. From the 

i state they decay rapidly, since this state has a natural lifetime tp 
of only 1.6 X 10“^ sec. The 2s state is metastable, however, so that 
atoms tend to accumulate in it and they may absorb microwave energy 
by making a transition to the 2p -P^ state. On the other hand, a rela¬ 
tively small electric field may be expected to produce a Stark effect in 
the state which would make transitions to the ground state possible 
and drastically reduce its lifetime. Reesor [6311 has looked for direct 
microwave absorption due to the 2p <— 2s transition in a discharge tube 
and failed to find it. 

d'he expression (1-49) giving the absorption coefficient in a gas for 
which both the upper and lower states are populated according to the 
Boltzmann distribution law needs only a slight modification to apply to 
this case where all the atoms considered are in the lower state of the 
transition. It becomes 


SttW cr Av 

Yhc (u - voV + {Auy 


(5-22) 


where y is the absorption coefficient for microwave radiation of frequency 
pj Po is the resonant frequency, and |cr| is the dipole moment matrix 
element, or e times the matrix element of the coordinate vector r of the 
atomic electron for the transition 2s ^ 2p ^Pj. The square of the 
matrix element [erj^ for the transition can be calculated as Gop, where 
do = /i^/47r^mc^ is the radius of the first Bohr orbit for hydrogen. If 
broadening of the resonance absorption due to collisions can be ignored 
then there is no appreciable broadening of the state and the half width 
is just l/(47rT/>), where r/> is the natural lifetime of the ^PJ state, 1.6 X 10“® 
sec. This short lifetime gives a half width of about 50 Me. The num¬ 
ber of atoms N in the 2s state is very difficult to calculate. However, 
a rough estimate gives = 5 X 10“* atoms/cm* under optimum condi¬ 
tions [484], so that the absorption coefficient becomes, from (5-22), 

y = 1.6 X 10-^ cm-^ (5-23) 

9 

This is a large absorption coefficient by microwave spectroscopic 
standards, but its detection would be made more difficult by the large 
half width of the line, which is 1/(47rr/>) ~ 50 Me. The effective absorp¬ 
tion might be reduced by transitions in the reverse direction if the ^Pg 
state is appreciably populated. A further complication is the back- 
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ground of continuous absorption by free electrons in the discharge tube. 
This might be of the order of lO'"' cm-' in a typical case. 

While it seems that the hydrogen fine structure could probably be 
detected by direct absorption, no e.xperiment of this type has yet been 
done. An alternative experiment, which is very suitable for an accurate 
measurement of this resonance, is the atomic-beam method of Lamb and 
Retherford [484]. Figure 5-7 is a block diagram of their apparatus. 

Hydrogen was dissociated in an oven, and collimated bj^ slits to form 
an atomic beam. Some of the atoms were excited to the metastable 
2s state by an electron bombarder. Then the beam passed through 
a region in which a radio-frequency field was applied and finally hit a 



Fig. 5-7. Block diagram of Lamb and Retherford’s apparatus for measurement of 
hydrogen fine structure. 


detector. This detector was a tungsten ribbon, from which metastable 
atoms can eject electrons by giving up their excitation energy. Atoms 
in the ground state are not detected at all. 

When the radio-frequency field of the proper frequency is applied, 

transitions are induced from the 2s to the 2p state. From there 

the atoms quickly decay to the ground state. Since the density in the 

beam is low there is little imprisonment of resonance radiation to increase 
the 2p -Pj population. 


To avoid the necessity for varying the radio frequency over a wide 
range which would make difficult the maintenance of constant radio- 
frequency power, the transition region was placed in a variable magnetic 
field. Then the Zeeman effect of the transition was observed and the 
frequency for zero field was found by extrapolation. 

The fine structure of singly ionized helium was also studied by Lamb 
and Skinner [381], [485]. In this case the decay of the metastable atoms 
on application of the microwave field was detected by observation of the 
ultraviolet photons emitted in the transition to the ground state. 

In both hydrogen and helium the 2s ",8, level was found to be higher 
than the 2p ^Pj. However the separation between the levels 2p ^Pj and 
2p 2Pj in hydrogen was found to agree with expression (5-22) [790]. 
For hydrogen the measured separation between 2s ^Si and 2» 

1057.777 ± 0.10 Me [876]; while in ionized helium the shift was 14 020 
± 100 Me for the corresponding level [485]. To achieve this precision 
m the measurement of the center frequency of a broad line requires a 

The apparent upward shifts of the 2s levels are now explained fairly 
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well by the interaction between the atomic electron and its radiation field 
[177]. The calculation is very difficult to carry out accurately, but the 
calculated shift for hydrogen agrees within about 0.5 Me with the observed 
shift [876]. 

Probably the simplest atom from the theoretical point of view is 
positronium. It consists of a positron and electron only, so that there 
is no complication from the short-range forces associated with heavy 
nucleons. This atom is not stable, decaying in about 10“® sec with the 
annihilation of the particles and emission of either two or three 7 rays. 
Consequently, it is not easy to study experimentally, and was discovered 
only recently by Deutsch [568a]. Two 7 rays are emitted in opposite 
directions from states with J = 0. States with / = 1 must emit three 
photons to conserve angular momentum, and hence have a longer life¬ 
time. If transitions could be induced by a radio-frequency field from 
the / = 1 to the J = 0 states, triplet positronium would be converted 
to singlet, and the transition detected by the increase in double quantum 
annihilation. For this direct experiment, a frecjuency near 2 X 10® Me 
would be needed. 

However, lower freciuencies can be used to measure the fine structure 
of positronium with the aid of the Zeeman effect. In a magnetic field 
the J = 1 state is split into A/ = 0 and M = +1 components. The 
M = 0 state acquires some singlet character, so that double quantum 
annihilation can occur from it. Weinstein, Deutsch, and Brown [997a] 
have used the annihilation radiation to detect microwave induced transi¬ 
tions from the J — 1, M = +1 to the J = 0 levels. Since this Zeeman 
splitting depends in part on the ratio of magnetic field to the singlet- 
triplet separation, this measurement determined the fine structure split¬ 
ting between the J = 0 and 1 states as (2.0338 ± 0.0004) X 10® Me. 
The calculated value of 2.0337 X 10® Me [712a] is in excellent agreement. 

A few other fine-structure splittings in atoms can probably be studied 
by microwave techniques. However, in many cases the fine structure 
is so large that transition frequencies do not lie in the microwave region, 
or in other cases the lifetimes of both states are so small that application 
of microwave techniques is difficult. 

6-7. Hyperfine Structure. Atomic nuclei have radii near 10“*^ cm, 
and hence are very small compared with the size of electron orbits, which 
are approximately 10“^ cm. Nuclei are also some 10“* times heavier than 
electrons. To a good approximation electronic energies can therefore be 
obtained by considering nuclei to be positive point charges of infinite 
mass. However, effects on electronic energy levels due to the finite size 
and mass of nuclei, although small, often appear on careful observation 
of atomic spectra. They are called hyperfine structure because they 
produce a very small splitting of atomic lines, usually much smaller than 
the fine structure. 
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If the nucleus is to be considered other than a point charge, it must be 
recognized that the nucleus involves a charge distribution and that this 
charge distribution may be in motion, producing magnetic fields and 
giving the nucleus an angular momentum. As for an atom or any other 
quantum-mechanical system, the angular momentum of the nucleus must 
be //i/27r, where I is an integer or half integer and is usually called the 
nuclear spin. 

A number of types of hyperfine interactions between nuclei and elec¬ 
trons are independent of the relative orientation of nuclear spin I and 
electronic angular momentum .7. These include the small shifts due 
to the finite nuclear mass, variation of the electron potential from a 
coulomb potential when electrons are within the nuclear radius, and 
isotropic {i.e., independent of nuclear orientation) polarization of the 
nucleus by electron fields. These effects slightly change each electronic 
energy level but can usually be detected only by e.xamining their varia¬ 
tion between two or more isotopes, and hence are called “isotope effects.” 
Thus a given chemical element may produce a number of slightly differ¬ 
ent superimposed spectra, each associated with a particular isotope of the 
element. Since the “isotope effects” do not represent small splittings 
of the energy levels of any one atomic system, but rather small differences 
between the spectra of different systems, they are not generally observed 
by microwave spectroscopy. 

On the other hand, hyperfine interactions which vary with nuclear 
orientation give small splittings of electronic energy levels and are often 
observed with microwave or radio-frequency techniques. These effects 
may be either electric or magnetic in origin. Although the magnetic 
effects are usually most prominent in atoms, electric effects predominate 
in molecules. The electric interactions will be discussed first. 

Hyperfine Structure Due to Electric Charge Distribution in the Nucleus. 

Motion of the center of mass of the nucleus is unchanged for the various 

possible nuclear orientations; hence it is the natural origin in considering 

a nucleus of finite size. Let F„ be the electrostatic potential produced 

at the nuclear center of mass by all electronic charges in the atom, and 

a ro/ax represent its derivative evaluated at the same point. The electro 

static energy of a charge p{x,y,z) Ax ^y Az, where p represents the nuclear 
charge density, is AIT = p Ax ^y ^z V{x,y,z). 

Expanding T as a series and writing the volume element Ax ^y Az = Ar 


= p 
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(5-24) 
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Integrating over the entire nuclear volume, 


W = 
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dx 
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dz dx 
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^y 


dv (5-25) 


The first term may be easily integrated to give ZeVo, where Z is the 
atomic number of the nucleus and Ze its total charge. This is the term 
which is independent of nu(*lear size or shape. The second term may be 
written 

j p(x,y,z).v dv 


where the integral is the nuclear dipole moment in the x direction. If 
this nuclear dipole is not produced by an external field, such as that of the 
electrons, but is a property only of the nucleus, it can be shown to be zero 
except in very rare cases. Suppose the wave function and hence the 
charge distribution for a nucleus is known and the dipole moment in the 
X direction, fpx dx dy dz, has the value Mj. If the positive directions of 
the nuclear coordinates x, y, and z are now reversed, a new wave function 
can be found and a new charge density which is just the same function 
of the new coordinates x', y', z* as it was of the old coordinates x, y, z. 
This is possible because, for all known forces within the nucleus, the 
Hamiltonian or wave eciuation turns out to depend only on even powers 
of the coordinates and hence remains unchanged when the signs of all 
coordinates are reversed. The charge density at x will be replaced by a 
similar charge density at x' or — .t. However, the direction of the angular 
momentum does not change on reversing all coordinates. In the new 
coordinate system, the dipole moment \ix’ has the same value as before 
but is oppositely directed, that is, Mz' = — Mz- Other nuclear properties, 
however, including the nuclear angular momentum, will have remained 
unchanged. We must conclude, therefore, that if the nucleus has a dipole 
moment in one direction with respect to its angular momentum, there 
must be a degenerate nuclear state, or one of the same energy, with an 
oppositely directed dipole. Normally, such identical or degenerate states 
of the nucleus are not encountered, and hence the nucleus has no inherent 
dipole moment.* If a nucleus has angular momentum /, there are 

* A similar proof may be applied to any system, showing that no dipole moments 
may exist in nature without degeneracy. What is ordinarily referred to as the 
permanent dipole moment of a molecule in fact does not give a molecule an average 
dipole moment in one direction unless there is degeneracy or an external field. The 
dipole moment of a large macroscopic collection of charges may be regarded as exist¬ 
ing only because of the very close spacing, and hence effective degeneracy, of the rota¬ 
tional energy levels of such a large system. 
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2/ + 1 different possible states having the same energy, corresponding 
to the different values of 71//, the projection of / on a fixed direction. 
It might be thought that this is a degeneracy which allows a dipole 
moment. However, since the angular momentum operator is similar 
to the Hamiltonian in that it does not change sign when all coordinates 
are reversed, an argument similar to that above shows that no dipole 
moment can exist unless the system has two states of the same energy 
and the same value of Mj. It can thus be shown that all terms of 
(5-25) involving odd powers of the coordinates will normally be zero. 
However, terms such as /^p.T“ dv and fpxy dv are not necessarily zero 
because they do not change sign with reversal of direction of all coordi¬ 
nates. These terms are associated with the quadrupole moment of the 
nucleus. 

Before reexpressing these terms in a more convenient form, it is inter¬ 
esting to note their approximate magnitude. The potential V produced 
by the electron is e/r«, where is the distance between electron and 
nucleus. Hence dW/dx^ is roughly e/rl. The integral dv is of the 
order fpr^dv = Zerl, where r„ is the nuclear radius. Hence the term 
BW/dx^ dv ^ Ze‘^rl/rl. This might be compared with the first term 
in our expansion, ZeV = giving the electrostatic energy for a 

point nucleus. The ratio of the two is rl/r], or if is and 

an average value of 10'® cm is taken for Ve. The usual electrostatic 
energy is of the order 10^ cm“h so the energy associated with the small 
correction terms of this type is expected to be 0.001 cm~^, or 30 Me. 
Still higher-order terms in the expansion (5-24) which are nonzero involve 
fourth powers of the coordinates [that is, x\d'^V/dx^), etc.] They are 
associated with the nuclear hexadecapole (16-pole) and are expected to 
be still smaller than the quadrupole terms by a factor of roughly 10^. 

In most cases this makes them only a few cycles per second, and too small 
for present experimental accuracy to detect. 

Part of the energy due to terms of (5-25) containing second derivatives 

of the potential does not vary with nuclear orientation. To eliminate 
this part we subtract 


ipix^ + 2/^ + dv or V^F I dv 

If electrons do not penetrate the nucleus, then VW is zero everywhere p 

IS not zero, and this energy integral vanishes. If the electrons do pene- 

trate the nucleus, then this energy represents a deviation from a Coulomb 

held withm the nuclear radius, and is an important part of the atomic 
isotope shift. 



Jhc Electric Quadrupole Moment. Eliminating then the parts of (5-25) 
which are independent of nuclear orientation and the dipole terms which 
have been shown to vanish, the remaining terms are attributable to a 
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nuclear electric quadrupole and may be written 

w, = ^jp [(3x^ - ^ + (32/^ - '■') 0 + ^ 

SW dW dW ' 

+ (5-26) 

ox ay dy dz dz ^.c J 

or 

WQ=-iQ:VE (5-27) 

which is the inner product between the quadrupole moment dyadic 

Q = /(3rr — r‘^l)p dx dy dz (5-28) 

and the gradient of the electric field due to the electrons. 

The properties of dyadics may be found in [105] or [63]. A dyadic 

AB is formed from the two vectors A = + AJ -|- A^k = ^ A„en. 

n 

B = Bxi + By} + B^k = ^ BnGnj where Cn represents one of the three 

n 

unit vectors i, j, or k. The dyadic has nine components and may be 
written ^ AnB„e„em. The unit dyadic 1 is ii -h jj + kk, and is said 

nm 

to he diagonal because no “cross terms” of the type ij or jk occur. The 
inner product of two dyadics AB:CD is the scalar quantity ^ A^BnCnOm, 

nm 

which is analogous to the scalar product of two vectors. 

By a proper choice of axes any symmetric dyadic such as the quad¬ 
rupole moment dyadic may be diagonalized. This eliminates all terms 
except those multiplying ii, jj, or kk. 

The charges in the nucleus are rotating very rapidly about the direc¬ 
tion of the nuclear spin. If an average is made over a time long enough 
for the nuclear particles to rotate many times, but so short that the 
electrons or charges outside the nucleus have not appreciably changed 
position, the electric field gradient may be considered constant and the 
nuclear charge distribution cylindrical. Using a new coordinate system 
with 2 „ in the direction of the nuclear spin, all nondiagonal terms of Q 
become zero, and the diagonal terms are simply related; 

fp(3xl - r^) dv = jp(3yl - r^) dv = - r^) dv (5-29) 

The entire quadrupole moment dyadic may hence be expressed in terms 
of one constant, called “the” nuclear quadrupole moment 



p{^z^ — r^) dx dy dz 


(5-30) 


where e is the charge of one proton. From (5-30) it can be seen that a 
nucleus whose charge distribution is spherical has zero quadrupo e 
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moment, for then the average value of is just equal to the average 
value of + 2/2 -[- 'pj^g quadrupole moment may be con¬ 

sidered then a measure of the deviation of the nuclear charge from 
spherical shape. If the charge distribution is somewhat elongated along 
the nuclear axis 2 „, then Q is positive; if it is flattened along the nuclear 
axis, Q is negative. From (5-26) the quadrupole energy becomes 



1 /dW 

2 \dx‘^ 



(5-31) 


If the potential V is due entirely to charges outside the nucleus, then 


d^V 




dW 



from Laplace^s eciuation, and 



(5-32) 


The potential V is produced by electrons which are in rapid motion, so 

rapid that the nuclear axis Zn may be considered stationary during the 

time that the electrons traverse their entire orbits, or take up all possible 

positions. Hence, (5-31) may be averaged over all possible electron 
positions 



1 /dW d2FY 

2 Vdx2 + 


(5-33) 


or, using Laplace's equation again 



(5-34) 


If the average electron charge density is spherical, then 


dW _ ^ ^ 

dx^ dyl ~ dz^ 


and 



Since only s electrons, which have spherically symmetric distributions, 

have large probabilities of being found within the nucleus, it is customary 
to set 




(5-35) 


where V is the potential due only to the electronic distribution outside 
a small sphere surrounding the nucleus. This gives a small error 
because p or d electrons, which are not spherically distributed, have a 
hmte, though small, probability of being inside the nucleus The 
density of a nonspherically distributed p electron must, however be 
zero at the center of the nucleus, and its average density within’the 
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nucleus is given in order of magnitude by e(rVr^), where r is the distance 
from the center of the nucleus and Vc is the radius of the electron orbit. 
Hence from Poisson’s equation {dW/dxD or {dW/dyl) due to this j> 
electron cannot be much greater than e(r\/r'^. The neglected contribu¬ 
tion to the energy is therefore of the order 


eQ 


er 


n 




which is of the size of the hexadecapole energy discussed above and 
usually unobsorvably small. We shall henceforth define the quadrupole 
energy without this small contribution as 


eQ (dW' 


or, omitting the prime, 


dzl 


eQ few 
4 


av 


nv 


We turn now to an examination of the gradient of tlie electric field, 
{d‘^V/dzl)„yy along the nuclear axis produced i)y the electrons. About 
an axis parallel to the electronic angular momentum, J(/^/27r) or ./, the 
average electric field is cylindrically sj'^mmetric, and the dyadic or tensor 
( —TE)av is hence diagonal with components 




V\ ^ ( 1 

\dz/?Av “ \ 2 dzl 




Here Zi is along the axis of electronic angular momentum. These 
quantities, which are elements of a tensor, can easily be transformed 
to the nuclear coordinate system. If 9 is the angle between / and J or 
Zn and and if xi and x'„ are chosen parallel to each other, 


(dW\ 


siiP 6 


dW 


-f- cos2 e 


av 


d^ 

dzf 


nv 
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1 /d-^v) 

\dzU 


(5-36) 


av 


defining (dW/dzl)„y = qj, the (piadrupoie energy becomes 


Wn = - 


eqjQ 3 cos^ ^ — 1 


4 


2 


(5-37) 


Expression (5-37) is the correct classical expression for quadrupole 
energy, but since the quantum numbers / and J are usually small, only 
a quantum-mechanical derivation, first given by Casimir [70], can be 
relied on for an accurate expression. To treat the energy quantum- 
mechanically, the Hamiltonian may be taken from Eq. (5-27) as 

1 
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Q and VE can be replaced by operators having known eigenvalues for the 
usual nuclear and ele^ronic wave functions by the following method. 

The operator |^(II + II — 1^1) has the same angular dependence with 
respect to nuclear orientation as Q, which is proportional to 3rr - r‘^1. 
Hence its matrix elements between states of various orientations must 
be identical with Q except for a proportionality constant.* 


(Zm/lQl/m/) = const [/m/|f(II + U) - Pl\Imi] (5-38) 

where 7, ttii are Quantum numbers for the nuclear spin and the component 
of the nuclear spin in a direction z fixed in space. The symmetrized 
expression 4(11 + II), where II indicates the transpose of II, is used 
because Q is a symmetric operator. To evaluate the proportionality 
constant, consider the zz component for the state rrii = I 

(77|Qzz|7/) = const - P\II) 

= const [3/2 - /(/ + 1 )] ( 5 _ 39 ) 

from the known expectation values for II and P. The quantity 

(//|Q«|//) 

corresponds at least approximately to the classical quadrupole moment 
eQf and will be so defined. Hence cQ = const 7(2/ — 1), or 

^ 7(2/ — ] ) ~ (5-40) 

Similarly, it can be shown that 


where qj = (^J 


(VE)op — jj2j ~ 1) + JJ) — J^l] 


(5-41) 


dW 

dz^ 


J,/^. Expression (5-41) applies only to the com- 


mon case where J is a “good” quantum number. 

Since the electronic potential at the nucleus due to charge e is 


r + 2 /^ + 2 ^ 

where r is the distance from nucleus to charge, 

dW 3z^ — 3 cos 2 e — I 

- e—TT— = e-- 

vetor r "* radius 

vector r. i his gives 

3 cos2 0 _ 1 ^ ^ /d2y\ 

~ V^/ 





PJJ -i- dr 


* For a more complete discussion, see [969al, p. 16. 


av 


(5-42) 
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where pjj indicates the electron charge density for a state mj = J. If 
only one electron of wave function ^ is included, 




3 cos- ^ — 1 


^jj dr 


(5-43) 


The operator for the quadrupole energy is Wop = —iQop: (VE)op. 
In case J is a constant or **good” quantum number, this becomes from 
(5-40) and (5-41) and use of the commutation rules for the components 
of angular momenta 


If terms off diagonal in J must be considered, the basic form of TFop above 
must be used. It is easily shown that, if / and J are allowed to be very 
large, (5-44) becomes equivalent to the classical expression (5-37), since 
I • J becomes IJ cos 6, 

The total angular momentum of the system in units h/2Tr may be 
written F — I -f- J and is of course constant, as is its projection 


mp = rrij mj 

on the fixed axis. A representation F^Mf is hence appropriate, and in this 
representation /^, J-, and I • J are diagonal so that the expectation values 
of (5-44) can be easily tietermined. The diagonal elements for these 
operators are /(/ + 1), J{J + 1), and C/2, respectively, where 

C = F{F +\) - /(/ + 1) - J{J + 1) 

Hence 

° 5 nil - WJ - T) 1 *'’'^' + ')-«/ + + 1)1 ( 5 -«) 

From expression (5-45) hyperfine splitting of energy levels due to 
nuclear quadrupole efTects may be calculated. The magnitude of the 
quadrupole effects determined by the fjuadrupole coupling constant eqQ^ 
which involves both the nuclear quadrupole moment (J, and qjy the 
second derivative of the potential along the axis of electronic angular 
momentum. This coupling constant may vary from zero to a few 
tenths of a wave number, or thousands of megacycles, and of course 
can be either positive or negative. Evaluation of the quantity qj will 
be discussed at some length in Chap. 9. If qj is known, then determina¬ 
tion of the quadrupole coupling constant allows a determination of the 

nuclear constant Q, 

Nuclear Polarizability. Another type of electrostatic interaction is an 
electric polarization of the nucleus. The strong electrostatic fields due 
to atomic electrons induce a small electric dipole moment on the nucleus 
which slightly increases the force of attraction between electron and 
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nucleus, thus lowering the electronic energy levels by an amount which 
depends on the nuclear polarizability and the square of the electric field 
strength. 

The nuclear polarizability a.z along the spin axis is not necessarily 
the same as its polarizability perpendicular to this axis. Hence the 
energy depends on the orientation of the spin with respect to the electric 
field. Since the polarizability is a symmetric tensor just as is the quad- 
rupole moment, it is not difficult to show that the energy of polarization 
has the same dependence on nuclear orientation as that due to a quad- 
rupole moment. Gunther-Mohr, Geschwind, and Townes [583] have 
given the variation of energy of polarization with angle as 


3 1{21 — l)J(2y — 1) + 1) - + !)*/(•/ + 1)] (5-46) 

This expression is very similar to the energy (5-45) due to a quadrupole 

moment. Here pj corresponds to qj, and is defined in analogy with 
(5-42) as 

f 3 cos2 6 - I , 2 , „ 

The coupling constant epj{a^ — a^) is equivalent to and in many 

cases these two are experimentally indistinguishable. The difference 

<xt ~~ ot^ in classical polarizabilities can be expressed quantum-mechan- 
ically as 


a* — ot 


_ 2/(/ + 1) V 

2/ - 1 Z 

n 


MOn 3 /«./ |/Xon 


W„ - Wo 


(5-48) 


where |mo.| is the z component of the electric dipole matrix element 
between the ground state of energy T^o and an excited state of energy 
W^n. Subscripts M = I and M = I — I indicate that the matrix ele¬ 
ments are states with the projection M of I on the 3 direction equal to 
/ and / - 1, respectively. 

If the nuclear matrix elements and energy levels were known the 
polarizabdities could be easily calculated. However, generally ’only 
rough magnitudes for these quantities are known. |mo„| may be taken 
approximately equal to one protonic charge times one nuclear radius and 
Wn - Wo as 1 Mev to roughly evaluate a, - a,. The quantity a - « 
may also be taken as approximately equal to the nuclear volume Vrom" 
such estimates and evaluation of p from Hartree wave functions it mav 
be shown that the anisotropic polarization effects are usually about 1 per 
cent of the nuclear quadrupole effects, hence generally not larger than a 
ew megacycles. 1 hey can be experimentally distinguished from nuclear 
jadrupole effects only because they depend in a different way on the 

Plmg and polarization energy will be different in different electro^' 
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states. If precision measurements of hyperfine-structure splittings could 
be made in several electronic states of an atom with two isotopes, the 
ratio of the splittings for the two isotopes would vary from state to state. 
Because it is not usually possible to measure precisely the hyperfine 
structure of excited states, this method is not very practical. 

However, in diflerent types of molecules the electronic configuration 
about a given atom may be quite different. Then if nuclear polarization 
is appreciable the apparent quadrupole coupling ratio between two 
isotopes would depend on the molecule in which it is measured. Certain 
variations in the ratios of (piadrupole moments for and CP^ have 
been observed but cannot clearly be attributed to nuclear polarizability 
([575], [700]). 

]\[a(jnctic Hyperfine Structure. Another type of hyperfine structure 
which depends on the nuclear orientation is connected with magnetic 
interactions between the nucleus and atomic electrons. If the structure 
of the nucleus and the possibility of having circulating charges within the 
nucleus is considered, it is not surprising that this magnetic hyperfine 
structure shows that a magnetic dipole moment m must be attributed 
to the nucleus. Each possible orientation of the nuclear spin has a 
slightly different energy due to interaction between the nuclear magnetic 
moment and the magnetic field at the nucleus produced by the spins 
and orbital motions of surrounding electrons. 

The electrons preccss about their total angular momentum J so that 
the currents and magnetic fields must on the average be cylindrically 
symmetric about the direction of J, and hence the magnetic field they 
produce at the nucleus is parallel to J. For similar reasons the magnetic 
moment m/ of the nucleus is parallel to its spin I. The energy of inter¬ 
action is yiH cos 6 or • H, which may be written 

W = al • J (5-49) 

since y/ is parallel to I and H to J. The quantity a is a constant for a 
given electronic state and nucleus, and is known as the interval factor. 

The quantity I • J involves the cosine of the angle between I and J, and 
can easily be obtained from the vector model [cf. Eq. (5-12)], so that 

w = ^ [F{F + 1) - J{J + 1) - 1(1 + 1)] (5-50) 

where F is the magnitude of the vector F = I -1- J. F may take on the 
values 7 -h J, / + y - 1, . . . , - e/|. The total number of different 

values of F is 2/ -I- 1 if 7 < J, or otherwise 2J + 1. 

If the angular momenta of a number of electrons add up vectorially 
to a resultant angular momentum of zero, as in the case of a closed shell 
of electrons, then the average magnetic field at the nucleus is zero. 
Hence in evaluating the constant a, it is necessary to take into account 
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only the unfilled shell of electrons, which in many common cases may con¬ 
sist of only one electron, or a closed shell minus one electron. Although 
a nonrelativistic treatment of the magnetic field H at the nucleus gives 
a good approximation for hyperfine structure produced by electrons with 
orbital angular momentum, for s electrons relativistic theory (summa¬ 
rized in [67]) is necessary. Hyperfine structure is particularly important 
and large for s electrons, since they penetrate most closely to the nucleus. 

For non-s electrons (t.e., with ^ > 0) in a hydrogenic atom, 





1(1^ 1) _g{l) eW /l\ 1(1 + 1) 

j(j + 1) 1836 Vz-VaviO + 1) 


(5-51) 


where g(I) is the nuclear g factor,^’ z.e., the ratio of the nuclear mag¬ 
netic moment in nuclear magnetons to its angular momentum in units 
of h/27r. One nuclear magneton = hep/^-rrMpCy where Mp is the mass of 
the proton and €p its charge. Since Mp is 1836 times the mass of the 
electron, the nuclear magneton is 1836 times smaller than the Bohr 
magneton. 


Substituting the quantum-mechanical value of 

_ g(I) Ra^Z^ 

1836 n\l + i)(/ + l)i(y + 1) 
_g(I) ApI{1+1) 

1836 M + i)jU + 1) 



[Eq. 5-12)] 


(5-52) 


where Au is the fine-structure doublet splitting given by Eq. (5-13c). 

Expres.sion (5-52) follows either from a nonrelativistic calculation which 
treats the electrons as point particles with electric charge and a magnetic 
dipole moment, or from a semirelativistic calculation which neglects the 
electron\s binding energy in comparison with its rest mass. A more 
exact relativistic treatment [19], [28] gives 


P 

X 


a = 


g(l) AvL(l + 1) 


K 


where k = - 


+ ^)(i + 1) 
(V - i)p 


1836 Z(l -I- i)j(j -H 1) X 


(5-53) 


VI j + ^)“ - (aZ.)^ 

(aZ.m 


3 he values of X and k are tabulated by Goudsmit [41]. 

Since p depends on^, k is quite different for pj and pj states. Thus the 
relativistic correction makes the constant larger for a pj electron than 
for a pj electron. This is because, in a relativistic treatment, spin and 
orbital angular momentum are not sharply separated. Thus a pj electron 
has some of the character of an electron (the only other type for which 
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j — ¥)• We shall see that an sj electron has a large interaction constant. 
The relativistic theory shows that for an s electron 



g{I) eW 

1836 STTjnV 



(5-54) 


is the electron density at the nucleus, or the square of the non- 
relativistic Schrodinger wave function at r = 0, the center of the nucleus. 
For a hydrogenic atom i/'2(0) = so that 


g{I) eWZh 
183() 

g{I) SRa^-Zh 
183G 



(5-50) 


It is interesting that this expression for an s electron is just what would 
be obtained by more or less arbitrarily using expression (5-52) for a and 
setting ; = 0, j = Y* 

Interaction between atomic magnetic fields and a nuclear magnetic 
octupole moment has recently been detected by Jaccarino, King, Satten, 
and Stroke [942]. A rough estimate of the magnitude of magnetic octu¬ 
pole interaction would indicate that it is smaller than the dipole inter¬ 
action by the scjuare of the ratio of nuclear radius to the distance between 
nucleus and electron [cf. discussion of hexadecapole moment above]. 
However, the magnetic octupole actually gives effects somewhat larger 
than such an estimate. In the case of atomic I and In the effects are 
many kilocycles in size and have been detected b}^ molecular beam tech¬ 
niques [942] [953]. 

General Considerations about the Existence of Nuclear Monicnts. If a 
nucleus has spin /, the pole of highest order which can occur is given 
by 2^^ Thus, for / = 0, no dipole or (luadrupole moment ma}”^ exist, 
but only a monopole (charge). If / = ^, a dipole moment may exist, 
but not a quadrupole moment, which occurs only if I > 1. This limit 
to the order of poles which may occur can be proved quite generally, but 
we shall only attempt an indication of why it occurs. In an external 
field, a nucleus of spin I can have 2/ + 1 different orientations or states 
and hence 2/ -|- 1 different energies. In order to specify these energies 
completely, only 2/ -j- 1 different constants of the nucleus need be given. 
Thus, if / = 0, there is no need for more than one constant, the monopole 
strength or electric charge (no magnetic “charge'’ exists). If / = 
two states occur, and one need specify only the monopole and dipole 
strength. When / > 1, a quadrupole moment is needed, etc. Addi¬ 
tional discussion of this limit can be found in [969a]. 

Poles of various orders alternate between electric and magnetic type 
for reasons of symmetry. Thus, as shown above, electric monopoles and 
quadrupoles exist, but ordinarily electric dipoles do not occur. However, 
magnetic dipoles and octupoles are permitted. 
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6-8. Penetrating Orbits. If the state of an electron is not well ap¬ 
proximated by a hydrogenlike wave function, as in the cases of valence 
electrons which penetrate a closed shell of electrons around the nucleus, 
an exact expression for the interval factor a is very difficult to calculate. 
However, on the basis of some approximate models, the following expres¬ 
sions for a may be obtained for these cases. 

For a non-s electron [41]: 


^ yjl) l{l + 1 )k 

1836 Zi {I -|- ^)j{j -|- 1)X 

and for an s electron [40] 


(5-57) 


_ (AI) 8Iia^Z,Zl da\ 

1836 '^V dnj 


(5-58) 


where n* is the effective principal (|uantum number and a = n — n* is 

the quantum defect. If the energy levels of the atom satisfy a Rydberg- 
Ritz equation. 




(5-59) 


where a and d are constants, T is the term value, and R is the Rydberg 
constant, then [359] 

da _ 0 

dn ~ d - n*/2T (5-60) 


In the above equations, for s electrons Z,- = Z, the nuclear charge. The 

equation then works well for elements of medium weight but gives values 

of a which may be 10 to 20 per cent high for very light or very heavy 

elements. For heavy elements an additional correction for the finite 

radius of the nucleus should be made, and with this addition the formula 
is quite accurate [359]. 

^ ^ For p electrons, it is usual to put Z.- = Z - 4 in place of Z in (5-52). 
Ihis works well in the equation for A«, the fine-structure splitting, but 
IS not so good for hyperfine structure where the average of a different 
power of Z is involved (c/. [364]). If the nuclear moment and so g(I) is 
known, it is also possible to u.se the ob.served hyperfine-structure interval 
actor, a, to evaluate (l/r^),, [07]. For a noii-s electron, from Eq. (5-53) 
with relativistic corrections, ^ 



1^30 STT^m^c^ j{j + 1) X 
g{l) eW 


(5-61) 


'rhis value of (l/r3)„„ may then be used in evaluation of nuclear quadru- 
pole moments from observed iiuadrupole coupling energies 

nnf placed in a mag- 

etic field, the energy levels undergo a splitting known as the Zeeman 
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effect (cf. Chap. 11 for Zeeman effects on molecules). It is convenient 
to distinguish three cases: (a) a weak magnetic field, where this splitting 
is considerably less than the hyperfine structure, (b) a strong field, where 
the splitting is much larger than the hyperfine structure, and (c) inter¬ 
mediate fields. 

In the weak-field case, the nuclear spin I remains coupled to the elec¬ 
tronic angular momentum J, and their resultant F has 2F + I possible 
values of the component, Mf, along the field direction. Then the energy 
due to magnetic hyperfine structure and interactions with the magnetic 
field is [cf. (11-13)] 


a 


W{F,Mf) = ^ [F{F + 1) - 7(7 4- 1) - J{J + 1] 




- \jini + i) + F{F + i) - j{j + 1 )] 


+ ^ [F{F + 1) + J{J + 1) - 7(7 + 1)] 


MfU 


2F{F + 1) 


(5-62) 


where a is a constant which gives the strength of the magnetic hyperfine 
structure, ix is the nuclear magnetic moment, ixj the atomic (electron spin 
and orbital combined) magnetic moment, and 77 the applied magnetic 
field. 

In a very strong field, 7 and .7 iiiteract more strongly with the field 
than with each other. Then 


= aMjMj - ^ IIMj - ^ IIMj 


(5-63) 


where il7/ and Mj are the quantum numbers for the projection of I and 
J, respectively, on 77. The intermediate field case is generally more 
complicated. For the important special case of J = ^ (e.g,, hydrogen, 
the alkalies, silver, gold, indium, thallium) the energies are given by 
Breit and Rabi [19a] 


W{F,Mf) = 


± 41 ' 

i ^ 


2(2/ + 1) 



21 + 1 


(5-64) 

where ATF = {a/2) {21 + 1) = h Ar, and A.- is the zero-field hyperfine 
structure splitting 

{ — g.j/J + M//7) ^ 


X = 


Air 


Zeeman effects in atoms are often relatively large (several megacycles 
per gauss). It is then possible to measure transitions between Zeeman 
components of several hyperfine levels by varying the applied magnetic 
field until the transitions coincide with a given microwave frequency. 
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When a resonant cavity spectrograph is employed, this possibility is 
especially useful. 

Beringer and Heald [898] obtained an accurate measurement of the 
Zeeman splitting in atomic hydrogen, using a frequency near 9500 Me 
and a variable magnetic field. The hydrogen was dissociated by a dis¬ 
charge just before passing through the cavity resonator. From their 
measurements, and the molecular-beam measurement of the zero field 
hyperfine structure splitting [737a], the electron-spin magnetic moment 
g factor is found to be = -2(1.001148 ± O.OOOOOG). The precision 
of this value was not limited by the microwave spectrum, but by the 
absolute calibration of magnetic fields in terms of proton resonance fre¬ 
quencies. A similar technique has been applied to the atoms O [739a], 
N [932a], and P [9136]. 


6-10. Microwave Studies of Atomic Hyperfine Structure. Since the 
separations between hyperfine-structure levels often lie in the microwave 
range, it is possible to use microwaves to induce transitions between these 
levels. The electric dipole matrix element between these states vanishes 
because they belong to the same electronic configuration. However, the 
magnetic dipole matrix element is not zero and it permits the transition 
to take place. The peak intensity for a transition in which AF = ± 1 
is then given by Eq. (1-50), where in this case /z.y is the appropriate 
matrix element for the magnetic dipole moment of the atom. 


The transitions are most likely to be found in the microwave region 
for an atom in a -S^ ground state, because the largest number of atoms 
would occur in the ground state, and a state has a relatively large 
hyperfine structure. In that case, the matrix elements are ([50], pp 64- 
72), forF=/-hi4-F=/-* 






_ [(/ + iV ~ mj,] 


Mo 




(2/ + 1)'“ 

(/ -f- ^ Wl7?)(/ -f- Wi?) 

2(2/ -H 1)2 


when Athf = 0 


(5-65) 


Mo 


when Athf = ± 1 (5-66) 


where rriF = projection of the total angular momentum, F, on a fixed 

direction 

Mo = the Bohr magneton, he/-hr 7 nc. 

The transitions with Amy = 0 are polarized so that the electric vector 
is perpendicular to the fixed direction and those with Amy = +1 are 
polarized with the electric vector parallel to the fixed direction. 

If the above matrix elements are substituted into (1-50) to obtain 
the absorption coefficient for each component of the transition (Amy = 0, 

Amy = -f-1, or Amy = —1), then Nf/3 in this formula must be inter¬ 
preted as the number of atoms in the ground state of each component. 
In case the atom is in an external magnetic field, each value of my has a 
slightly different energy, and the intensity of individual components is 
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needed. If, however, there is no external magnetic field for one polariza¬ 
tion of the incident radiation, then what is wanted is the average of all 
transitions for which Amp = 0 or Amp = +1. This average, after mul¬ 
tiplication by 3 to obtain the sum of the squares of the dipole matrix 
elements for all three directions of polarization, is 



4/ 


2 / + 1 


Mo 


(5-67) 


Expression (5-67) is the appropriate quantity to iiisert in the customary 
way into (1-50) if Nf is taken to be the fraction of atoms in the state 

F = I -I 

The hyperfine structure of the ground state of cesium was investi¬ 
gated by Roberts, Beers, and Hill [405]. In that case, using the notation 
of Eq. (1-50) and calculating the intensity of the entire transition, 

Nf = 2.5 X 10' * atoms/cm^ corresponding to a pressure of 3 X 10“- 
mm 


T = 500°K 


Aj^ = 1.5 X 10^ cycles/sec (estimated roughly from kinetic theory) 
uo = 9.2 X 10‘^ cycles/sec 

/ = i 


iMiilfv = TUMo 

so that 7,nnx = 3.1 X 10^^ cm“' for an average component. The cesium 
was placed in a microwave resonant cavity which was used to control 
the frecpiency of a klystron oscillator. The cavity was in a variable 
magnetic field so that each component could be brought in turn to the 
resonant frequency of the cavity. As the magnetic field was varied to 
make a component of the line approach the resonant frecjuency of the 
cavity, this resonant frecjnency was slightly changed by the anomalous 
dispersion associated with the cesium resonance, and the consequent 
variation in fretpiency of the controlled os(*illator was detected. 

Few other atoms have been investigated by microwave absorption 
spectroscopy because of the relatively weak absorptions and the difficulty 
of obtaining many materials in atomic form. However, Shimoda and 
Nishikawa [642] obtained a measurement of transitions between hyper¬ 
fine components of Na^^ at 1772 Me. Hyperfine interactions in H [737a], 
N [932a], and P [9136] have been obtained from microwave transitions 


between Zeeman components (see Sec. 5.9). A large number of atoms 
have been investigated by molecular-beam techniciues (see (909a]), which 
are particularly suited for this purpose. 

6-11. Microwave Spectra from Astronomical Sources. Microwave 
radiation due to transitions between the hyperfine components of atomic 
hydrogen in interstellar space was first detected by Ewen and Purcell 
[571] and independently discovered by Muller and Oort [621]. This 
radiation has a wavelength near 21 cm and penetrates the earth s iono- 
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sphere and gas and dust particles in interstellar space rather readily. 
The frequency corresponding to the transition between hyperfine com¬ 
ponents of hydrogen has been measured in the laboratory as 1420.405 Me 
[737a]. Near this frequency, hydrogen gas has a large enough absorption 
coefficient to be opaque for certain directions through our own galaxy, the 
Milky Way. Hence it also radiates an intensity corresponding to a black 
body at about 100°K, which is the effective temperature for the hyperfine 
levels of H in interstellar space. 

In interstellai space, hydrogen atoms occur with a density near 1 
atom/cm3, ^ pressure of less than 10-'" atm. Since a collision between 
atoms is very rare, occurring only once in a number of years, the dominat¬ 
ing souice of broadening is the Doppler effect. The various parts of the 
Milky Way have random velocities as large as about ±10 km/sec with 
respect to each other so that the Doppler effect gives a line-width param¬ 
eter of about or 50 kc, for ;/ = 1420 Me. 

The total amount of power received by an antenna from the radiation 
by interstellar hydrogen is approximately JcT where T is the tempera¬ 
ture 100°K, and A*, the line width of 50 kc. This amounts to slightly less 
than 10 watt but is enough to give a signal which is a few hundred 

times background noise in a carefully constructed radiometer of the type 
described in Chap. 15. 

If the temperature of an object is measured by the intensity of radia¬ 
tion at a given frccpiency, the apparent temperature is given by 



(5-08) 


where To = temperature of the object 
L = thickness of the object 

7 = absorption coefficient at the frequency of measurement 
For an opaque object, T - 7V For less opaque material the apparent 
temperature T of emission is reduced. It must be at least as large as 
about 1 for an emission line to be detectable. Temperature changes 
which are thus small correspond to observation of a gas which is almost 

from'JSs)’ ^ observed temperature is, 


T 


ToyL 


(5-69) 


Now the absorption coefficient 7 for a gas is given by Eq. (1-50) For 
^he ground atomic state of hydrogen, / = 1 and . is approximately Le 

“ rirr'o rather than an 


T = 5 X 10-‘“ ^ 


X 


(5-70) 



148 


MICROWAVE SPECTROSCOPY 


Here v/t^v = 3 X 10^ due to Doppler effect has been used and X is the 
wavelength. For a temperature change as large as 1°C, the number of 
molecules A^L which must be in the path of observation is 

NL = 2X 10'«X (5-71) 

Since the longest dimension of the Milky AVay is approximately 10^^ cm, 
an interstellar gas must have a density as high as about = 2 X 10~^X 
to be detected by microwave emission if the transition involved is due 
to a magnetic dipole moment. Since hydrogen has a density of approxi¬ 
mately 1 atom/cm^ in interstellar space, its radiation is clearly observ¬ 
able. In fact, in this case yL is larger than unity in most directions 
through our galaxy, and the galaxy is opaque at the center of the hydro¬ 
gen line. On the other hand, deuterium would be very difficult to 
observe, since it probably has a density of only 10“^ or 10~‘’ atom/cm^, 
and the transition between hyperfine levels falls at longer wavelengths. 

If the transition is due to an electric dipole moment, then the dipole 
matrix element is approximately 1 debye, which is 100 times larger than 
the matrix element due to a magnetic dipole transition, and the minimum 
observable density of interstellar gas would be approximately 

N = 2 X 10-"X 

A few molecules with dipole moments, such as the radical OH, are 
thought to have densities as high as A = 10“®, and hence their spectra 
may possibly he observ'ed. 

Transitions between several other hyperfine levels in atoms may 
eventually be observed from astronomical ol)jects. The hyperfine struc¬ 
ture of N*'* in several states of ionization may be sufficiently intense for 
observation since the density of nitrogen in interstellar gas is approxi¬ 
mately 10~^ atom/cm^ However, frequencies for the hyperfine struc¬ 
ture of are known experimentally only for the ground state of the 
neutral atom. The hyperfine structure of in high states of ioniza¬ 
tion may possibly also be observed in the sun’s atmosphere. 

The microwave line emitted by interstellar hydrogen has been particu¬ 
larly valuable for astronomy. For example, its observation has shown 
that, in certain directions through our galaxy, there are several strips of 
gas each moving systematically at velocities appropriate to the successive 
arms of a rotating spiral nebula. This seems to give the clearest evidence 
so far available that our galaxy is a spiral nebula. 



CHAPTER 6 


QUADRUPOLE HYPERFINE STRUCTURE IN MOLECULES 


Introduction. In most atoms, the predominant hyperfine struc¬ 
ture is due to interaction between a nuclear magnetic moment and mag¬ 
netic fields of the atomic electrons. Effects of a nuclear quadrupole 
moment are smaller and give small deviations from the expected magnetic 
hyperfine intervals. However, for most molecules in the ground state, 
the magnetic fields due to various electrons almost completely cancel,' 
giving zero or only very small magnetic fields at the nucleus. Electric 
quadrupole effects in molecules may still be sizable, however, and they 
become the dominating source of hyperfine structure. 

Ihe cancellation of magnetic fields in molecules due to electronic 
motions IS simply because the electrons are paired; i.e., for each electron 
VAth an angular momentum and hence magnetic field, there is another 
electron m a similar state but with oppositely directed angular momen¬ 
tum. The net electronic angular momentum for the electrons in the 
ground state of most molecules is indicated by the spectroscopic term 
2o, which signifies that the net electronic spin and orbital angular 
momentum are both zero. It is not surprising that electronic momenta 
are paired off m a molecule if the nature of molecular bonds is considered. 
Generally an atom forms chemical bonds with each of its unpaired 
electrons, each one pairing with an electron from another atom in the 
molecule to give a net zero angular momentum. For the rare molecules 
such as NO. CIO 2 and NOj having an odd number of electrons, a complete 
pairing of electron spins is impossible. These molecules are hence para¬ 
magnetic and have large magnetic hyperfine structures. There are in 
addition a few cases of molecules having an even number of electrons in 
which the chemical bonds are unusual and the electron spins are not 

of this case is 0^, which is in a 
State, having two parallel electron spins 

of molecules, however, magnetic hyper¬ 
reZZtiL molecular spectra are examined Jth high 

The discussion given in the preceding chapter of interaction between 
a nudear electric quadrupole moment and a surrounding charge distribu 
tmn IS of course as valid for a molecular system as for In aSc sTstem 
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since the charge distribution assumed is a general one. Expression 
(5-45), which is 


2 1(21 - \)J{2J - 1) + 1)] (h-1) 

may be applied to the molecular case if J is taken as the angular momen¬ 
tum of the molecule, and gj, given by (5-42), is 



f>jj 


(3 cos^ 6 — 1) j 

--- (It 



where the charge density p applies to all charges in the molecule outside 
of a small sphere around the nucleus considered. It may be seen that the 
integral is just the average value of the second derivative of the potential 
at the nucleus due to all extranuclear charges pjj, taken along the direc¬ 
tion of J, which is fixed in space and labeled zj. The only problem 
peculiar to the molecular case is the particular evaluation of qj, which will 
depend not only on the charge distribution in the molecule, but also on an 
average of the orientation of the molecule with respect to J. For a 
molecule of little symmetry, such as an asymmetric top, evaluation of qj 
in terms of the various molecular axes and rotational quantum numbers 
can be rather tedious. We therefore begin by considering the much sim¬ 
pler and fortunately common case of a linear molecule. 

6-2. Quadrupole Hyperfine Structure in Linear Molecules. In a 
linear molecule, the charge distribution is symmetric around the molecular 
axis, and hence if Zm indicates the direction of the molecular axis, 


^ ^ _ 1 dW 

dyl 2 dzl 

using Laplace’s equation and the equivalence of the x and y directions. 
A transformation of coordinates allows a reexpression of qj. 




COS2 ^rr^J 


dW /3 COS2 dmj - 1 
\ 2 





( 6 - 2 ) 


where dmj is the angle between the molecular axis and J. The quantity 
dW/dz^ is the second derivative of the potential at the nucleus under dis¬ 
cussion along the direction of the molecular axis due to all charges out¬ 
side a small sphere surrounding the nucleus. It is a property of the 
molecule independent of the rotational state of the molecule, and will be 
designated as g„ or simply q in analogy to qj which is a similar quantity 
referred to the direction of J, and hence dependent on the rotational 

state. 
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In order to evaluate [(3 cos^ - l)/2],v we must use the molecular 
wave functions which have already been given in Chap. 1 as 

^ 47p^2i/) ! 

then 


3 cos^ Bmj — 



av 


2J + 1 
47r(2J)! 
-J 

2./ + 3 



27r 


0 


\iyj( (3 C0S2 0 

[Piicos 0)]2 - — 


— sin B dB d4> 


(6-3) 


If J becomes very large, this result approaches the classical expectation 
that [(3 cos^ Bmj — l)/2]«v = —since classically the molecular axis 
should be perpendicular to the angular momentum and cos Brrxj = 0. 
Hence from (6-1), (6-2), and (6-3), the quadrupole energy is 


11^0=- 


cqmQ 


2/(27 -”T)(2/ - l)(2jq^3) + 1)] 


(6-4) 


where C = F{F + 1) - /(/ + 1 ) _ y(./ + ij. p ^^e quantum num- 
her for the total angular momentum, which takes on the values I + J 

^ “ 1, . . . , — J|. ’ 

Ihe expression (6-4) gives the quadrupole energy for a single nucleus 
in a linear molecule in terms of the molecular constant the nuclear 
constant Q, and angular momentum quantum numbers I J F It 
might be written W = -eq^Qf(I,J,F), where eq„Q or simply eqQ is 
called the quadrupole coupling constant and f{I,J,F) might be called 
Casimir’s function since it comes rather directly from theory developed 
by Casimir. This function is given in Appendix I for all values of I 
up to Y (excluding 0 and for which Q is necessarily zero) and for 
values of J up to 10. It may be noted that, when F has its maximum or 
minimum values, corresponding to I and J parallel or antiparallel 
respectively, Casimir’s function is positive, whereas for intermediate 
valiies of F, the function is negative. This behavior corresponds roughly 
to the classically expected variation of 3 cos^ Bjj — 1. 

From Appendix I and a knowledge of the quadrupole coupling con¬ 
stant eqQ the hyperfine energy levels can be easily determined The 
constant eqQ may have an extremely wide range of values, but a repre¬ 
sentative value would be 100 Me. To predict the hyperfine structure 
of a molecular transition, we need in addition some information about the 
selection rules and intensities. Selection rules for hyperfine structure 
aie exactly the same as for fine structure assuming either type of inter- 
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action is very small compared with the separation between major energy 
levels. Thus if a microwave tends to change the angular momentum J 
of rotation of a molecule without acting on the nuclear spin /, this is an 
exact parallel to a light wave changing the orbital momentum L of 
electrons in an atom without acting on the electron spins S. The selec¬ 
tion rules of Chap. 5 for fine structure then become for hyperfine structure 

AJ = 0, ± 1 AF ^ 0, ±l AI = 0 (6-5) 

Relative intensities for the different possibilities are given by appropriate 
substitution of quantum numbers in expression (5-17) and (5-18). 


For transitions ./<—,/ — 1: 

^ ^ . /i(J 4- /^ + / -h l)(J + F + I){J -h F - DU + F - I ~\) 


F^F\ - 


BU + F I !)(./ + F - DU - F + \)U - F - I - \){2F -f- 1) 

F{F + 1) 


F -h 1: 


BU - F DiJ - F -h I - DU - F - I - \)U - F - I - 2) 


F -h 1 


(6-6a) 


For transitions J 


F *-F - 1: - 


F ^F\ 


F ^F - 


AU +/'’ + / + DU A-F - DU -/'* + / + DU - F - /) 

F 

A\JU + 1) + F{F + 1) - f(f + D]H2F + 1) 

F(F + I) 

AU A-F + r A- 2)U +/'’-/ + 1 )(./ - F + DU - F - ! - D 


F + 1 


( 6 - 66 ) 


Since the probability of exciting a transition between two states is inde¬ 
pendent of the direction of the transition, relative intensities for the 
components of the transition J — 1 J may be obtained simply by 
reversing all arrows in the first group of three equations. 

Appendix I gives relative intensities of the various possible hyperfine 
component transitions for low values of J and I up to Values given 
in this appendix are simply calculated from the formulas above, ^^ith 
their absolute values adjusted so that the sum of all hyperfine components 
of a particular J transition is unity. This is convenient because the 
sum of the intensities of hyperfine components of a transition should just 
equal the intensity of the transition if it had not been split. 
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Only very rarely is the hyperfine 
J greater than 10 of interest, since it 
is usually not prominent enough 
to be observed. For such large 
values of J, the more intense com¬ 
ponents of the hyperfine structure 
are always those f or which F changes 
in the same way as J (AF = A./), 
and for these the hyperfine splitting 
is very small. Relative intensities 
of these components of a transition 
involving large J are approximately 
proportional to the statistical 
weights 2F + 1 or, therefore, to F. 
For each of the weaker components, 
when J is larger than 10 the inten¬ 
sity is a small fraction of that of the 
entire transition. This fraction is 
given within a factor of about 2 by 
the following expressions: 

When J + 1 <—Jj F *.— F, frac¬ 
tion of intensity « 1 / 2 J 2 
J + 1^J, F— 1<— F, 
fraction of intensity 
« 1/10J4 

J 4—F ±1 ^F, fraction 
of intensity « 1 / 2 /^ 
Changes in quadrupolar energies 
may be similarly approximated for 
large J. For the stronger com¬ 
ponents of the transition where 
AF = AJ, the change in quadrupole 
energy is a small fraction of the 
quadrupole coupling constant, being 
in almost all cases smaller in size 
than eqQ/4J^, For the other, very 
much weaker, components, the 
change in energy is larger and can 
be approximated by 
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structure of rotational lines involving 



Fig. 6-1. Quadrupole hyperfine struc¬ 
ture in the y = 2 ^ 1 transition of 

due to S”, showing the different 
patterns expected theoretically for vari¬ 
ous assumed values of the 8^3 spin. It 
is clear that the pattern for spin -§■ agrees 
well with the observed spectrum, and 
that other values of spin do not agree. 
For this case eqQ -29.2 Me. 


AWq{AF = AJ ± 1) = ip ~ ± IWQ , , eqQ 

^ 8/(2/ - 1) terms of order 

^ calculation of quadru- 

P yperfine structure such as is shown in Fig. 6-1. In this figure the 
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observed hyperfine structure in jg compared Avith theoretically 

expected patterns assuming various values of the spin. OCS is a 
linear molecule, and both and are known to have zero spins, and 
so produce no hyperfine structure. The quadrupole coupling constant 
assumed for in OCS is chosen so that the computed hyperfine patterns 
will agree as closely as possible with the observed spectrum. It is evi¬ 
dent that the observed structure agrees very well with the theory if the 
spin is assumed to be f, whereas there is clear disagreement with the 
other calculated spectra. Thus a comparison of this type allows a 
determination of the 8^^ nuclear spin, its quadrupole coupling in OCS, and 
in addition the values of ./ involved in the transition, since both J and I 
determine the exact structure observed. 

6-3. Quadrupole Hyperfine Structure in Symmetric Tops. For mole¬ 
cules which are not linear, the general theory of quadrupole coupling is 
unchanged, but the (piantity qj must he reevaluated. For the case of a 
nucleus on the axis of a symmetric top, this (|uantity is still rather simple 
in form. Because of the symmetry qj may again be written, as in (6-2), 


_ dW /3 cos- dmj — A 

^ V 2 A. 

where the direction Zm is as before along the molecular axis. For a 
symmetric top [(3 cos^ O^j — l)/2]„v has a somewhat different form, 
however. 


/3 COS^ SmJ 
\ 2 




* 


3 cos^ d„iJ — 

Y 

3/C2 


- -^ ^J,K,M=J 


dr 


\_d{J + 1 ) 


- 1 


J 


+ 3 



where is a symmetric-top wave function such as is given in 

Chap. 3. For J and K large, it can be seen that (6-7) gives the classically 
expected behavior, for then the cosine of the angle betwe en ./ and the 
molecular axis (cos Bmj) is easily shown to be K/J or + 1) by 

use of the vector model. 

The nuclear quadrupole energy for a nucleus on the axis of a symmetric 
top is, using (6-1), (6-2), and (6-7), 



eqQ 




./(./ + 1) 


1 


2/(2/ - 1)(2./ - 1)(2./ -I- 3) 


[^C{C + 1 ) - /(/ + i)J{J + 


1 )] 

( 6 - 8 ) 


where g, or q^, is the second derivative of the potential (excluding charges 
in a small sphere around the nucleu.s) along the direction of the molecular 
axis [143], [145]. This expression is identical with that for a linear 
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molecule except for a factor 1 — ^K‘^/J{J + 1). The linear molecule 
is of course a special case of the symmetric top {K = 0). Appendix I 
may be used for the quadrupole energy levels of a symmetric top if 
energy values are multiplied by the factor 1 — + 1). Relative 

intensities of hyperfine components, which are also given by Appendix 

I, apply to this case. 

It should be noted that, in deriving (6-8), the electric field was assumed 
to be symmetric about the molecular axis {dW/dxl^ = dW/dyl^ on the 
axis). This will be true in all cases for a nucleus on the axis of a sym¬ 
metric top, since to make the moments of inertia about Xm and ym exactly 
equal, a symmetric arrangement of atoms is required. However, there 
may occur very rare cases of ** accidentally ” nearly symmetric tops for 
which this condition is not fulfilled, and the quadrupole levels must be 
described by the somewhat more complex theory developed in the latter 
part of this chapter for asymmetric molecules rather than by (6-8). If 
the nucleus is in a symmetric top, but not on the axis, then there is 
always present the complication of other like nuclei with quadrupole 
coupling, which will be treated later in this chapter. 

The hyperfine structure of a symmetric rotor transition J + \ 
is usually more complex than that for a linear molecule because such a 
transition involves a number of different K values, each with its own 
hyperfine structure. An example is the structure of the J = 2 4 - 1 
transition of CH3I, shown in Fig. 6-2. Iodine has a spin of ^ and a 
rather large quadrupole coupling constant, whereas C and H have spins 
of 0 and respectively, and hence give no quadrupole effects. 

6-4. Second-order Quadrupole Effects. The quadrupole hyperfine 
structure has so far been considered small by comparison with the fre¬ 
quency of the rotational transition. The quantity [(3 cos^ — l)/2]*v 
has been calculated, for example, in (6-3) and (6-7) with so-called firs^ 
order perturbation theory, or by using rotational wave functions which 
are assumed to be unchanged by the existence of quadrupole effects. If 
the quadrupole coupling is not small compared with the rotational fre¬ 
quencies, however, the molecular rotational wave functions will be 

modified and the energies for quadrupole effects given above will not be 
exactly correct. 

A strong quadrupole interaction produces some exchange of angular 
momentum between the nucleus and the molecule; so the state of the 
rotating molecule can no longer be accurately specified by a fixed angular 
momentum J. Allowing for quadrupole interactions which are not 
small the state of the molecule can only approximately be described by 

J, and the wave functions and quadrupole energy must be calculated 
from second-order perturbation theory. However, the total angular 
momentum F and its projection on a fixed axis M,. are quantized and 
cannot be changed by interactions within the molecule. 
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For a general symmetric top the energy given by second-order pertur- 
bation theory is of the form 


Wo = 


= {IJKFM,\H^\L/KFMr) + Y [ (^■^KFM,\H^\IJ'K'FM,)\ ^ 

^4 - IF.:;; (6-9) 

wheie Hq is the part of the Hamiltonian which represents the qnadrupole 
energy. Itisgiven by -^Q ;VE, asdiscu.s.sed in Chap. 5. The quantities 


>S 

c 


CH3I 

theoretfcol 


iL . 


CH3I 

observed 



29,700 29,800 29,900 30,000 30,10 0 30.200 30,300 30,400 30,500 

Frequency In megocycles 

Fio. 6-2. Hyporfine structure in the = 2 <— 1 transition of the symnietric rotor 
CH 3 I due to the nuclear quadrupole moment of The experimentally observed 

pattern may be seen to agree well with the theoretical pattern, which assumes a quad¬ 
rupole coupling constant of —1934 Me and a spin of f. (From Gordy, Smith, and 
Simmons [205].) 


(IJKFMfIHqIIJ'K^FMf) are matrix elements of Hq for the symmetric- 
rotor wave functions specified by the quantum numbers /, J, K, F, Mf 
and 7, J\ K\ F^ Mp. The quantum numbers 7, F, and Mf are not 
summed over since they are unaffected by the perturbation, or in other 
words the matrix of Hq is diagonal in 7, F, and Mf. The first term 
of (6-9) is just the previously calculated first-order quadrupole energy 
(6-8) which gives quite accurately the entire quadrupole energy when 
WjK — Wj’K’ is much larger than eqQ. The only matrix elements in 
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the sum of (6-9) which are not identically zero are those for which 
K' = K and either J ± 1 or = J ± 2 . They are [253] 


== + D - /(/ + 1) - 7(7 + 2)| 

8/(2/ - \)J(J 4-2) 


X 


I (2 


2)(J -\-F- / 4- i)x(/4-/^-y)(/4-/-F4-l) 


(2J 4- 1){2J 4- 3) 


1 


{I,J,K,F,Afi.\HQ\l,J 4- 2,K,F,Mf) = 


'MqQ 


X 


16/(2/ - l)(2y 4- 3) 


{[' (./ + uO (./ + 2)^] ^ + 2) 


X(I +J - F + 2)U +J-F + \)(J + F ~ I + 2) 

X (■/ + F - / + !)(/ +/- - J)( / + j _ 1)) 1 


(27 + l)(2J + 5) 




( 6 - 10 ) 


From the matrix elements ( 6 - 10 ) and expression ( 6 - 9 ) the modifications 
m the quadrupole energy due to second-order perturbations may be 
taken into account. They are usually rather small, for they are less 
than first-order energies ( 6 - 8 ) by a factor usually somewhat smaller than 

eqQ/{WjK - Wj-K') « eqQ/v, where is the frequency of the observed 
rotational transition. Usually eqQ is a few hundred megacycles while 

i- IS a few ten thousands of megacycles. However, in some cases such 

as a larp molecule with the atoms I or Hg in it, eqQ/. may not be small- 

m fact It may possibly be so large that a still better approximation than 

that given by (6-9) will be needed in order to fit the experimentally 
measured hyperfine structure. 

A linear molecule in the ground vibrational state is of course a special 
case of a symmetric top for which K equals zero. When K = Q the 
matrix element given by ( 6 - 10 ) which connects J and J -|- 1 is zero’ and 
the matnx element connecting 7 and 7 -f 2 simplifies somewhat. If the 
linear molecule is excited in a degenerate vibrational mode so that there 
IS an angular momentum |11 around the axis of the molecule, then as 
seen in (.hap. 2 , its rotational wave functions are similar to those for a 

The molecule ICN is a case where eqQ/. is as large as is normallv 
encountered. For eqQ = -2420 Me, and the traifsition J = 4 3 

coupling of -3.7 Me which is so small that, unless the soectnim 
ob,served under very high resolution, the quadrupole effects due to N 
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may be neglected. The effect of second-order corrections on the observed 
spectrum for the ground vibrational state is indicated in Table 6-1, which 
gives the first-order and second-order energies due to the quadrupole 
coupling. It should be noted that the transitions F = ^ and 
^ = I t should, according to the usually first-order theory of quad¬ 
rupole effects, exactly coincide. Second-order effects split these two 
lines by 6.32 Ale. Actual measurements of the hyperfine structure of the 
'/ = 4 3 transition in ICN agree very well with the predicted com¬ 

bined first- and second-order effects. 

Table 0-1. (Juadrubole Splitting of the / = 4 <—3 Transition of ICN 

IN THE Crouni) Vibrational State 

Without quadrupole ofTocts, the transition would occur at 25,804 Me. The fre- 
(|uency contributions to the various po.ssible hyperfine transitions due to an I quad¬ 
rupole coupling of —2120 Me are listed. F' represents the initial value of F associ¬ 
ated with a J of 3, and F is the final value. 


Transition 

Quadrupole coupling contribution, Me 

F ^ 

-F' 





First order 

Second order 


1 1 

18.33 

0.55 

V ^ 

1 1 

_ -5-- 

-410.05 

0. 10 


9 

2 

33.02 

0.49 

n n 

'2 '£ 

- 18.84 

4.52 



i - 18.84 

-1 80 


7 1 

~ 2 ! 

, 150.87 

-0.83 

i- 

— 

2 

- 74.08 

-0.49 

f ^ 

.5 

'2 

180.01 

-0.83 


3 

“ 2 

- 03.32 

0.05 


3 

2 

1 

105.05 

-0 00 

I- 

1 

2 

- 51.84 

0.37 


Transitions of ICN molecules in the first excited bending mode are 
split by /-type doubling, and each of the two /-type doublets is further 
split by the I quadrupole effects. First- and second-order quadrupole 
effects for these doublets are listed in Table 6-2. In this case |/| = b 
and the value of the corresponding quantum number K for the angular 
momentum around the symmetry axis is set equal to 1 in calculating 

second-order effects from the expressions (6-10). 

The second-order effects of (luadrupole coupling on the hyperfine struc¬ 
ture as given in Tables 6-1 and 6-2 are not large, even though the quad¬ 
rupole coupling constant for P-^ in ICN is a rather large one. If the 
quadrupole coupling constant had been ten times smaller, or about 240 
Me, the second-order effects on freiiuency would have been 100 times 
smaller, since they depend on {eqQY^ and would then be detectable only 
by very accurate microwave frequency measurements. 
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In addition to changing the frequencies of hyperfine components, 
second-order quadrupole effects may affect their intensities. The quad- 
rupole coupling modifies the molecular rotational wave functions, adding 
to the wave function of rotational quantum number J a small component 
of the wave functions for T ± 1 (if K 9 ^ 0) and J ± 2. Because of this 
modification of the wave function, the matrix elements for the transitions 
and hence the intensities are slightly changed. This change is usually 
too small to be of significance for the normal transitions unless extremely 
accurate intensity measurements are made. More noticeable and impor¬ 
tant, however, is that the selection rules are modified to allow the occur¬ 
rence of new transitions. Thus since a small component of the wave 
function for J + 2 is mixed with the wave function for J, a weak transi- 


Table 6-2. Quadrupole Splitting of the J = 4 <— 3 Transition of ICN 
IN THE First Excited Bending Mode, for Which [/] = 1 
Notation is as in Tabic 6-1. /-type doubling is not included in this table but pro 
duces two sets of hyperfine components separated by the /-type doubling. 


Transition 
F ^F' 


I 3 

T' 

II 

'IT 

0 

•r 

? 

IT 

5 


1 1 
■jT 
0 
T 

7 

5 

3 

I? 


Quadrupole coupling contribution, Me 


P'irst order 


54.08 

22.18 

21.90 

47.08 

34.40 


Second order 


1.61 

-0.72 

0.28 

- 0.20 

-0.45 


tion from this modified wave function to a J -f- 3 state may occur. If 
the modified wave function is still identified (approximately) by the 
quantum number J, this effect would allow weak transitions correspond¬ 
ing to A/ = +3. Similarly, when K is not equal to zero and the quad¬ 
rupole coupling is large, weak transitions corresponding to A./ = ±2 may 
be expected. These types of transitions have not yet been observed but 
could probably be found in the case of molecules with quadrupole cou¬ 
plings as large as is found in ICN. Their intensities may be calculated 

by evaluating the amounts of perturbation of the wave functions using 
the matrix elements given by (G-10). 

6-6. Asymmetric Tops. In principle, evaluation of nuclear quadrupole 

effects in asymmetric rotors is straightforward. Expression (6-1) gives 

the energy, which is of the .same form as for symmetric molecules and 

9 ., the average second derivative of the potential along the direction of 
the angular momentum, is 



( 6 - 11 ) 
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where \pj^ is an asymmetric-rotor wave function. Evaluation of 

the integral in (6-11), however, is considerably more complex than evalu¬ 
ating the similar expression for symmetric rotors. We shall follow the 
method of Bragg [258]. 

For an evaluation of (6-11), we shall express dW/dzj in terms of the 
second derivatives of the potetitial along the principal axes of inertia 
-Tm, ?/m, and of the molecule and the direction cosines a between this 
set of axes and Zj which is fixed in space. 


dW 

dzj 



( 6 - 12 ) 


By an argument similar to that used to prove certain matrix elements 
of the dipole moment are zero (page 63), the integrals of the form 





dW 


dXtn 



(6-13) 


may be shown to be zero. Because wave functions are either symmetric 
or antisymmetric with respect to a rotation around the principal axes, 
is unchanged as a result of a 180° rotation about the axis Xm- How¬ 
ever, is reversed in sign since the ijm direction has been reversed. 
Hence the integrand of (6-13) undergoes a reversal of sign due to this 
rotation and must be zero. Expression (6-11) becomes, therefore, 


where 



(6-14) 

(6-15) 


Matrix elements of the direction cosines have already been discussed 
and the line strengths derived from their squares are tabu¬ 

lated in Appendix V. Matrix elements of the squares of direction cosines 
such as (6-15) ma}' be obtained by squaring the direction cosine matrices. 
Some manipulation (c/. [258]) shows that (az^„)av may hence be expressed 
in terms of the quantities tabulated in Appendix V as follows: 



2J 

{2.1 -f 1)(2./ -b 3) 


2 




(6-16) 


where x or x^ may refer to the direction of any one of the three principal 
axes a, b, or c. This gives 
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2J 

{2J + \){2J + 3) 


K'.xK\ 



dW 

dh‘^ 




JK_xK,JK'_iK\ 



dW ^ 

_ c C 


(6-17) 


where second derivatives of the potential along the three principal axes 
of inertia are indicated by d‘^V/da\ dW/db^, and dW/dc\ This poten¬ 
tial as before (page 135) is due to all charges outside a small sphere 
around the nucleus. The quantities S in (6-17) are tabulated in Appen¬ 
dix V for values of the asymmetry parameter k = — 1.0, —0.5, 0, 0.5, and 
1.0 only. Interpolation must be used for other values of x. 

Another form in which qj may be expressed is [352] 


Qj = 


_ 1 aw 

(J -[- 1)(2./ + 3) da^ 


+ 


*/(•/ + 1) + E(k) — (k + 1) 
2 an" dE{K) 


dE(K) 

dK 


+ 


1 


(J + 1)(2J + 3) db^ 

aw 


aK 


(J + \){2J + 3) ac2 


«/(*/ + 1) — E(k) + (k — 1 ) 


aE(K) 

aK 


(6-18) 


where E{k) is the energy parameter for an asymmetric rotor of asymmetry 
K as defined in (4-10). In (6-18) Ej^_^^^(k) appropriate to the particular 
state for which qj is being evaluated is of course used. E(k) and aE(K)/aK 
may be obtained from Appendix IV. Although interpolation must still 
be used to evaluate E{k) and dE(K)/aK, the tabulation in Appendix IV 
uses smaller steps of k than does Appendix V, so that more accuracy may 
often be obtained from (6-18) than from (6-17). 

Expression (6-18) is also very useful if qj must be evaluated for states 
not tabulated in Appendices IV or V (./ > 12), since all the approximate 
methods discussed in Chap. 4 for evaluating E{k) for large J are available. 
[See [352] for expres.sion of (6-18) in terms of approximations for E{k).] 

If better accuracy is needed than can be obtained by interpolation, the 

integral in (6-11) may be evaluated by expanding the wave function as a 

sum of symmetric-top functions as in (4-18). This leads to the exnres- 
sion [258] 


{J + 1){2J -h 3) Z *^(^ + 1)^ 

K 

- (6-19) 

where/'(y,n) = \{.P - n^)[{J + 1)2 _ (g. 20 ) 

qm = dW/dzl is the second derivative of the potential along 
the principal axis which most nearly represents a sym¬ 
metry axis of the moment of inertia ellipsoid 

, = d^V/dxl - dW/dyl 

qm 


( 6 - 21 ) 
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If the molecule is considered an oblate top, Zm is the c axis, and and ym 
must be taken as the a and b axes, respectively. If it is prolate, Zm is the 
a axis, .r,^ the b axis, and ijm the c axis. 

Expression (6-19) can give qj exactly, but only after evaluation of the 
djK^, which is troublesome. For small values of the asymmetry param¬ 
eter h [for definition of b, see (4-2) and (4-3)] qj can be satisfactorily 
obtained for various values of K from the expressions below. Terms of 
order b^ or higher are omitted.* 

For K = 0: 


= 1/ + 1 ^2./ + 3 ) ' ( 6 - 22 a) 

For /<' = !: 


<]j = 


m 


(./ + 1)(2./ + 3) 


js - J{J + 1) + ^ ./(./ + 1) + (W - 




(6-226) 


For 7C = 2: 


Qm 

“ (7+ 1 )( 2 ./ + 3) 

For K = 3: 


12 - JiJ + 1 ) + - hv) 

\!V^ _ A-Ti) 

6 2 2 


(6-22c) 


(IJ = 


7n 


(,/ + 1)(2,/ + 3) 

/'(:/,4) _ /'(■/, 2 ) 

8 4 


27 - ./(./ + 1) + - bv) 


+ tIJ'(./,2)./(./ + 1)6^7/ ( 6 - 22 rf) 


For K > 3 : 


<lj = 


m 


(J + 1)(2/ + 3) 


3 A :2 _ J(./ + 1 ) + - hr,) 


/'(./,A' + 1) /'(./,A - 1) 


2(A + 1) 


2(A - 1) _ 


(6-22e) 


where/'(.7,n) = l(.P - n'‘)[(J + 1)' - «=] 

The upper signs apply to the upper-energy level of a A-type doublet 
for a prolate rotor or the lower doublet of an oblate rotor. The lower 
signs apply to the lower-energy level of a doublet for a prolate rotor, or 
the upper doublet of an oblate rotor. Since quadrupole effects are not 

* Expressions (6-22) were first given by G. Knight and B. T. Feld [379] but have 
been corrected by J. Kraitchman and A. Javan. 
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usually measured to high fractional accuracy, the approximate expres¬ 
sions (6-22) (neglecting terms in and higher) are satisfactory in many 
cases, and when b is small they are more accurate than expressions (6-17) 
or (6-18) with interpolation. 

There can be no asymmetry in VE about the axis for a nucleus on the 
axis of a real symmetric top. Nuclei off the axis of a symmetric top 
always occur as three or more equivalent nuclei, for the sum of which 
the asymmetry of the field, or of VE, cancels out. However, for a mole¬ 
cule which is accidentally very close to symmetric, an asymmetry of the 
electric field about the axis can give a sizable contribution to the quad- 
mpole energy when K = 1. This shows up as the terms ±q„.Jr]/2J + 3 
in Eq. (6-22). In the ca.se of H2C=CHC1, for example, where the asym¬ 
metry b = —0.006, hyperfine structure of transitions between levels with 


K = 1 can be fitted rather well by omitting all terms involving b, but 
these terms dependent on the asymmetry of the field ri must be kept. 
When K 9^ I, an asymmetry of the field affects the quadrupole energy 
only if at the same time the molecule is asymmetric (b 9 ^ 0). 

Hyperfine structure in an a.symmetric rotor must be fitted by the two 

parameters dW/dzl and dW/dxl - dW/dyl, or q„, and r, instead of the 

one parameter </„, which is needed for symmetric tojis. However, in 

many cases these two parameters can to a very good approximation be 

expressed in terms of a single property of the electric field, d^V/dzl, the 

second derivative of the electrostatic potential along the direction of 

the chemical bond which binds the nucleus in (piestion to the molecule. 

This IS because the electrostatic fields are in many cases almost symmetric 
about the bond axis. 


A clear example of this is the field at the Cl nucleus in the asymmetric 

varieties of methyl chloride. For CHjCl, VE at the chlorine nucleus is 

symmetric about the C—Cl axis because of the threefold-symmetry axis 

of the molecule. In CH^DCl, VE must still be symmetrical about the 

C—Cl axis, but the molecule has become an asymmetric top, and no 

principal axis coincides with the C—Cl bond. In such case the various 

second derivatives of the potential along principal axes may be readilv 
obtained. 


dW dW - 1 

2 

dW d^V - 1 

dxl dzl 2 (6-23a) 

^ ^ - 1 

dyl dzl 2 

where etc., rcpre.sent the cosines of angles between the various axes 
1 lore generally, if the second derivatives of the potential with respect 
to one „t Ctesian coordinates a., a„ a. are k,L,„, those along any 
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other set of axes x[, X 2 , 0:3 may be obtained from the relations 


dW 
dx[ dxj 



dW 


ax',xt«x',z 


dXk dx 


(6-236) 


Here ax',!,, represents the cosine of the angle between the two axes and x*. 

Very frequently, the electric field at a nucleus is to good accuracy 
symmetric about a bond, as in the case of CH 2 DCI above. In CH 2 CI 2 
it has been shown by Myers and Gwinn [732] that expressions (6-23) 
give the correct values for and 77 to within the experimental accuracy 
of 1 per cent of d-V/dzl. On the other hand, in cases where double 
bonds are involved, the fields may not be at all symmetric about the 
bond (see Chap. 9). IHC—CIICl is a molecule in which apparently the 
double-bond character of the C—Cl bond is sufficient to make the field 
appreciably as 3 '^mmetric. 

The quadrupole energy so far discussed for asymmetric rotors has 
been of the first-order type. As in s^'mmetric rotors, the quadrupole 
energy is sometimes large enough compared with the separation between 
rotational energy levels that second-order perturbations are important. 
Corresponding to Iki. {(>-9), the (iiuidrupole energy is then 


, ^ ..on 

I y Tir irr 

J'K'^xK'i 


K' _\K.' I 


where W is the rotational energy. The cpiantities in brackets are 
the matrix elements of the Hamilton for the (luadrupole interaction Hq, 
the first term being the first-order energy which has been discussed 
above. The sum is, of course, over all rotational states except the 

unperturbed state Jk-iKi- 

It can be shown that all matrix elements involved in the sum of (6-24) 
are zero except those for which ,/' = 7 ± 1 or J' — J ± 2. These 
matrix elements have been discusssed by Bragg [258] but have not yet 
been evaluated in detail. In cases of near degeneracy where two asym¬ 
metric-top levels of appropriate symmetry lie close together, second-order 
quadrupole effects will, however, be of some importance. 

6 - 6 . Hyperfine Structure from Two or More Nuclei in the Same 
Molecule. A molecule may contain more than one nucleus which pro¬ 
duces an observable hyperfine structure in its spectrum. Ihis almost 
always occurs when more than one nucleus in the molecule has a spin 
greater than ^ and hence is coupled by its quadrupole moment to the 
rotational motion of the molecule. In such cases the quadrupole energies 
are no longer given by expressions like ( 6 - 8 ), since the interaction between 
one nucleus and the molecule will affect the interaction between t e 
second nucleus and the molecule, and vice versa. We shall consider rs 
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the case of two such nuclei, which is the one of most importance. The 
treatment follows that of Bardeen and Townes [252]. 

If nucleus 1 is coupled to the molecule much more strongly than 
nucleus 2, the system can be fairly well described by the vector model. 
In that case, the spin I of nucleus 1 adds vectorially to the molecular 
angular momentum J to form a resultant F, which is quantized with the 
possible values J + /i, ./ + /i - 1, . . . , ~ /i|. The spin I 2 of 

the second, more weakly coupled nucleus then adds vectorially to Fi 
to form the total angular momentum F which may have the values 

+ /2, + /2 — 1, . . . , |Fi — /2I. The two angular momenta Ii 

and J may be regarded as precessing around the vector Fi with a preces- 
sional frequency approximately equal to the energy difference between 
Fi and F 1 + 1 divided by h. Similarly the vectors I 2 and Fi process 
about the vector F, which is fixed in space. If the first nucleus is coupled 
to the molecule much more strongly than the second nucleus, then Ii 
processes so much more rapidly than I 2 that Fi and I 2 may be thought 
of as stationary during a complete cycle of the motion of Ij and J; hence 
the interaction between I 2 and J is averaged over this motion. If the 
interaction between I 2 and J is proportional to the cosine of the angle 
between them, then the vector model allows a rather simple and accurate 
calculation of this interaction energy, as will be seen from the discussion 
of magnetic hyperfine structure in Chap. 8. However, if the interaction 
is proportional to the square of the cosine between I 2 and J as is the 
quadrupole interaction, a calculation from more rigorous quantum 
mechanics must be used. In addition, if the coupling of nucleus 1 and 
nucleus 2 is not widely different, then averaging over the precession 
of nucleus 1 is no longer a good approximation, and the vector model 

must be abandoned for a more sophisticated treatment such as that 
below. 

First consider wave functions which are formed by combining the 
vectors J and Ii to produce Fi, and then combining Fj and I 2 to produce 
F, and let wave functions of this type be represented by iAi(Fi,F). The 
Hamiltonian for the two nuclear interactions may be written 

H = //'i(Ii,J) + 7 / 2 ( 12 , 1 ) (6-25) 

The energy due to T/i can be readily evaluated for wave functions of the 
type lAi- In the case of quadrupole interactions this energy is obtained 
simply by letting Fi take the place of F in expression (6-9). (Here 
second-order quadrupole interaction will be neglected, so that J is a good 
quantum number.) There will be a number of wave functions ^Pl{F^,F) 
having the same F but different Fj and hence different energies associated 
with the interaction IIi. There may also be several wave functions of 
the same F 1 and different F, which will have the same energy if is 
negligibly small. This degeneracy is removed if is appreciable, but 
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the energy associated with H 2 is not immediately calculable, since the 
wave function i/'i is not an eigenfunction of 

Consider next wave functions formed by combining first the vectors 
I 2 and J to make the \'ector which will be designated F 2 , then combining 
F 2 and Ii to make the total angular momentum F. These are eigen¬ 
functions of II 2 and may be designated ^ 2 (^ 2 ,^). The number of differ¬ 
ent wave functions with the same F will be the same as before, and the 
two sets of wave functions are linearly related. Their relation may be 
written 

^P,{FuF) = J c{F„F,)MF2,F) (6-2G) 

F 2 

'Idle matrix c{Fi,F 2 ) is unitary, and the phases of the wave functions 
may be chosen so that these coefficients are all real. Hence the reverse 
transformation is 

MF2,F) = J c{FuF2)^x{FuF) (6-27) 

Fi 

In case both interactions, II\ and II 2 , are appreciable, the eigenfunc¬ 
tions are not given by either ^p\{F\,F) or ^' 2 (^ 2 ./^) but by appropriate 
linear combinations of either set. Let the correct wave function he 
given by the general expansion 

xP{F) = ^ a{FMx{FuF) (6-28) 

Fx 


'Idle Hamiltonian e(iuation Ilxf/ = IT^ becomes 
2 lix{liJ)a{FO<f'x{Fx,F) 4- ^ //2(l2j)«(/'’.) 2 c(Fx,F2)x}^2(F,,F) 


Fi 


= W 2 a{FMx(Fx,F) (6-29) 


F 


in which use has been made of (6-25). 
and i /'2 of H 2 , or 

IF{Iu])UFuF) = 

Il2{l2j)MF.,F) = 


Now \pi is an eigenfunction of II\ 


^V,{F,)yPx{FuF) 

^\\{F2)^2{F2,F) 


(6-30) 


llsing these relations and replacing 1/^2 by (6-27), Efp (6-29) becomes 


J {[A(F.,F0 + W{F,) - KX/^i) 




-F ^ A{FxrMF\))'l'x(Fx.F) = 0 (6-31) 

FiVFi 


A{FuF\) = ^c{F,,F2)c{F\,FAW,(F,) 


where 


( 6 - 32 ) 
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Since all the are orthogonal, (6-31) may be written as a group of 
homogeneous equations of the form 

{A{F,,F) + W{F,) - W]a{F,) + ^ A{F,,F\)a{F\) = 0 (6-33) 

for each value of F i which, when added to gives the same value F 
for the total angular momentum. In order for these eciuations to have a 
solution, the determinant of their coefficients must be zero. A solution 
of this secular determinant gives the possible values of the energy 17, 
If the interaction H 2 is much smaller than H\ and there is no degeneracy 
in (7i, then the energy values are given to the first order in by 

17 = 17(^’0 + A{F,,F,) 
or 

w = W(F0 -I- 2 lc(FuF,)p]VAF,) (6-34) 

Pi 

This IS the case when the eigeiifunetioiis ^AF^F) are essentially correct. 
Then the energy is given by the sum of the energy W{FA and the various 
possible energies WAF 2 ) weighted by the probability [c{F,,F 2 )Y of find¬ 
ing 4 ' 2 iF 2 ,F) in the transformation (6-26) of the wave function i^AF^,F). 

The quantities ciFuF^) are given in terms of h, 1 2 , Ji, F,, F 2 , and F 
by fables 6-3, 6-4, and 6-5. Table 6-3 gives these coefficients for an 
arbitrary J, FF 2 , and F when h = and Tables 6-4 and 6-5 give 
them when I 2 = 1 and f, respectively. 


Table 6-3. Transkokmation Coefficients 

c{FuF2) for /, = 1, V ^ j ^ ^ 1 


/'*2 

F, =F - i 

F,=F+^ 

1 

7 _ i 


r (2 - 2F)(2 - 2J) 

]' 

i 


r (2 -f- 1)(2 - 27)1 

l(2F + \)(2J -1- 1)J 
r (2 - 27’)(2 - 2jy 
L (2F + l)(2y -f- 1) 

J 

]‘ 

*/ IT 

J A \ 

L {2F + 1){2J + 1) 

r (2 -f 1)(2 - 2 /)"| 
1{2F -f 1)(2./ -f 1)J 


These coefficients arc related as follows to certain 
liacah [113]: 


17 functions defined by 


c(FuF2) = (-l)^+"-o-„[(2/r. + i)( 27J'^ + l)]»TF(FiF./F,;/,/i) 

The W functions (W is not to be confused with the energy) have now 

rATi variables which are of interest 

674] 854a]. Hence the coefficients c(F„F,) for /, > | may be obtained 
irom them. 


An Example of Two Nuclei with Hyperfine Structure. Calculation of a 
specihc case may be helpful. Let 7. = #,/,= l, and J = 2. F^ may 
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then have the values i, or i, the values 1, 2, or 3, and F may have 

values ranging from ^ to There is only one possible wave function 

UFuF) or MF 2 ,F) which gives F = l namely, or which 

two functions must hence be identical. Therefore for F = all c's are 

zero except c(^,3) which is unity, as may be found from Table 6-4 or 

Table 6-5. The secular determinant for F = | reduces to the single 
equation 

i(^) + 1 ^ 2 ( 8 ) 

There are two wave functions corresponding to F = J, linear combina¬ 
tions of and or of and The coefficients 

are, from Table 6-4 (or Table 6-5), 

ca,3) = - Vt ca,2) = VI c(|,3) = VI c(|,2) = VI 
The secular determinant becomes, therefore 


[W"i(l) + t 1F2(3) -h ^IF2(2) - IF] 


V6 


^[1^2(2) - IF2(3)] 


p [1^2(2) - ir2(3)] 


[»{".(!) + f IF2(3) -f |TF2(2) - IF] 


(6-36) 


= 0 (6-35) 

which gives two possible values of the energy E corresponding to the two 
different states with F = For H, « //., the first-order solutions 
deiived from the diagonal terms are sufficiently accurate. They are 

, + |IF2(3) + fIF2(2) 

= lt"i(l) + ^1F2(3) + |IF2(2) 

If II 2 is not very small, then the quadratic equation (6-35) must be 

sol VGCl. 

The energies given by (6-36), which are correct when the coupling of 
nucleus 1 is much less than that of nucleus 2, are the energies for nucleus 1 
coup ed to the molecule and .slightly perturbed by nucleus 2. If the 
coupling of nucleus 2 were much greater than that of nucleus 1, then the 
eneigms would be given primarily by coupling nucleus 2 to the molecule 
and these enerpes would be slightly perturbed by nucleus 1. For inter- 

rscrintion ofth® approximations holds, 

description of the energies is much more complex. The energies of the 

various states have been computed for the case h = § /, = 1 j _ o 
and their behavior is shown in Fig. 6-3. Assuming the eouplingsietw'een 
he nuclei and the molecule are due to quadrupole moments Se energ^ 

bdipL^dVeai;" 

ana u a)/(l linearly for negative a. Energy is 



170 


MICROWAVE SPECTROSCOPY 


measured along the ordinate axis, W/[{-€qQ)i^^_{l + being plotted 
linearly. Such a plot produces smooth curves and allows a a range from 
— to + CO . Values of l/a rather than a are marked off in the region 
where [al > 1. 

Near the line where a = 0, the first-order approximation holds with 
the levels being close to those expected for a nucleus of spin f. Near the 
lines where a = cc ^ or 1/a = 0, the first-order approximation again holds, 
the levels being close to those expected for a nucleus of spin 1. It may 




when ./ = 2. Parameter a = {cqQi^i/(eqQ)i^^. {From Bardeen and Townes 


[252].) 


be seen that the first-order approximation is fairly accurate for \a\ < 0.1 


or |l/a| <0.1, but that in intermediate ranges it can be very inaccurate, 
so that the secular equations must be solved in full. In these intermedi¬ 
ate cases, the quantum numbers Fi and F 2 do not have definite values 
for each state and the energy levels are designated in the figure only by 


the values of the total angular momentum F. 

An example of a rotational spectrum with two quadrupole moments 
is given in Fig. 6-4. This is the ,/ = 2 ^ 1 transition of the ground 
state of the linear molecule CF^C'^N*^ In this case Cl has a spin of ^ 


and a quadrupole coupling constant of —83.5 Me, whereas N‘\ with a 
spin of 1, has a coupling constant —3.83 Me. Thus a ~ 0.05 and the 
first-order theory is rather accurate, although some small deviations 


from it are noticeable. 
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It should be noted that the technique for calculating the energies for 
the case of two nuclei given above is not restricted to quadrupole coupling 
but may be used for any case in which the energies ITj and W 2 , that is, 
the eigenvalues for the interaction between the individual nuclei and the 
molecule, can be obtained. The methods may thus also be used for 
magnetic coupling, which will be discussed in Chap. 8, or a combination 
of magnetic and (luadrupole coupling. 

Intensities of Hyperjine Components, In addition to energy levels, 
intensities are generally reciuired. For the splitting of a line due to one 
nucleus alone, the fractional intensity in each hyperfine component may 
be formed from the fine- (or hyperfine-) structure intensity formulas (6-6), 
which are tabulated in Appendix I. If a second nucleus produces a 
hyperfine interaction, and its coupling is small compared with the cou¬ 
pling of the first nucleus, expressions (6-6) and the tables of Appendix I 
may again be applied to find intensities of all components of the still 
more finely split hyperfine structure. It is only necessary to replace L 
by Fi, S by I 2 , and J by F in using the tables. Appendix I does not list 
half-integral values of ./, which will be needed when /i is half integral 
and J is replaced by Fi. However, values of intensities for such cases 
can usually be obtained to sufficient accuracy by interpolation between 
the nearest inlegral values. If the couplings of the two nuclei are not 
widely different, then true intensities cannot be found so directly, but a 
fair approximation to the intensities may be obtained by interpolating 
between the two extreme cases when coupling of the first nucleus is large 
compared with coupling of the second nucleus, and when it is small. 
Intensities for these extreme cases may be readily obtained from Appen¬ 


dix I. 

Exact intensities may, of course, be obtained in cases of intermediate 
coupling by making use of the energy values obtained by the method 
described above and solving equations of the type (6-33) for a{F\). 
The matrix elements between hyperfine states for a single nucleus 
may be found in Condon and Shortley [56]. They may be designated 
( IiJFx\nj\I\’FF\) and their squares are proportional to the relative intensi¬ 
ties given in Appendix I. A similar matrix element {hF\F\nF,\I 2 F\F') for 
the transition between the states specified by 1 2 , Fi, and F can he obtained 
in the same way. For intermediate coupling cases, the relative intensity 
for a transition between states i and ^ would then be given by 


n 


aKFi)a,(F;)(/i7Fi|Mjl/i./'F;)(/2FiF|M^,|/2F;F0 



Careful attention must be paid to the phases (see [56], p. 277). T is 
procedure would at best be tedious and in most cases could be replace 
by the more rapid approximate method of the preceding paragraph. 
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Hyperjine Struchire Due to Alore Than Two Nuclei. The case of three 
nuclei coupled by quadrupole effects to a molecule is uncommon except 
in symmetric tops involving three halogens such as AsCh, HCBra, etc. 
The resulting hyperfine structure is so complex that so far only one 
example has been solved, the J = 1 0 transition of HCBrs [620], [717]. 

Mizushima and Ito [620] give calculated patterns for the J = 1 4—0 
transition with a nuclear spin of 1, f, 2, or 

For more than two nuclei coupled to the same molecule the method 
discussed above does not apply. Bersohn [437] has given a satisfactory 
technique for dealing with these more complicated cases by the use of a 
formulation due to Racah [113]. The state of a molecular system of 
angular momentum J with three nuclei of spins /i, / 2 , and /s may be 
designated by the vectors I = Ii + I2, = I + I3, and F = P + J, or 

by the corresponding quantum numbers 7, J, and F. Bersohn [437] 
obtains for the matrix elements of the quadrupole interactions IIq for 
the three nuclei between states designated by the above quantum num¬ 
bers, and when perturbations between different values of J are not 
important, 


{IPJF\H^^ + -b 77g,|/'/«'JT) 


X [(2/-h 1)(2/' + l)(2/« + 1) 


8[J(2./ - l)/i(27i - l)]i 
(2/«' + l)(2/i + l)(2/i + 2)(2/i + 3)(2J + 1){2J -b 2)(2./ -b 3)]i 
X W(IJJI';2l2)W{irPP';2h)W{IFJJ']2F) 


+ 


iJ\eQ2dW2/dz^J){-iy^+^ 


It—l—l'+J'—F 


X [(27 + 1)(27' + l)(2P + 1) 


8[.7(2y - 1)72(272 - l)]i 
(27«' + 1)(272 + 1)(272 + 2)(27 -b 3)(2J + 1)(2.7 + 2)(2.7 + 3)]* 
X TF(727277';27 i)1F(77'707''';273)1T(77'JJ';2F) 


+ 


(J\eQ, d 273 /a 22 |j)(_!)/-/, 


bjr X [(2P + 1){2P' + 1) 


[J(2.7 - 1)73(27.3 - l)]i 
(273 + 1)(273 + 2)(273 + 3)(2.7 + 1)(2,7 + 2)(2.7 + 3)]* 

X W{hhPP';2I)W{PP'JJ';2F) (6-37) 


5/,' is unity for I ^ F, and is otherwise zero. The matrix elements in 
(6-37) of the form {J\eQi d^V 1 /dz^\J') depend on matrix elements of the 
direction cosines as may be seen from (6-12). If the rotational state is 
not much perturbed so that J is a good quantum number, these take the 
form e{qjQ)i, where qj is given by (6-17) or (6-18). The W functions of 
the particular form used in (6-37) may be found in tables by Biedenharn, 
Blatt, and Rose [674]. 

In order to solve a specific problem, secular equations must be set up 
by the use of matrix elements (6-37) and solved. These matrix elements 
may of course also be used for the case of two nuclei. However, tech¬ 
niques already discussed for handling this case are usually simpler to 
understand and to apply. 
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MOLECULES WITH ELECTRONIC ANGULAR MOMENTUM 


7-1. Introduction. Molecules so far discussed have been in ^2 elec¬ 
tronic states. That is, the sum of the orbital auf^ular momenta of their 
electrons is zero, as is the sum of the electron spins. The ^2 case is 
usually the only one which needs consideration sitice it is the lowest 
electronic ener»;y level of the \'ast majority of molecules. However, there 
are a few gaseous molecules, approximately 0.1 per cent of the total, 
which do have electronic angular momentum in the ground state, and 

hence ai*e normallv in states other than ’2. These include Oo and the 

* 

rare molecules with an odd number of electrons, such as NO. NO2, and 
CIO2. Molecules with an odd number of electrons cannot have zero 
electronic spin, and hence are never in *2 states. Furthermore, if micro- 
wave spectroscopy is done on gases at high temperature or excited in an 
electrical discharge, molecules will be found in excited or dissociated 
states wliich are not '2. Many molecules dissociate under high excita¬ 
tion into smaller parts which have an odd number of electrons and hence 
possess electronic angular momentum. These dissociated parts are of 
considerable importance in chemical reactions and gaseous discharges, 
and are usually called free radicals since they are free, chemically active 
groups of atoms or radicals. 

Since the electrons move much more rapidly than the nuclei of a mole¬ 
cule, to a good approximation the nuclei may be assumed stationary 
while electron motions in the molecule are being discussed {cf. Born- 
Oppenheimer approximation mentioned in Chap. 1). The electrons in a 
molecule may have both orbital and spin angular momentum, and the 
resulting electronic states can be described in a way (piite analogous to the 
electronic states of atoms discussed in Chap. 0 . There is a basic differ¬ 
ence between the molecular and atomic cases, however, because the 
electric fields due to an atomic nucleus are spherically symmetric, while 
those due to the two or more nuclei in a molecule are by no means spher¬ 
ically symmetric. Since a molecular electron does not move in a sphei- 
ically symmetric field, tortpies are exerted on it by the field, and its 
angular momentum cannot be constant as it is in an atom. The simplest 
molecular case is a diatomic or linear molecule, where the fields are 
symmetric about the molecular axis. Because of this symmetry, no 
torque about the axis is exerted on a molecular electron, and the com- 
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ponent of its angular momentum in the direction of the molecular axis is 
constant. 

The diatomic molecule is somewhat similar to an atom subjected to a 
very large electric field along the direction of the molecular axis. This 
field produces a large Stark effect (see Chap. 10) which interferes with 
the orbital motion of the electrons. Although the orbital angular 
momentum is not constant and the quantum number L loses its sig¬ 
nificance, in many cases the projection Ml of L on the axis is constant. 
For molecules, the symbol A is written for Ml, since L itself is not of 
significance, and A is the Greek substitute for L. The energy is depend¬ 
ent on the value of A, which is, of course, integral and may equal L, 
/-> — 1, . . . , —L. However, positive and negative values of A have 
the same energy (see Chap. 10), so that, unless A = 0, the levels are 
doubly degenerate. This degeneracy may be removed by the rotation- 
electron interaction discussed below called A-type doubling. 

There is a close parallelism between the various angular momenta 
involved in molecules and those in atoms and the notation used in each 
case is outlined in Table 7-1. Molecules involve more types of angular 
momenta because of the possibility of end-over-end rotation of a molecule. 
In addition, for linear and symmetric-top molecules the projec-tion of 
various angular momenta on the symmetry axis may be of interest as 
well as their projections on a direction fixed in space. Only the latter 
occur in discussions of atoms. It must be noted that not all the (luantum 
numbers listed in Table 7-1 are normally used for any one case. For 
example, if the projection A of L on the molecular axis is constant, then 
its projection Ml on a spaced-fixed axis is not constant, and usually not 
of interest. 

In diatomic or linear molecules where spin-orbit effects are not enor¬ 
mously large, the projection A of L on the molecular axis is constant and 
replaces L in importance. If the linear molecule is bent as in a bending 
vibrational mode, or if the molecule is not linear, then the electric fields 
are not symmetrical about the axis and A is no longer fixed or well defined. 
In nonlinear molecules, the orbital motion of electrons is almost com¬ 
pletely “quenched” or suppressed, and a spin momentum is the only 
angular momentum in the molecule of distinctly electronic origin. 

If the electronic orbital angular momentum A along the internuclear 
axis of a linear molecule is 0, ±1, ±2, ±3, . . . , the molecule is said 
to be in a li:, II, A, . state, respectively, in analogy with the atomic 

*S, / , D, F states having L = 0, 1, 2, or 3. In this and several other 
icspects, notation for molecular spectra can be regarded as the Greek 
translation of notation for atomic spectra. If the electronic spin is 0, 1, 

.... the state is said to be singlet, doublet, or triplet -again in analogy 
with the atomic case—and a corresponding superscript is applied to 
the left of the state designation. Thus "II indicates 8 = ^ and A = 1. 
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The component of the total angular momentum along the molecular axis 
may have the values A + /S, A + aS— 1, . . . ,A — and is written 
as a right-hand subscript, for example, Its absolute value is 

called Q, that is, = |A + 2|. 

Van Vleck [657] has discussed the general problem of coupling angular- 
momentum vectors in molecules. He shows that, if the internal angular 

Table 7-1. Explanation of Notation for Angular Momenta Involved 
IN Molecular Spectra and Comparison with Notation for 

Atomic Spectra 

When the nuclear spin is zero or unimportant, J is used instead of F. When there 
is no electronic spin, J is identical with N and is used in its place. Similarly, when the 
electronic spin is zero, the projection of J on the molecular axis is equal to K, which is 
used instead of U. 



Molecule 

Atom 

Nnolrnr snin Jiiifiular inoincntiiiu. 

I 

I 

Proipption on snaro-fixod ^ixis. . . 


Mi 

Prnipctiori on nioleculfir axis. 

Hi 


Electron snin ancuilar momentum. 

S 

S 

Prnioptinn on snaco-fixpcl <ixis. 

Ms 

s 

Proipction on molecular axis . 

X 


Electronic orbital anffular momentum . 

L 

L 

Prniprtinn on snaCG-fixccl axis . 

Ml 

Ml 

Proiection on molecular axis . 

A 


Sum of spin and electronic orbital momentum (L -1- S) . 

Orbital angular momentum due to nuclear motion (rotation of 

mnlppiilp^ ...... 

0 

J 

1 

Total orbital angular momentum including rotation of molecule.. . 
Prrfcioptinn nn Tunlopiilfir nxis .. . .. 

N 

K 

L 

or^milnr mriT*npntiim PYpIiiflinir sniH . 

J 

Mj 

J 

JL Ci Lil 1 illV-illltllt/HlJl vAvIUHiii^ i\<4i • • • 

Prr^iApf ir^Ti AH 51VIS . 

Mj 

1 ATI AA TTfc aIpPI 1 1 54 r 51YI<1 ^nASAllltp VnlHO) .. .. 

Si 


X r(JJ LlUXI Ull l<vl <iAIO \ii 1 kk- .. 

Tpy^fAl o7-ifTii1nr mAmprfctiiTY4 lApliiHiArr niirlpiir soin . 

F 

F 

i. O tcil cllliriilcll mill lllVx J i 1 i imVlV'Cil . 

My 

My 

Projection on molecular axis . 

Uy 



momenta (all momenta except J, the total) are reversed in sign, they 
and the total angular-momentum vectors follow the same commutation 
rules as angular-momentum vectors in an atom. Hence for every 
problem of coupling angular-momentum vectors in a molecule there is a 
corresponding situation in atoms, and the matrix elements given y 
Condon and Shortley [56] for atoms can be applied in the molecular 
problem. Van Vleck’s discu-ssion is highly recommended to the advanced 
student, but it will not be needed below since no actual solution of inter¬ 
mediate coupling or other complex cases will be carried out. 
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7-2. Hund’s Coupling Cases.* The notation of the last section is not 
always appropriate because the molecular angular momenta may inter¬ 
act or couple together in a variety of ways. The coupling schemes or 
cases were first systematically treated by Hund, who described five ideal 
cases. Molecules do not fit such ideal descriptions exactly, but Hund*s 
cases are very good approximations to the actual states of many linear 
molecules. (For nonlinear molecules Hund*s considerations are not 
useful.) Which case applies most closely depends on the relative strength 
of the various couplings, or the relative energy of interaction between the 
vectors. In all known cases, coupling between the nuclear spin and other 


vectors by hyperfine interactions is much 
smaller than other couplings. Interactions 
whose relative magnitude needs to be con¬ 
sidered occur between any two of the vectors 
L, S, N, O, and A, where A is a vector along the 
molecular axis. Interactions between two of 
these vectors will be represented by a notation 
like SA, which indicates an interaction between 
the electronic spin and the molecular axis. 

Hund's Case (a). In Hund’s case (a) the 
strongest interactions are between the molecu¬ 
lar axis and L and between the axis and S. 
That is, 

LA LS or LO 

SA » SN 

The vector model of this case is shown in Fig. 
7-1. L interacts strongly with the axial field of 
the molecule and hence processes about the 
molecular axis, so that its projection A is con¬ 



Fig. 7-1. Vector diagram of 
Hand's case (a). L and S 
process rapidly around the 
molecular axis, which pro¬ 
cesses more slowly around 
the total angular momentum 
J. Circles indicate these 
processional motions. 


stant. Similarly S precesses with constant projection 2, so that the total 

angular momentum along the molecular axis is 12 = |a + 2|. A + 2 adds 

-over-end molecular 

rotation to form the total angular momentum (excluding nuclear spin) J. 

Ihe angular momenta J2 and O hence precess around the vector T which 
IS fixed in space. 


Ihe relations between J and in case (a) are just the same as those 
between J and the angular momentum K around the axis of a symmetric- 
top molecule. The quantity fi is integral if the molecule contains an 
even number of electrons, but it is half integral if the number of electrons 
IS odd. 1 his IS because 2 takes on only the values S, S — I ~S 

and the sum of electron spins S is half integral if the number of electrons 

• For an extensive treatment of Hund’s coupling eases see also Herxberg [471], 
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is odd. As in the case of a symmetric top, the total angular momentum 
J cannot be less than its projection 0 , on the axis so that J has values 

n, “b 1, -j- 2, . . . . 

HuncVs Case (6). In Hund’s case (h) the electron spin is coupled more 
strongly to N = A + O than to the molecular axis. L, however, is still 

strongly coupled to the molecular axis, 

LA » LS or LO 
SN » SA 

The appropriate vector diagram for this case is shoAvn 
in Fig. 7-2. L precesses rapidly around the molecular 
axis. A adds to O to form the total orbital angular 
momentum N. N and S add to form J, about which 
they precess. 

The spin is usually coupled to the axis by spin-orbit 
coupling, Z.C., the spin is coupled to A rather than to the 
axis itself. Hence for molecules with A = 0, coupling 
between the spin and molecular axis is small, and it is 
these molecules with A = 0 which typically fall in 
Huiurs case (b). When A = 0, the orbital angular 
momentum is entirely due to molecular rotation 
(N = 0), and is perpendicular to the molecular axis. 

There are molecules, however, with A not equal to 
zero which fall approximately in case (b). These are 
usually very light molecules such as hydrides which 
rotate rapidly and for large values of 0 produce a cou¬ 
pling between O and S which is greater than the spin- 
axis interaction. The SA interaction tends to be weak 
in these cases anyhow, because the nuclear charge Z is 
small (page 122), and spin-orbit coupling is small. 
The free radical OH is in a TI state and is a molecule 
of this type. 

Hund's cases (a) and (b) are by far the most important. However, 
other cases are possible. More detailed discussion of the following three 
rare or nonexistent cases is given by Mulliken [22], [20], [100] and Weizel 

[29]. 

HuncVs Case (c). For heavy nuclei, the atomic spin-orbit interaction 
becomes very large. Similarly in molecules involving heavy nuclei, the 
interaction LS may be larger than the interaction between L and the 
molecular axis. This gives Hund^s case (c), when 


diagram for Iliuurs 
case (h). Preces¬ 
sion of the inolec- 
\ilar axis, repre¬ 
sented by the 
largest ellipse, is 
slower than the pre¬ 
cession of L about 
the axis, but faster 
than the precessions 
of S and N about J. 
When A = 0, N is 
identical with O 
and is perpendic¬ 
ular to the molec¬ 
ular axis. 


LS » LA 

In this case A and S are not good quantum numbers, but L and S add 
vectorially to form a resultant J„ which is then coupled to the inter- 
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nuclear axis with a projection Q on this axis, ii adds vectorially to the 
angular momentum O of end-over-end rotation to form the total angular 
moment J. Figure 7-3 is a vector diagram for this case. 

Hund^s Case (d). If the coupling between L and the angular momen¬ 
tum O is much larger than that between L and the molecular axis, 
Hund^s case (d) occurs. 

LO » LA 

A vector diagram of this case is shown in Fig. 7-4. 

Hund^s Case (e). L and S may conceivably be strongly coupled and 
their resultant coupled to O rather than to the internuclear axis. This 
would give Hund’s case (e) which has not yet been observed. 



Fig. 7-3. Vector diagram for Hund’s case 
(c). Precession of L and S about J„ i.s 
much faster than the precession (not 
shown) of Ja about the internuclear axis. 



Fkj. 7-4. Vector diagram for Hund’s case 
(d). L is coupled to O rather than to 
the internuclear axis. S adds to the 
resultant N to form J, 


Hund’s coupling cases are idealizations to which many molecules 
approximately conform. However, noticeable deviations from these 
idealizations often occur and may be expected to be particularly evident 
if the spectra of these types of molecules are accurately measured by 
microwave spectroscopy. These deviations represent a partial uncou¬ 
pling of two vectors by the effect of a third vector. In some cases, too, 
the deviations are very large, for a molecule may fall approximately into 
one coupling case for low rotational states, but into another case for high 
rotational states. For intermediate rotational states, such a molecule 

does not fall into any of Hund’s coupling cases but is said to have inter- 
mediate coupling. 

Some of the most interesting examples of uncoupling phenomena are 
those in which end-over-end rotation of the molecule uncouples the 
electronic momenta from the molecular axis, as it tends to do e.specially 
for high rotational states where the rotation is rapid. In extreme cases, 
rapid rotation may almost completely uncouple S from the molecular 
axis, producing a transition from Hund’s case (a) for low rotational states 
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to case (b) for higher states. Molecular rotation also interacts with the 
electronic orbital angular momentum A and removes the degeneracy 
corresponding to the two different possible orientations of A or Q along 
the molecular axis which are degenerate when the molecule is not rotating. 
The effect is called A-type doubling, and may be regarded as an incipient 
uncoupling of L from the molecular axis by the rotation Avhich, in extreme 
cases, would lead to Hund’s case (d). 

Another phenomenon associated with uncoupling is the magnetic field 
produced by end-over-end molecular rotation. This rotation slightly 
uncouples L from the molecular axis even in 2 states and orients L with 
respect to the angular momentum of rotation. Thus L uncoupling 
results in fields which interact with the electron spin moments or, when 
hyperfine structure can occur, with nuclear moments. 

7-3. Rotational Energies. The rotational energies of molecules with 
electronic angular momentum will be treated first with the assumption 
of pure Ilund’s coupling cases, and then the additional energy terms due 
to uncoupling phenomena will be discussed. 

Case (a). Because of the similarity of ./ and U in Hund's case (a) 
to ./ and K for an ordinary symmetric top, the energy levels in this case 
must be of the same form as (3-5), letting be in energy units rather 
than in cycles per second. 

W - -h 1) - (7-1) 

In this case, however, the “rotational constant” A is extremely large, 
and A represents electronic energy. Since any transition involving 
electronic energy would not lie in the microwave range, and such energy 
is not usually called rotational energy, terms of tliis type are omitted, so 
that 

W{J) = BAJ{J + 1) - (7-2) 

In addition, since changes in Q would almost always produce frequencies 
higher than the microwave range, B^^' must be constant and may be 
neglected. Hence for the purposes of microwave spectroscopy the still 
simpler form 

W{J) = B,J(J + 1) (7-3) 

may be used. 

Rotational energy levels for case (a) -II and levels are shown in 
Fig. 7-5. Except for the nonexistence of values of J less than U and 
for the added energy which is independent of J, the energy levels 

are much the same as those for a normal molecule in a ^2 state. PIow- 
ever, half-integral values of J may occur instead of only integral values, 
since / = + 1, + 2, . . . . The levels also show an additional 

splitting, the A-doubling, which will be discussed more fully below. 
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Case (b). If the electron spin is neglected, then the rotational energy 
of a case (5) molecule is of the same simple form as (7-3), that is, 

Wn = B^N(N + 1 ) 

or BvJ(J + 1), since J ^ N when spin is neglected. 

The simplest type of case (b) molecules are in states, having electron 
spin of The magnetic moment associated with this spin interacts 


j 



’A, ’A, 

Fig. 7-5. The lower rotational energy levels of a case (a) molecule in ^IT or state. 
A-type doubling is too small to be shown on this scale. The dotted levels cannot 
occur, since J must be > Q. 

with the magnetic fields produced by molecular rotation, thus giving an 
interaction energy proportional to the cosine of the angle between S and 
N, or of the form 

= tS • N (7-4) 

From the vector model, 

c + 1) - B(S + 1) - N(N + 1) 

2 

Hence for J ~ N = ( 7 / 2 )A^, and for J = N ~ 

TF.V, = - I (AT + 1) 

ihus the total rotational energy including the electron spin interaction 
is [22] 

W = ByN{N + 1) + - when J = TV” + ^ 

^ (7-5) 

— B„N{N + 1) — 2 + 1) when J = iV" — 










182 


MICROWAVE SPECTROSCOPY 


These expressions neglect small centrifugal distortion terms of the form 
D„N^(N +1)^, which occasionally may be needed. 

The constant 7 is a measure of the strength of the magnetic field 
produced by molecular rotation. This field can be regarded as partly 
due to the simple rotation of charges distributed in the molecule, but its 
largest part is due to L uncoupling [17]. L uncoupling (also discussed in 
Chaps. 1 and 8) is a transfer of angular momentum from the end-over- 
end motion of the molecule to electronic orbital motion. Electrons are 
thus partly excited by the molecular rotation to a state with orbital 
angular momentum lying along N and hence have a magnetic field in this 
direction which interacts with the electron’s magnetic moment. The 
ease of excitation, and therefore the size of 7, depends on how near the 
excited IT state lies to the ground w state. In any case the amount of 
excitation of electronic angular momentum is rather small, so that the 
electronic state may still be considered essentially a state. 

For case (6) molecules with larger than f.c., in ^2; or states, 
other types of interactions occur. In a state, there are two electrons 
with spins parallel, and the magnetic moments of these electrons inter¬ 
act. This “spin-spin interaction” varies as the cos- 0, where 6 is the 
angle between the direction of the two parallel spins and the line between 
the two electrons, which when averaged is ecpiivalent to the angle between 
S and the molecular axis [15]. In addition, the magnetic moments of the 
electrons magnetically polarize the molecule, dlieir fields partly excite 
the electrons into 11 orbits, and these extlted states produce fields which 
react back on the electron moments. Hebb [73] showed that this energy 
of magnetic polarization varies also with the cos- 6 and is not easily 
distinguishable from the spin-spin interaction. This type of interaction 
is also an L uncoupling due to S • L type interaction, and is large if there 
is a low-lying 11 state which can easily be excited. It does not occur 
when ^ for the same reasons that no nuclear quadrupole interac¬ 
tions occur when the nuclear spin is since, like the quadrupole inter¬ 
action, it depends on cos^ d. In fact, this type of effect is sometimes 
called a pseudo quadrupole interaction because of the formal similarity. 

To a first approximation, energies for a molecule are given by 


W(J = AT + 1) = By,N(N + 1) - 
W(J := N) = By,N(N + 1) 


2A^ + 3 ^ ^ 

2XA^ 


(7-6) 


1F(J = AT - 1) = B,yN{N + 1) - 2]sr^ “ 


where 7 is a constant which is a measure of the magnetic interaction of 
the type described above for the ^2 state and X is a constant which 
measures the magnetic interaction of the spin-spin and polarization types. 
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The term involving X represents ^'pseudo quadrupole” interactions, and 
except for the constants involved it may be obtained from the expression 
(5-45) for quadrupole energy in first-order perturbation theory. N 
takes the place of Jj S that of /, and J that of F in using (5-45). As 
might be expected, this energy is not strongly dependent on A, and for 
large N it has the same value for J = N + \ and J = A — 1, since 
these two states both have the same value of cos^ Q in the classical limit 
of large N, The interaction involving X is usually so big that the approxi¬ 
mate formulas (7-6) are too inaccurate to be of much value in interpreting 
microwave spectra. This interaction perturbs the molecular rotational 
motion in much the same way as a large nuclear quadrupole coupling 
(c/. Chap. 6 ). A given energy state cannot have a precisely defined 
rotational angular momentum N but involves small admixtures of the 
states N + 2 and A — 2. In the case of O 2 , for which the ground state 
is ^ 2 , X is approximately 60,000 Me, while B is near 40,000 Me, so that 
the pseudo quadrupole interaction represents a large perturbation of the 
rotational energy levels. The exact energies may be obtained by solving 
a secular equation, as was first done by Schlapp [85]. A more precise 
form of Schlapp’s equations given by Miller and Townes [841] is 


W{J = N - \) = B„N{N + 1) - /i„(2.V - 1 ) - X - 1 


+ 


x^ - 2x I - I) + (2.V - 1)-’ ( 


W{.I = N) = B,.N(N + 1) 

W(J = AT + 1 ) = B,N{N + 1) + /i..(2A^ + 3) _ X - ^ 

- X^ - 2X {^B. - 5 ) + + 3)2 [b 



(7-7) 



Constant terms 2X — 7 have been subtracted from each of the expressions 
(7-7), since they do not contribute to the frequency of transitions. The 
fine-structure separations W{J — N) — W{J = N 1) and 


W{J = A) - W{J = A - 1) 

are plotted in Fig. 7-6 for the O 2 molecule. 

The O 2 molecule has no electric dipole moment, but since it is in a 
state, there is a magnetic dipole moment which allows transitions between 
rotational levels and their fine-structure components. Since for O 2 is 
43,100 Me, and the rotational transitions obey the selection rule AN = ± 2 
[990], they occur at wavelengths too short for present microwave tech¬ 
niques, However, transitions between fine-structure components with¬ 
out a change in A occur at wavelengths near 5 mm and have been fairly 
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extensively studied. Matrix elements for these transitions are [56] 







, N(2N + S) 
(2iY + l)iN + 1) 
an + \){2N - 1) 
(2N + \)N 


(7-8) 


Even though the Bohr magneton mo which is involved is rather small 
(0.9 X 10'^^ emu as compared with 10“'® esu for typical electric dipole 



Fig. 7-6. Sepiiration of spin triplets in f^round state of O 2 . (From Aritnart 
(8926].) 

moments), some of these transitions have intensities as large as 10 ^ 
cm”' because of the large fraction of O 2 molecules in each state of low N. 

Approximately 25 lines have been measured for ([441], [554], 

[576], and [963]) and fitted to expression (7-7). From this fit, Bo is 
found to be 43,101 Me, X = 59,501 Me, and fx = 252.7 Me. However, 
it is necessary to replace By by 

= Bo - NiN + l)Dy (7-9) 

for an exact fit. Since N varies from 1 to about 25, and Dy = 

N(N + l)Dy becomes as large as 0.0025H„ in (7-9). In addition, cen¬ 
trifugal stretching of the molecule appears to vary X a small amount for 
large N. The experimental measurements can be fitted with 

X = 59,501.6 + 0.0575iY(A + 1) Me 

The spectrum of other isotopic species of O 2 may be predicted from the 
determination of Byj X, and y for since Bv and 7 are inverse} 



MOLECULES WITH ELECTRONIC ANGULAR MOMENTUM 


185 


proportional to the reduced mass, while X is approximately independent 
of the isotopic mass. Frequencies for and 0**0^* have been 

found to agree rather well with such predictions [841], 

Pseudo quadrupole interactions also occur in ^2 states, another example 
of Hund^s case (6). Since a quartet state has *8 = 1,*/ may have the 
values N + I, N + ^, N - and N - A good approximation to 
the rotational energy levels of a ^2 molecule has been given by Budo [78], 

TF(J = iV - f) = B,N(N + 1) - B.{2N - 1) 

+ B.WN - - e\{N + 1) + 9X2]i - 3(7/2)(A + 1) 

W(J = N - i) = B,N{N + 1) - B,(2N - 1) 

+ Bd4(Ar - + 6X(Ar - 2) + 9X2]i - iy/2){N + 4) 

\V{J = N + ^) = B.N{N + 1) + B.{2N + 3) ^ 

- B„[4(A + - 6X(Ar + 3) + 9X2]i + (y/2){N - 3) 

W{J = N + -I) = B„N{N + 1) + B.{2N + 3) 

- BAMN + + 6XA + 9X2]i + 3(7/2)A 

where X and y are coupling constants similar to those of expressions (7-6). 

The general trend of fine-structure energy for ^2 levels is shown in 
Fig. 7-7. For large A, the levels with J = N ± I- approach the same 



Fig. 7-7. Behavior of fine-structure energy for a **2 state. {From Budo (781.) 

energy value except for the small terms dependent on 7, Similarly, the 
levels with ./ = ± tend toward the same value. 

Case (c). Rotational energies of molecules following ease (c) are 
identical in form with those for case (a) and hence are given by (7-2) or 
(7-3). 

Case (d). Rotational energies for case (d) molecules are given to a first 
approximation by 

TF(0) = 5.0(0 + 1) (7-11) 

Each of the rotational levels is split into sev^eral components by the inter¬ 
action LO and the smaller interaction SK. 

7-4. Spin Uncoupling. A common case of intermediate coupling is a 
transition from case (a) to case (b). For low rotational states, S is 
coupled to A, or to the molecular axis as in case (a). However, when 
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the rotational frequency becomes larger than the frequency of precession 
of S about A, S is uncoupled from the molecular axis and couples instead 
to the total orbital angular momentum N as in case (b). Energy levels 
in the intermediate conditions where S is not simply coupled to A or N 
must be obtained from solution of a secular equation. For a 'fl state 
with intermediate coupling, Hill and Van Vleck [10] obtain 


IFi — B,\(J + -1)^ — A'] — 


(./ + i)q -1 


+ A=(.l - t) 


A + 7 

-1 


- B 


J 


1 

2 




IF2 — Br[(J + 2")“ “ H" 


(7-12) 


(./ + j)-’ (/?„ -1 


+ A=(.i - (A+j: _ n 


y 


- ^ - IK{J + 1)^ 


where B„ is the usual rotational constant, .1 is the interaction constant 
between S and A (energy = AS - A), and 7 is the same interaction con¬ 
stant between S and the molecular rotation given in Eqs. (7-4) or (7-5). 
The energy TFi applies to the state for which ,/ = V + ^ when ./ is very 
large, and IF 2 to that for which ,/ = A — The centrifugal distortion 
terms D,J'^ and D„(J +1)' which are given are only approximately 
correct [77] but in most cases are so small that they are sufficiently 
accurate. Eiiuations (7-12) are somewhat more complex than those 
usually given, because terms in 7 have been included. 7 is always much 
smaller than A and may for approximate results be omitted. For large 
./, where the transition to case (b) is complete, these equations reduce 
to the same form as (7-5). It is interesting to note that the molecular 
energies follow case (b) approximately not only when the rotational 
frequency 2B,J is much larger than the precessional frequency |AA| but 
also, rather unexpectedly, when (.1 + 7)/4 is nearly c(iual to 

For small spin uncoupling {2BJ « |AAl), expressions (7-12) take the 
following form if terms independent of J are omitted. 




,/(,/ + 1 ) - /),./' 

J{J + 1) - D,(J + 1)^ 



Connections between energy levels in case (a), case (5), and intermedi¬ 
ate coupling conditions are shown in Fig. 7-8. Since light molecules tend 
to have large rotational constants B and small fine-structure interaction 
constants A, they generally approach case (b) even for moderately low 
values of J. The free radical OH and other hydrides represent extremes 
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Cose (j) Cose {^) Cose io) 

regular inverted 


Fig. 7-8. Transition of Hi states from case (a) to case (?>), On the left is a regular 
case (a) with the constant A of the interaction A L • S positive. On the right A 
is negative. 

of this type. Heavier molecules tend to be close to case (a) for any 
rotational states of interest to microwave spectroscopy. 

Similar formulas have been given for triplet states {S ^ 1) [ 55 ] [69] 
[72] 

Wi = B,[JiJ + 1) - - 2ZJ - D.(J - 

W, = B^JiJ + 1) + 4Zd - D,(J + (7-H) 

Ws = B,[J{J + 1) + ■\/Wi — 2 Z 2 ] — D„{J + f)-* 

where Z, = A^A/B,{A/B, - 4) + 4 + 47(J + 1) 

= 3 ^ [A^A/B.{A/B, - 1 ) - 4 - 27(7 + 1 )] 

The term dependent on y has been omitted from those expressions. 
Here IFi is the energy of the state which for large 7 has 7 = V + 1 , 
that for J = N, and that for 7 = V - 1 . 
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For small spin uncoupling {2BJ « |-4A|), expressions (7-14) become 
(7-15) if energy terms independent of J are omitted. 


= B,. (i - ,/(./ + 1) - D^{j - 

II 2 = BrJ{J +1) — 4“ j)'’ (7-15) 

W, = jy (^1 + ./(./ + 1 ) - /;„(,/ + ^y 


Formulas similar to (7-14) for quartet states {S — |) are also available 
[68], [78], [83], [87]. 

7-6. A-type Doubling. A-type doubling is produced by an interaction 
between the rotational and electronic motions in a molecule. This may 
be regarded as an incipient uncoupling of L from the internuclear axis 
which, under extreme conditions, would lead to Hund’s case {d) where 
L is coupled to the molecular rotation. It is a doubling because this 
effect splits the two otherwise degenerate levels which are always present 
when A 7^ 0. In general form and characteristics A-type doubling is 
entirely analogous to the /-type doubling described in Chap. 2, and in 
fact is the prototype of /-type doubling. As in the case of /-type doubling, 
the two perturbed states do not correspond simply to projections 
and — A of L on the internuclear axis, but are linear combinations of wave 
functions for positive and negative values of A. A-type doubling ener¬ 
gies are in general smaller than rotational or fine-structure energies and 
hence have not been studied with high accuracy by the usual types of 
spectroscopy. However, they should be accurately measurable by 
microwave spectroscopy and may prove to be a particularly interesting 
feature of the microwave spectra of paramagnetic molecules. 

The simplest cases of A-type doubling to discuss are singlet states, 
where the electron spin gives no complications since it is zero. In /-type 
doubling it may be remembered that the splitting was proportional to 
B{B/o^e)\ where B/oie is the ratio of rotational energy to vibrational 
energy. Similarly for A-type doubling, when the electronic motion 
rather than a vibration provides the angular momentum about the axis, 
the A-type splitting is proportional to B{B/ve)^, where Ve is the eneigy 
required to raise the electron from the ground state to some nearby 
excited state. Since the ratio B/ve is generally small (t-oVtt)? A-type 
doubling for singlet states with A greater than 1 is almost always neg¬ 
ligible, even for high-resolution microwave spectroscopy. When A — 1, 
the splitting of the two otherwise degenerate levels is given by 


W = qJ(J + 1) 


( 7 - 16 ) 


Theoretical evaluation of q\ is in general quite complicated. Ho\\ 
ever, if an electron of orbital angular momentum is assumed to precess 
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so that the projection of I on the molecular axis is 1, and the only low- 
lying excited 2 and A states correspond to the projection of this same I 
being 0 and 2, respectively, then can be simply expressed [17], [27]. 
(This is the postulate of “pure precession.”) 



l{l + 1 ) 

hvc\U. 2] 


(7-17) 


where hPe{Ul^) is the energy difference between the II and 2 electronic 
levels. Expression (7-17) allows at least a rough estimate of q\ in more 
complex cases. 

When the electron spin is not zero, A-type doubling may be modified, 
especially if Hund's case (a) applies. However, when case (b) occurs, 
S does not affect the interaction between N and A, and (7-16) applies 
with the simple replacement of J by N 

W = q^NiN + 1) (7-18) 

A general summary of A-type doubling effects in pure cases (a) or (6) 
is given in Table 7-2. Rough magnitudes of the constants in Table 7-2 


Table 7-2. Summary of A-type Doubling Kffec'fs 

(After Van VIeck [17]) 


( 

State 

1 

1 

1 

CouplinK ease 

1 

\V (splitting of levels 
due to A-t 3 'pe 
doubling effects) 

‘11 

1 

VA'7(</ + 1) 

2II 

Case (b) 

7aA^(A^ + 1) 

m 

Case (a) U = ^ 

+ -j) 


n =1 

- \)(J + 1) 

HI 

Case (b) 

9A.V(A' + 1) 

HI 

1 

Case (a) U = 0 i 

f 

1 

1 

n = 1 

7 A*/ («/ -f- 1) 


U = 2 1 


‘A 


d./(./^ - \){J 4- 2) 


can be obtained from the pure-precession assumption as 


^ V 

Qa » 

nVe 

^ 

AhVe 

. 48R4 

4AR, 

^ 2A2 


a = ~-r - 

nVe 




where hp, is the separation between the ground and first excited electronic 
energy level. 
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For intermediate eases of ^11 states the amount of A-type doubling has 
been given by Van Vleck [17]. 







2 - A/B\ 
X ) 



X 


(7-19) 


where X = ± 



+ 4(.7 + 



and A'/B' is a quantity 


which is approximately ecpial to A/B for the ^11 state of the molecule in 
fpiestion, but which actually depends on matrix elements of A and B 
between this and other electronic states. When the interaction constant 
A is positive (regular fine structure), then a positive sign for X gives 
the state corresponding to -ITj, and a negative sign for X the state corre¬ 
sponding to ^Ilj, AVhen A is negative (inverted fine structure), a negative 
X gives the state, and a positive X the ^Ilj state. 

Alatrix elements for transitions between A-type doublets are similar 
to those between ^type doublets, and hence for case (b) from (2-16) are 



;i2A2 

+ 1 ) 


(7-20) 


where m is the dipole moment along the molecular axis. For case (a), 
A in (7-20) is replaced l>y il. Although many of the diatomic hydrides 
have rotational frc{|uencies too high for ordinary microwave spectroscopy, 


A-type doubling in these hydrides should alTord some microwave spectra. 
Microwave transitions between A doublets for several rotational states 
of the free radical Oil have been observed and studied by Sanders, 


Schawlow, Dousmanis, and Townes [861], [971a]. 

Measurements on the ultraviolet spectrum of OH show that the rota¬ 
tional energy levels for this molecule can be fitted to an expression of the 
type [7-12] with 7 0, .Bo = 555,040 Me, and A = -7,547Bo for the 

ground vibrational state. Hence for relatively small values of Jj the 
rotational frequency 2JBo becomes appreciable with respect to the fine- 
structure energy A, and intermediate coupling occurs. For highei J, 

the molecule corresponds to Hund's case (b). 

The A doubling measured from ultraviolet spectra of OH can be fitted 

rather well to (7-19) with qa = 1060 Me for the ground vibrational state 
and for values of N up to 15 as shown in Fig. 7-9. For higher values ol 
N, the A-type doubling is somewhat better fitted by qa = 925 Me. 
decrease in qa is presumably due to centrifugal effects. It may be not 
from Fig. 7-9 that, except for small values of N, the A splitting is appioxi 
mately proportional to N^y as is indicated in Table 7-2 for a TI case ( 
Transitions between the A-type doublets of OH fall in the microwave 
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region for small and medium values of Nj and have been observed [861], 
[971a] by microwave techniques for N = 2, 3, 4, and 5. The measured 
frequencies are fitted to expression (7-19) with an accuracy of about 
40 Me by the constants qa = 1159 and A'/B' = —6.073. It should be 
noted that A'/B' is different from A/B, which was given above as —7.547. 

In obtaining and A'/B'^ small corrections to B and qa in expression 
(7-19) have been made to allow for its variation with J due to centrifugal 



Fiq. 7-9. Comparison of theory and experimental measurements of A-type doubling in 
OH. {Experimental measurements from Dieke and Crosswhite [266al.) 

distortion. In addition, one may expect additional corrections to (7-19) 
of order B^/p^^ or about xinnr large as the measured splitting. These 
corrections are probably responsible for deviations noted between (7-19) 
and the experimental results for OH and for OD as given in Table 7-3 
A doubling in 0'»H and OD can be fairly well predicted by noting that 
B and B' are inversely proportional to the reduced mass and is pro¬ 
portional to B\ A comparison between experimental measurements on 
tour A doublets for OD with expression (7-19) is shown in Table 7-3. 
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Again in this case, variation in B and q\ due to centrifugal distortion 
has been allowed for, as indicated in the title of Table 7-3. 

In NO, B is much smaller and A larger than for OH, so that A = 755, 
and NO is a rather good case (a) molecule. The A-type doubling of the 
“ITj state has been accurately measured from the ^ ^ rotational transi¬ 

tion of NO [7825], [92-1], which gives the constant a of Table 7-2 a value 
of 355.2 Me. From this value, the approximate magnitude of the con¬ 
stant b of Table 7-2 can be obtained, assuming the “ pure-precession ” 
relations of Table 7-2, as 0.13 Me, and thus the A-type doubling of the 
^rin state estimated. Experimental measurement [071] of the doubling 
of the ^Ilj state by microwave techniques gives the value b = 0.28 Me. 

Table 7-3. Comparison between Theoretical ani> Experimental 

Frequencies for A-type Doubling in 0**^0 
Theoretical results come from expression (7-19) with .t/5o = —14.147, 

A = -11.461, B = Zl' = /!„ - IhN(N + 1), f/A = 327.32 T 1 - N{N + 1) 

/>o 1- 


(From Sanders, Doiismanis, and Townes (97Icj) 


N 

1 

J 

1 

Measured frequency, 

Me 

(Jah’ulated frequency, 

Me 


state 


i 

3 

2^ 

8.120.4 

8.108.2 

4 

3^ 

9.587.9 

9,582.1 

5 


' 10,200.7 

10.203.3 

6 


9.922.8 

9,931.4 


state 


1 

1 

5 


8.072.4 

8.630.4 

1 

6 

1 

12,918.0 

12.882.8 

7 

- 1 

' J 

18.009.0 

18,000.7 

8 


23.907.1 

23.949.5 


Hyperfine structure appears prominently in the spectra of OH and NO. 
Such structure has been omitted in the discussion of rotational spectra 
of these molecules, and has been subtracted out of the experimental 
results to give the amount of A doubling. This hyperfine structure wi 

be discussed in Chap. 8. 

7-6. Nonlinear Molecules. Valence electrons in nonlinear molecules 
do not move in cylindrically symmetric fields, and hence no compoiient 
of their orbital angular momentum is constant or ‘ quantized. Rat er, 
the electronic orbital momentum is part of the rotational momenturn 
of the whole molecule. Any interaction between electron spin and or i 
of the type AL • S comes about only through some slight uncoupling o 
from the rotation of the molecule, and hence occurs as second- or ig er 
order perturbation effects. Henderson and Van Vleck [283] have s own 
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that these have the form 


W = A 


+ /3 ^ + t] 


N{N + 1) 


C + 


a'E + /S' ^ 

- + 7 


NiN + 1) 


3 


C(C+1) ~ SiS + 1)N{N + 1) 
{2N - l)(2N + 3) 


(7-21) 


where C = J{J + 1) - S(S + D - NiN + 1) 

E = energy of molecular rotation without electron spin effects 
= the coefficient in expression (4-17) which gives an expansion 
of any asymmetric-top wave function in terms of symmetric- 
top wave functions with quantum numbers K. 
a, p, 7 , a', and y' are all constants dependent on the structure of 
the molecule, and independent of angular-momentum quan¬ 
tum numbers. 

It may be seen that the first term of (7-21) is a dipole-like interaction, 
and the second term a pseudo quadrupole interaction with the same 
dependence on angular-momentum quantum numbers as a genuine 
quadrupole interaction [cf. (5-45)]. In addition, the pseudo quadrupole 
term in (7-21) must be zero when S is less than 1, or for singlet and 
doublet states. For a symmetric-top molecule, is unity for one 

particular value of K and otherwise zero, and since 


E = BNiN + 1) + (A - B)K^ 


(7-16) reduces to 


W = 


aK 


+ 


NiN + 1) 
a'K^ 


+ b 


C 


NiN + 1) 


+ b' 


fC(C + 1) - SiS + l)NiN + 1) 
i2N - 1)(2A^ + 3) 


(7-22) 


where a, 5, o', and b' are constants. 

The only nonlinear molecules with unpaired electron spins which have 
so far been studied in the gaseous state are NO 2 and CIO 2 . CIO 2 is 
somewhat asymmetric (asymmetry parameter k « 0.85) but its spectrum 
observed in the optical region [144] fits expression (7-22) satisfactorily 
[283]. Some spectral lines of NO 2 have been observed in the microwave 
region, but their fine structure has not yet been well analyzed [497], [615], 




CHAPTER 8 


MAGNETIC HYPERFINE STRUCTURE IN 

MOLECULAR SPECTRA 


8-1. Introduction. Although hyperfine structure due to nucleai 
magnetic dipole moments is not so prominent in molecular spectra as that 
involving nuclear electric (juadrupole moments, it is by no means insig¬ 
nificant. In molecules with electronic angular momentum, magnetic 
hyperfine structure is comparable in size with magnetic hyperfine struc¬ 
ture in atoms and is usually much larger than that due to quadrupolc 
moments. It is only because this type of molecule is uncommon that 
magnetic hyperfine structure is not prominent in molecular spectra. For 
molecules in states the average of each component of the electronic 
angular momentum is so small that it is usually considered zero. Even 
for these molecules, however, there are weak interactions involving 
nuclear magnetic moments. These include interaction between magnetic 
moments of two nuclei in the same molecule (spin-spin interactions), 
interaction between a nuclear magnetic moment and the rather small 
magnetic fields produced by molecular rotation (I • J interactions), and 
magnetic polarization of a molecule by a nuclear magnetic moment 
(pseudo quadrupole interaction). 

When a molecule has electronic angular momentum, hence is in some 
state other than ^2, the magnetic fields associated with this momentum 
interact strongly with the nuclear moments present in the molecule, 


giving a magnetic hyperfine structure comparable in size with that found 
in atoms (10^ Me would be typical). The interaction is due either to 
electronic orbital angular momentum, L or A, or to spin angular momen¬ 
tum, S or 2. 

In the case of orbital angular momentum, the interaction energy is 
given by (5-49) if the spin is assumed to be zero, i.c., if we let j = h I hen 
(5-49) and (5-51) give the energy as 



where no — the Bohr magneton 

ju/ = nuclear magnetic moment 
I = nuclear spin 
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r == distance between the electron and the nucleus 
1 = orbital angular momentum of an electron with respect to the 
nucleus in units of h/'lir (the quantity A/27r will frequently be 
written K) 

To calculate the energy resulting from (8-1) in the first-order perturba¬ 
tion approximation, we need to average this expression (since in a mole¬ 
cule neither 1 nor r is constant) and to sum over all the electrons which 
contribute to the total orbital angular momentum L. In the simplest 
cases, the nucleus may be assumed to lie on the molecular axis. L has 
an average nonzero value only if the molecule is linear, so that the aver¬ 
age value of L is just kA, where k is a unit vector along the molecular 
axis and A is as usual the component of L along this direction. Then 
if only one electron contributes to the orbital angular momentum L, 



(8-2a) 


If more electrons are involved, 


//,. = 2 A„I . k (8-26) 

where the sum is over each electron contributing to the hyperfine struc¬ 
ture and An is the average projection of the orbital angular momentum 
of the nth electron on the axis. 

Interaction between a nuclear magnetic moment and an electron spin 
moment is somewhat more complex. There is the classical interaction 
between two dipoles and y 2 of the form 





Vi • 3(i*i • r)(|ji 2 • r) 



(8-3) 


which for the nucleus 





and electron spin (|i 2 


— 2jLiuS) becomes 


(ij \ _ 2mom/ I*S 3(I-r)(S-r) 

- j~ —^- - -- 

7 L r® y.5 


(8-4) 


In addition, there is an interaction of the type found between a nuclear 

magnetic moment and an electron in atoms, which is not given simply 

by (8-4). It can be written approximately as in the atomic case from 
(5-49) and (5-54) as 



IGtt /io/i/ 

3 / 


yp^(0)l . S 


(8-5) 


Frosch and Foley [686] (cf. also [916a]) have discussed these magnetic 
interactions for a linear molecule, and obtain the sum of and 
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{His )2 in the common Hund's cases (a) and (b) as 


//I = aAl • k + • S + c(I • k)(S • k) 


where a 

and to a good approximation 



( 8 - 6 ) 


b 

c 


I 


Stt 


^^ 0 ) - 


3 cos^ 6 — 1 


2r 


av 


3mom/ / 3 cos- 0—1 

~r 


av 


Expression (8-G) applies accurately only when A is a “good” quantum 
number. Here 0 is the angle between the molecular axis and the radius r 
from the nucleus to the electron. A and S are assumed to be good 
quantum numbers, since second-order terms involving changes of A or iS 
give extremely small contributions to the energy by comparison with 
the first-order terms of (8-G). Some of these second-order terms will be 
discussed below, however, in connection with magnetic effects in 
molecules, where the first-order terms given by (8-G) are zero. 

Expression (8-6) applies to each electron in the molecule. Of course, 
most of the electrons occupy orbits in pairs with oppositely directed 
spins so that the second and third parts of (8-G) cancel out, and the 
orbits are usually filled so that the orbital angular momentum A of most 
of the electrons cancel. Expression (8-G) need then only be applied to 
each of the “unpaired” electrons whose angular momentum is not 
cancelled. The quantity a refers only to electrons with orbital angular 
momentum. A spherical distribution of an electron around the nucleus 


would make 


-^-) equal to zero, so that in this case the elec- 

^ 2 / ftv 

tron spin would interact with the nuclear magnetic moment only through 
the term in b proportional to i/'^(0). The probability ^^(0) of the elec¬ 
tron's being found at the nucleus is usually negligibly small for an electron 
in a p atomic orbit. For an S-iype orbit, however, it is large enough so 

that ^ lA^(O) is much larger than ^ ^ orbit and 


b » a. Hence, whenever there is an appreciable amount of S character 
to the wave function of an unpaired electron, the hyperfine interaction 
which is proportional to ^^(0) may be expected to dominate, 

8-2. Coupling Schemes for Magnetic Hyperfine Structure. Evalua¬ 
tion of the energy resulting from the interaction (8-6) depends on the 
coupling scheme which is followed by the particular case of interest. In 
addition to the electron angular momentum which is coupled according 
to the usual Hund’s coupling cases (c/. Chap. 7) to the molecular axis or 
to the momentum of end-over-end rotation of the molecule, we have a so 
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the nuclear spin momentum. The nuclear spin may be coupled with 
varying strength to the several molecular vectors, providing additional 
coupling possibilities. The commonly expected coupling schemes are 
shown in Fig. 8-1. They are classified according to Hund’s scheme, with 
a subscript a indicating that the nuclear spin is most strongly coupled 
to the molecular axis [as is S in Hund’s case (a)] and a subscript indi¬ 
cating that the nuclear spin is not coupled to the molecular axis but to 





I 


Cose 




Fig. 8-1. Molecular coupling schemes including nuclear spin. 

some other vector [as in case (b)]. For Hund’s case (a), one may expect 
the nuclear spin to be coupled either to the molecular axis [case (a,.)] 
or toy [case (a^)]. However, for Hund’s case {b), where the electron 
spin IS not coupled to the molecular axis, it is very unlikely that the 
nuclear spin will be coupled to the molecular axis since the interaction 
of Its small nuclear magnetic moment with the molecular fields should be 
considerably less than that between the electron moment and the molecu¬ 
lar fields. Hence only case (6^) is expected to occur. 

In case (a), (8-6) becomes (omitting the negligible perturbation of A 
nypernne interactions) 

= [aA -f (6 -b c)2]I. k (g_ 7 ) 

since S • k = S, and I • S = (I • k)(S • k) when S precesses about the 
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molecular axis k. The hyperfine energy for case (aa) is the sum of a 
magnetic interaction given by (8-7) and a term dependent on the molecu¬ 
lar moment of inertia. The entire effect of Qi, or I • k, the projection of 
I on the axis, is 

W = [aA + (b + - hB[Q, + 2(A + Z)]Qj (8-8) 

All parts of this expression are constant for a given electronic level 
except 12/, which has one of the values /,/—!, . . . , —The second 
term of (8-8) may be obtained from (7-2), which gives the rotational 
eiiergy in case (a) as Wj = hB[J{J -hi) — 12“]. But in case (Oa), 
may include 12/, which therefore affects the rotational energy. In case 
(a^), the vector model gives 

T 1, (I* J)(J-k) 

or, since J*k = A-h2i) = 12, 

W = [aA + (b + c) r] ^ I • J (8-9) 

where 

, , F(F -hi) - •/('/ + 1) - /(/ + 1) 

I . j = - 


In this case, the hyperfine structure decreases with increasing ./, since I 
becomes more and more nearly perpendicular to the molecular axis. 

When neither the electronic nor nuclear spin is coupled to the molecular 
axis, one encounters the further complication of three possible coupling 

schemes: 

1. Case {bffx): N and I are coupled to form Fi, then Ft and S couple 

to form the total angular momentum F. 

2. Case S and I are coupled to form F,., then Fj and N couple to 

give F. 

3. Case (V): N and S are coupled to form J, then J and I couple to 

give F. . . i- 

It may be noted that a subscript has been added to the designation ol 

the coupling scheme which indicates the vector to which I is couple . 

These three cases are illustrated in Fig. 8-1. Case (b^x) is not expecte 

to occur commonly because the much larger magnetic moment associ 

ated with the electron spin should couple much more strongly to i t an 


does the nuclear magnetic moment. ^ • /« c'l 

The energy resulting from the first two terms of the inteiaction ( > 

can be obtained from the vector model for each of the three above cases. 

However, the last term of (8-6) re(iuires a more complicated proccc ure 

such as multiplication of the matrices for I * k and S • k. rosc i a 
Foley [6861 have given all matrix elements necessary to eva ua c 
energy from (8-6) using the coupling schemes (Vs) and (V). ^^r 
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pure coupling case (b^j), which is expected to be more common than 
(fo/3s), the energies obtained are as follows: 

When <S: = i: 


Wj. 


N+l 


2a\ 


+ 


liN + 1)(2A^ + 1) ^ 2A^ + 1 


+ 






2ay- 


(2N + l)(2iV + 3) 
I) 


9 

I j- 

^ iV + 1 


I'J 


( 8 - 10 ) 


LA^(2iV-f-l) 2A' -f 1 


where 


^ (2:V - I)(2.V + l)V^ N 

I • J = + 1 ) - J(./ + ]) - /(/ + ])] 


I-J 


When /S = 1: 


Wj. 


Y+i — 


aA 


+ 


[(AT + 1)^ ^ (A^ + 1) 


+ 


{N + 1)(2A^ + 3) 


2 

1 + - -- 

^ jV + 1 


W._.v = 


I-J 


aA2(A^2 + AT _ 1) 


A^-(A^ + 1)2 


+ 


N(N + 1 ) 


+ 


NiN + 1) 


Wy-.v-i = 


aA 






N{2N - 1) 


1 - 


1 - 


2 A 2' 

N 


2A 


NiN + l)J\ 


I-J 


I-J (8-11) 


Because of the accuracy of microwave measurements, noticeable devi¬ 
ations from the pure coupling cases listed above are to be expected, and 
intermediate coupUng cases must be considered. In addition when large 
coupling constants occur, N may not be a “good” quantum number and 
second-order effects involving excitation of other N states must be con¬ 
sidered. Frosch and Foley [686] give most of the matrix elements needed 
101 calculation of the energy in these cases. 

Fif'f■ Magnetic Hyperfine Structure in Molecules with 

Momentum. The molecule NO is a rather good 
p o lund s case (a), its ground electronic state being 2n The 
nuclear magnetic moment of nitrogen and the molecular fields produce a 
hyperfine structure which follows case (a,). The 211 ^ state shows a hyper- 
fine stiucture which is given by expression (8-9) with 

aA -I- (6 -I- c)X = 74.1 Me 

[899], [686]. Hyperfine structure of the 2n, state involves some addi 
onal effects which are discussed in Sec. 8-6. The common isotope of 
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oxygen, has zero spin and hence produces no hyperfine structure in 
NO. The spectrum of the “Ih state of NO was actuall}^ measured in a 
strong magnetic field [435], [899] and will be discussed in more detail in 
Chap. 11 in connection with Zeeman effects. 

The ground state of the oxygen molecule O 2 is and hence a good 
HiuuTs case (b). The coupling between S and N is approximately 60,000 
Me, whereas the hyperfine coupling between S and I for 0'^ in O^'^O*^ is 
only a few hundred megacycles, so that O^^'O^^ represents a rather good 
case (b^j). For this molecule, having = 1 and A = 0, the energies 
given l)y (8-11) simplify to 



-v+l 



.V 


I* J 


iV + 1 

I-J 




2N + 3 


N{N + 1) 


.-N + C) 


( 8 - 12 ) 



where 


F{F + 1) - /(/ + 1) - JiJ + 0 


The expressions (8-11) or (8-12) have been found to fit very satis¬ 
factorily the observed hyperfine splitting of the microwave spectrum of 
016017 ^vith the values / = b = —102 Me, and c ~ 140 Me [841]. 
Effects of the (luadrupole moment of and second-order effects involv¬ 
ing decoupling of S from N can be shown to l)e less than about 1 Me, 
which was the accuracy of the measurements, and hence were neglected. 

Magnetic hyperfine structure has also been observed in OPI [861], [971a], 
where coupling intermediate between case (a) and case (6) occurs. 

The way in which a, b, and c depend on the electronic wave function 
of the molecule, and the information about NO and O 2 which can be 

derived from them are discussed in Chap. 9. 

8-4. Nonlinear Molecules. Electrons in molecules which are not 
linear have no constant component of orbital angular momentum, since 
the molecular electric fields interfere \vith each component of the elec¬ 
trons' orbital motion. Hence in first-order approximation the interaction 
(8-1) is zero because the average value of each component of L is zeio. 
The electron spin, however, may still be nonzero in such a molecule and 
may give a sizable hyperfine structure through interactions of types (8-3) 
and (8-5). No detailed evaluation of the energies resulting from (8-3) 
and (8-5) has been made for nonlinear molecules. However, coupling 
of the case {h^j) type should be expected. For a given rotational state 
of angular momentum N due to end-over-end rotation, and given va ue 
of J = N + S, the energy will have the form 

W = 2C(I • J) = ClFiP' + 1) - I{I + 1) - 
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Two examples of hyperfine structure in asymmetric molecules with 
electronic angular momentum have so far been observed, NO 2 and CIO 2 . 
Both these molecules have an odd number of electrons and a value 
S = Selection rules for the hyperfine structure {AF = 0,±1) and 
relative intensities of the components are the same as with fine structure 
or other forms of hyperfine structure (see Chap. 5). Except for very 
small values of the dominantly strong hyperfine components are 
those for which AF is the same as AJ. Assuming (b^j) coupling, the 
frequencies of the strong hyperfine components (AF = AJ) for a par¬ 
ticular transition can be obtained from (8-13) as 

»= ^0 + [{C, - C,){F ~ J) + + 1) - + 1)] 

(8-14) 

where J 1 and J 2 = total angular momentum exclusive of nuclear spin 

in lower and upper states, respectively 
Cl and C 2 = hyperfine constants in (8-13) for lower and upper 

states, respectively 

I'o = a constant given primarily by the frecjuency of the 
rotational transition without hyperfine structure 
F ~ J = difference between F and J in either upper or lower 

states, which may have the values /,/ — !, . . . , 
-/ 

Expression (8-14) allows 2/ + 1 hyperfine components for each 
rotational transition and fine-structure component, z.e., for each transi¬ 
tion for given values of N and J in initial and final states, since F — J 
can have 2/ -f 1 different values. This is provided I < J] otherwise 
there are 2J + \ components. The components may be approximately 
equally spaced if C 2 — Ci is small compared with 

C2(2y2 + 1) - Ci(2Ji -f- 1) 

or may tend to converge when the two terms are comparable in magni¬ 
tude. Figure 8-2 shows part of the spectrum of CIO 2 , which can be seen 
to consist of two groups of four lines corresponding to the f spin of the 
two Cl isotopes (O^^ has zero spin). One group of hyperfine components 
in this spectrum has approximately equal spacings, whereas spacings of 
the second group increase markedly from left to right. 

It has been suggested [497], [615] that two nearby sets of three lines 
in the spectrum of NO 2 are the J = Goe » 5i6 transition, one set with 
J N 2 ^, and the other with J = N — Certainly each set of three 
must correspond to the hyperfine lines due to (I = 1 ) of some rota¬ 
tional transition. However, the ratios of the separations between these 
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components has not yet been worked out in detail, and they do not seem 
to fit satisfactorily the approximate theoretical calculations which have 
been made. In addition, the Zeeman effect of these lines does not fit 
very well this assignment for the transitions [615]. 

8-6. Spin-spin Interaction between Nuclei. A nuclear magnetic 
moment may interact not only with an electron spin moment, but also 
with other nuclear magnetic moments which are present in a molecule. 
Expression (8-3) gives the interaction between two such dipole moments, 
from which the energy may be evaluated. This ‘'spin-spin^' interaction 
between nuclei is approximately 2000 times smaller than the hyperfine 



Fin. 8-2. Two lino.s of the asymmetric rotor CIO 2 , ca(;h split into four components by 
magnetic hyperfine structure. {From A. L. Schawlow and T. A/. Sanders.) 


interactions in paramagnetic molecules because the magnetic moments 
associated with nuclei are this much smaller than those due to electrons. 
A rough magnitude for those effects can be obtaiiied from where 

fin is a nuclear magneto!i and r is the distance between two nuclei in a 
molecule. For a typical value of r « 1.5 A, is only about 3 kc, 

which is so small that this “spin-spin” interaction is only rarely detected. 

Because of their small size, nuclear “spin-spin” interactions will be of 
importance only for ^2: molecules, where the magnetic effect of electrons 
will also be very small. The vectors to be coupled are then the rotational 
angular momentum of the molecule J, and the spins of the two nuclei 
Ii and I 2 . If the nucleus having spin Ii is more strongly coupled to J 
than is the other nucleus, then the coupling scheme for a '2 symmetric 
top is similar to case {b^j) discussed above, but with N replaced by J, 
A by K, S by I, and J replaced by Fi = Ii + J. This coupling scheme 
could occur when Ii is coupled by electric quadrupole effects to J, an 
would be the only pure coupling scheme of much interest for two nuclei. 
The energies are given for two nuclei in symmetric-top molecules by 
simplified forms of (8-10) and (8-11) or (8-12), or in more general form by 

Gunther-Mohr, Townes, and Van Vleck [931], 
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For /i = 






j-j 


2.//xi/i2(3 cos^ 0 — 1 ) 

3^^ , T . T. 

( 2 ./ + 1 )( 2 J + 3)/2r^ 
~-2{J l)/ii/i 2(3 cos“ 1 

[./(./ + 
9 - 1) 

- 1 ) 

3K2 

{2.1 - 1 )( 2 ./ + l)hr^ 




(8-15a) 


where r is the length of the vector between the two nuclei and 6 is the 
angle between this vector and the molecular axis. 





= - 


2.//ii/z2(3 cos“ 0—1) 

(J + 1){2J 

2juiM2(3 cos^ 6 — 1) 


3K 


UiJ + 1) 
3/^2 


- 1 


J(J + l)/2r^ 


_J(J + 1 ) 


= - 


2{J + 1)/Z1M2(3 cos^ 0-1) 


J(2J - l)/ 2 r' 


- 1 


S/v 


12 * F 1 


I 2 • Fi 


(8-156) 


lJ(J + 1 ) 


- 1 


I 2 • Fi 


A somewhat larger spin-spin effect, which occurs only when K = 1, 
will be discussed below in connection with the hyperfine structure of 

NH 3 . 

For intermediate coupling cases, the matrix elements given by Frosch 
and Foley [G86] for the interaction of nuclear and electronic dipole 
moments may be used with a second nuclear moment replacing the elec¬ 
tron spin S. The case of spin-spin interaction between two identical 
nuclei in a linear molecule, t.c., two protons in Ii 2 or two deuterons in D 2 , 
has been discussed in some detail by Kellogg, Rabi, Ramsey, and Zach- 
arias [91], [98]. However, such cases are not of great interest to micro- 
wave spectroscopy because linear molecules in which two identical nuclei 
are found would usually have no dipole moment. 

8 - 6 . Effect of Hyperfine Structure on A Doubling—Hyperfine Doubling. 
So far we have discussed only those types of hyperfine structure which 
would be identical for the two energy levels of a A-type doublet. How¬ 
ever, for n states certain additional hyperfine effects may occur which are 
different for the two A-doubled states. 

Different hyperfine structure for two members of a A doublet arises 
only from electron spin-nuclear spin interactions. A general under¬ 
standing of the phenomenon can be obtained from a consideration of the 
distribution of electron density in the two A-doubled states of a case 
(b) molecule. The part of the electron wave function depending on 
angle 0 of rotation about the symmetry axis has the form ± for 
the two A-doublet states of a 11 electron. The probability distributions 
tor the electron are then proportional to cos^ 0 and siii^ 0 for the two 



204 


MICROWAVE SPECTROSCOPY 


states, giving large probabilities in the regions shown as shaded in Fig. 
8-3. In Fig. 8-3a, corresponding to the lower A-doublet state with a 
sin^ </) distribution, the field of the electron at the nucleus is parallel to I 
(the electron magnetic moment is antiparallel to its spin *S). In Fig. 
8-36, corresponding to the upper A-doublet state, the electron's field is 
directed oppositely to I. Plence the spin-spin interaction energy is quite 
different for the two cases. A reversal of I or S with respect to the 



(«) (/') 

Fig. 8-3. Distribution of an unpaired electron in a case {b) molecule for the two 
A-doublet states. The molecular axis is perpendicular to the page. Interaction 
energy between magnetic moments associated with the electron spin S and the 
nuclear spin I is different for the two cases. K is the angular momentum due to 
rotation of the molecule. 

rotational angular momentum K of course reverses the sign of the hyper- 
fine interaction energy for both A-doublet levels. 

More formal reasoning shows that these effects are possible because 
the matrix elements of hyperfine interactions may connect states with a 
difference in A of ±2 (and hence with differences in Q [686]). The two 
A-doubled states actually involve equal mixtures of states with positive 
and negative values of A, in exact analogy with the ^doubled states 

discussed in Chap. 2 or the inversion states of Chap. 3. Hence in blun s 

case (a) matrix elements connecting states with a difference in of ± 
or ±2 give first-order (diagonal) effects for a state but for no others. 
In case (6), first-order effects of such matrix elements are found for II 

or states, but for no others. , 

The actual magnitude of the spin-spin interaction of the type descri e 

here, with case (a), case (6), or intermediate coupling, is given or a 
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state by [971a] 


AW = 


d(X + 2- A/B) , 


(8-16) 


where = the fine-structure constant (enorgj' = .-IS - A) 

B = the rotational constant 

X = ±[{A/B)iA/B - 4) -1- 4{J + 

r = distance from nucleus to electron 

6 = angle between molecular axis and radius from nucleus to 
electron 

The signs in ( 8 -lG) need explanation. When the constant A is posi¬ 
tive (regular fine structure), then a positive sign for X is for the state 
which approaches TI 3 in case (a), and a negative sign for X for the state 
which approaches ^Ilj. When A is negative (inverted fine structure), a 
negative X gives the state, and a positive X the -Hj state. The upper 
(positive) sign in front of d in (8-16) applies to the upper A-doublet level 
of the state for which J = iV + ^ in the limiting case (b) or for both of 
the and states in case (a), and the lower sign to the lower state. 
The appropriate signs in front of d are the reverse in the state for which 
J = N ~ ^ in the limiting case (b). 

In case (a), X = ±A/B, and (8-16) gives 

AW = + I • J 

- 2J{J + 1) 


for the state and ATT = 0 for the ^11 j state. The upper sign in front 
of d applies to the upper A-doublet state. In case (b), (8-16) gives 

and 

±J to'--'-"-* 

This type of hyperfine effect we shall call hyperfine doubling, since it 
can remove the degeneracy from or further split A-type doublets. For 
hyperfine doubling to occur, one of the interacting spins must lie off the 
axis of the molecule [0 > 0 in the definition of d under expression (8-16)]. 
This doubling can also occur in a symmetric-top molecule in a ^2 state 
if there is interaction between a nuclear spin on the axis and one off the 
axis. An example is NH 3 , which will be discussed more fully below. 
Here interaction between the N and H nuclear moments splits the other¬ 
wise degenerate levels K = ± 1 . 

Hyperfine doubling has been found in OH [861], which is a case of 
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intermediate coupling, and in the state of NO [7826], [924], which is 
rather close to case (a). For OH, d = 57 Me and for NO, d — 112.6 Me, 
In both OH and NO, the hyperfine doubling is superimposed on a hyper- 
fine structure of the form (8-6) which is identical for the two A doublets. 
Structures of the two lowest rotational states of NO are illustrated in 
Fig. 8-4. Here the hyperfine doubling is somewhat larger than other 
hyperfine effects and consequently has interchanged the order of the 
hyperfine levels in the two A-type doublets of each rotational state. 

8-7. Electronic Angular Momentum in *2 Molecules and Its Contribu¬ 
tions to Molecular Energy. Although molecules in ^2 states are often 
said to have no electronic angular momentum, there is in fact a small 
electronic angular momentum when a molecule of this type is rotating. 
For example, consider the motion of closed shells of electrons associated 
with a nucleus. These move with the nucleus during rotation of the 
molecule and hence possess angular momentum. Their rotation pro¬ 
duces magnetic fields which can give magnetic hyperfine structure. A 
more interesting and complex case is a valence electron which is not 
definitely associated with one nucleus. Valence electrons may only 
partly rotate with the molecule, but still usually produce the dominating 
magnetic fields at the nuclei. Their behavior also produces complications 
in the purely mechanical rotational energy of the molecule. 

In order to examine the behavior of electrons in a rotating molecule, we 
shall start with the energy or Hamiltonian for electrons in a molecule 
with fixed nuclei, which is of the form 

^ J [pL + vly + vU + V 

n 

2m Z Z 

n 0 

where in is the electron mass, pno is the grth component of the momentum 
of the nth electron in Cartesian coordinates, and V is the potential 
energy of all the electrons. The energy of the electrons in the ground 
state may be found in principle by solving Schrodinger’s equation with 
(8-17) as the Hamiltonian. Let this energy be Weo. 

If the molecule rotates, the Hamiltonian for the electrons is of the same 
form, but pno refers then to a Cartesian component of the generalized 
momentum of the nth electron referred to a set of axes fixed in the mole- 
(ule and rotating with it. Ihis momentum is not simply the mass times 
the velocity in the rotating coordinates, and must be found by the general 
method of difterentiating the Lagrangian with respect to the velocity. 
The important point for our purposes, however, is that the Hamiltonian 
m rotating coordinates has the same form (8-17) as long as the coordinate 
system is Cartesian. The nuclei also acquire kinetic energy as a result of 
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rotation, which may be written 

v' 02 
0 


where is the moment of inertia of the system of nuclei in the molecule 
about one of the principal axes, and 0„ is their angular momentum about 
this axis. We shall for simplicity assume that the nuclei are rigidly 
fixed in the molecule and disregard possible vibrational energies. The 
component Jf, of the total angular momentum about a principal axis of 
inertia is the sum of that due to the nucleus Og and the small angular 
momentum Lg of the electrons, or 

Og = {Jg - Lg)h (8-19) 


where Jg and Lg are in units of h. 

Combining (8-17), (8-18), and (8-19), the Hamiltonian for the rotating 
system becomes 









( 8 - 20 ) 


Tf the electrons arc truly in a *2: state, there is no electronic angular 
momentum and Lg is zero, so that the energy given by (8-20) is just the 
sum of the energy due to the last two terms, and that due to the first 
term. This first term gives the rotational etiergies Wn of a rigid rotor, 
but one without electrons since Ag is the moment of inertia of the nuclei 
only. The total energy in this approximation is then just 

ll'o = Wn + HTo (8-21) 


It is only by allowing for perturbations of the ground ‘2 electron states 
by the term ^ {hUgLg/A„) that the energy associated with the contribu¬ 
tion of the electrons to the moment of inertia of the molecule can he 
obtained. This perturbation introduces a small probability for elec¬ 
tronic angular momentum states other than hence it produces some 
electronic angular momentum which affects the rotational energy of 
the molecule. To a good approximation, the third term of (8-20), 

4 2 Ag)j is a constant of the molecular rotation. Rotation vill 

indeed produce perturbations of this term, but they are too small to be 
significant at present. 

Since the perturbation Y {h\J„Lg/Ag) introduces electronic angular 


momentum, we must take into account the various other types of energy 
terms connected with electronic angular momentum in order to complete 
the Hamiltonian (8-20). One of these is the interaction between a 
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nuclear magnetic moment and the magnetic fields produced by an elec- 
tronic angular momentum. Such interactions are similar in principle 
to the magnetic hyperfine structure due to orbital motion of an electron 
in an atom, and may be written as in (5-49) after letting j = L, 


al • L' = a ^ (8-22) 

0 

where L' is the electronic orbital angular momentum about the nucleus 
of spin I, and a = (2M/Mo//)(l/r2).v. However, in a molecule, L is not a 
constant of the motion, and hence both V and (l/r^).v must be averaged 
over the electronic wave function. It should be noted too that (8-22) 
contains L', the angular momentum about a particular nucleus, rather 
than L, the angular momentum with respect to the center of mass of the 
molecule. V and L are, of course, closely related. 

Another common interaction associated with electronic angular 
momentum is the Zeeman effect due to an external applied field II. Ihe 
interaction energy is given by 

moH • L = MO J H,Lo (8-23) 

0 

where /xo is the Bohr magneton. 

Although we shall not be concerned here with all possible types of 
magnetic interaction, still another interaction which we shall include 
is the direct interaction between the magnetic moment of the nucleus 
and the external field H. This is 



(8-24) 


where /x/ is the nuclear magnetic moment. Adding the three terms 

(8-22), (8-23), and (8-24) and omitting the constant term ^ ^ h~{L^/A^) 

0 

in (8-20), the Hamiltonian becomes 


H = 




no 


+ V + 


n 


a 


g 


+ 



fioHn — 


h^J 


A 


L, -h al • L - (v, . H) = Ho + H' (8-25) 


Here Hq represents the first three terms which are the main parts of the 
Hamiltonian. H' consists of the remaining small perturbing terms. 

It may be seen from (8-25) that the effect of a magnetic field on elec¬ 
trons is just equivalent to that of molecular rotation since they both 

enter (8-25) only in the factor ^/xoHp — Thus the effect of a mag- 
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netic field Hg is equivalent to a rotation 


~h^J 


Since hJg = 


where co is the angular velocity, the rate of angular rotation which pro¬ 
duces an effect on the molecular electrons precisel}'^ the same as that of 

eH 

the field Hg is ojq = 2^ This is Larmor’s theorem, and is responsible 

for the direct connection (/ — 47) between L uncoupling and the molec¬ 
ular g factor due to electrons. 

The first-order correction to the energy given by Hq is the average 
value of H' in the state of the molecule. The parts of H' proportional 
to L have an average value of zero, so that the only term of H' which 
gives an energy in first order is — y/ • H. The second-order correction 
to the energy is given as usual by 


^ Y i mw 

L II'O - Wn 


(8-26) 


where ITo is the energy of the unperturbed state, and ir„ the energy of 
the nth excited electronic state. (0|//'|a) is the matrix element of H' 
between the unperturi)ed and an excited electronic state. 

To illustrate the nature of the various terms in (8-26), let us assume 
that only one excited state is of importance so the sum over n may be 
omitted. Second-order terms in y/ • H will be assumed negligible, as they 
usually are. 


IF = 


|(0|aI*L|n)l 


(0|L„|n)(«|L„-|0) , |(0 |moH-L|«)P 


w 


+ 


• L\n)\‘ , VVf,4 r 7- , |l,u|Mo£ 

- ir„ ^ ll " - '\V„) ir„ 

0 o' 

V V r rr (0|a/>'| m) (w|/v„'|0) + (()[/y,/|« ) (« |«/y'|0) 

Z Z -irT^ir:^ 

u' 0 

V Y {0\aL'„\n) (n\L„’\0) + ( 0|/v |n)(77|»/>'|0) 

Z Z /lo' 11 n — II n 


ir„ - ll'n 


| 0 ) 


0 0 


ii'o - ir„ 

Y Y (0|L„!A7)(n|/.,/|0) 

L A., ^ H'o - ir„ 


(8-27) 


(/ Q 


Expression (8-27) appears rather formidable partly because it applies 
to the general asymmetric top and hence the sums over coordinate diiec- 
tions g and g' cannot be very much simplified. Its complexity is due 
also to the fact that each of the six terms of (8-27) corresponds to adiffei- 
ent physical effect. These may be and usually are discussed separately. 

The second term in (8-27) is the only one which does not involve mag¬ 
netic effects. It is proportional to the sejuare of the molecular angular 
momentum J, and represents the contribution of the electrons to t e 
moment of inertia of the molecule or to the kinetic energy of rotation. 
Since Wo - IF is negative, this term is negative and corresponds to a 
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decrease in the energy of rotation. This is to be expected since the 
electrons should add to the moments of inertia Ag oi the bare nuclei. It 
will be shown below that, at least for electrons closely bound to the 
nuclei, this term does in fact have the magnitude to be expected from the 
electronic contribution to the moment of inertia. 

The first term in (8-27) is called the pseudo quadrupole effect [192] 
because it has the same form as a quadrupole interaction between I and 
the molecular electric fields. In a simple linear molecule, for example, 
L may be thought of as precessing around the molecular axis, so that 
(I • L)^ becomes proportional to the square of the cosine of the angle 
between I and the molecular axis, which is the same dependence on this 
angle shown by an electric quadrupole interaction. Hence experi¬ 
mentally the effect of this term cannot simply be distinguished from that 
of a nuclear (jiiadrupole interaction. Fortunately, however, the pseudo 
quadrupole interaction is almost always negligibly small, since from 
(8-27) it is proportional to the square of a magnetic hyperfine interaction 
divided by the separation between electronic levels. It is hence not 
usually larger than a few cycles per second. 

The pseudo quadrupole effect may be regarded as a magnetic polar¬ 
ization of the molecule by the nuclear magnetic moment, and then an 
interaction between the resulting molecular magnetic field and the 
nuclear moment. In principle the interaction discussed by Hebb (cf. 
page 182) in p-type tripling is identical with this nuclear effect, but it 
involves fine-structure rather than hyperfine-structure interactions and 
is consequently enormously greater. 

The third term of (8-27) is an energy associated with the magnetic 
susceptibility or polarization of the molecule by an external field {cf. 
[38], p. 227) and is not of great interest here. It has no dependence on 
molecular rotation and corresponds to the interaction between the field 
H and the molecular magnetic dipole induced by H. 

The fourth term of (8-27), 

.. , „ (0\aI4\n){n\Lg^\0) + {OMi){n\aL:,\0) 

Wo - w„ 

also does not depend on the molecular rotation. It corresponds to a 
magnetic polarization of the molecule by an external field H, or creation 
of electronic angular momentum L as a result of this field, and then an 
interaction between the nuclear magnetic moment and the magnetic 
field produced by the angular momentum L. These effects are usually 
unimportant to microwave spectroscopy of gases, since they are normally 
smaller than the direct interaction y, • H between an external field H 
and a nuclear magnetic moment by a factor of lOh However, for nuclear 
magnetic resonances in solids or hquids such effects are measurable and 




212 


MICROWAVE SPECTROSCOPY 


are generally called “chemical effects,” since they do not depend simply 
on the nucleus, but vary from one molecule to the next [569], [515]. 

The remaining two terms of (8-27), 

_ V V (Q|aT»(R|L„-|0)(0|L„»(n|aL^|0) 

W W A,' Wo - Wn 

0 0 


and -2 ^ ^ V„//„- (0|L>)(n|L„-|0) ^ dependent on the rota- 


0 0 


g 


Wo ~ Wn 


tional angular momentum J of the molecule and are interesting terms 
from the point of view of microwave spectroscopy. They may be 
thought of as due to an excitation of electronic orbital angular momentum 
L by the rotation J. This electronic angular momentum produces an 
internal molecular magnetic field which interacts with the nuclear mag¬ 
netic moment, and also a molecular magnetic moment which interacts 
with the external field //. The latter term, linearly proportional to H 
and to./, is a Zeeman effect which will be discussed at length in Chap. 11. 
The term linearl}^ proportional to I and J is part of the common variety 
of magnetic hyperfine structure in ^2; molecules which for simple linear 
molecules reduces to the form CA • J, where C/ is a constant dependent 
on the molecule. This interaction is often called the “/ dot J” inter¬ 
action and will be discussed at length below. 

8-8. Effect of Electronic Motion on Rotational Energy. We shall 
digress from magnetic effects brief]}^ to examine parts of the energy 
(8-26) of the type illustrated by the second term of (8-27), f.c.. 



Y Y Y f>'’-{()\L„\ti){n\ L„’\0) 

ir„ - ir„ 

(7 V' « 


(8-28) 


These terms give the effect of electrons on the rotational energy of the 
molecule, and illustrate some of the properties of the terms involved in 
magnetic hyperfine structure. For simplicity, consider a linear molecule 
and take the z direction along the molecular axis. Then Lz = 0, and 
the terms of (8-28) of the type 


y [(0|/..|n)(n|LjO) + (0|L„|n)(n|L.|0)] 

w U 0 — n 


are also zero. The latter may be shown by a rotation of the molecule 
about the z axis by t/2. After the rotation, x becomes y, and y becomes 
{ — x). Since the directions x and y are equivalent, this term has change 
sign but cannot have changed value, so that it must etjual zero. The only 
nonzero terras of (8-28) are therefore 



h^\{Q\L,\n)\‘^ 






y A2 |(o|L»|2 

Z TFo - 11^ 
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or, since the x and y directions are equivalent, 



J{J + 1) 



n 


A2|(0|L,i/t)| = 

Wo - Wn 


or 


UiJ + (8-29) 

n 


where J(J + 1) = is the square of the total angular momentum, 

A — Ax = Ayj and B = h/Sr^A is the rotation constant. 

The “slippage'' of electrons with respect to the nuclei as the molecule 
rotates may be seen from (8-29). If the electron distribution and the 
fields were completely spherical about the center of mass, then {0\Lr\n) 
would be zero. The fractional part of the valence electrons which is 
spherically distributed may be considered, as noted in Chap. 1, to slip 
with respect to the molecule and not contribute to the rotational energy. 

The inner shells of electrons attached to a nucleus are not at all spher¬ 
ical with respect to the center of mass and may be more easily discussed 
with a coordinate system centered at this nucleus. Let r be the distance 
from the center of mass to the nucleus. Then 



(8-30) 


where L' is the electronic angular momentum (in units of h) of the spher¬ 
ical shell about the nucleus in question and py is the linear momentum 
in the y direction. But if we consider only a spherical closed shell of 
electrons in the spherical field of a nucleus, (fi\L'^\n) = 0 for any w, so 
that, using (8-30), for closed shells 




2 Y l( Ql7->z/|n)|=^ 

4 Wo - Wn 


(8-31) 


This can be simplified by the general identity* for any particle of mass m 


|(0|p„|n)|^ _ ~m 
IFo - Wn 2 


(8-32) 


*This identity may be proved as follows: 


du 


m 




or 


(0|py|ft) — (1^0 — 

{cf. [408], p. 139). 

Hence 

y ( Plp.l»)(n|p.|0) ^ V ™ (0|pl”)(nlP vlO) - (0|p„|n)(nh/IO) 

Lf U'o — Wn Lt ^ ~ 2 - 

^ n 

since yp^ - p^y = 


2 
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Hence (8-29) becomes for N electrons in spherical orbits around a nucleus 
which is a distance r from the center of mass 


W' = 


~hM{J + l)iV?nr2 
2H2 


(8-33) 


This is a small decrease in the energy of rotation due to the presence of 
the electrons which should be added to the kinetic energy of the nuclei. 
Thus 

h\f{J -h 1) 


IF = IFo + IF' = Nmr'^- 


2.4 


2.4 


2(.4 + iVmr^) 

(8-34) 


Of course, (8-34) as written includes the effect of only those electrons 
bound” to one particular nucleus, and all other closed electron shells 
should be similarly treated. This expression is sufficient to show, how¬ 
ever, how the bound electrons add to the moment of inertia, and that, as 
stated in Chap. 1, the spherical closed electron shells in a molecule behave 
as if they follow the nuclei during molecular rotation, but remain fixed 
in orientation in space like the chairs on a rotating Ferris wheel. 

For the valence shell of electrons, the sum in (8-29) cannot be so easily 
evaluated. One approximation which is often made involves the ”pure- 
precession” hypothesis. In this case the electronic angular momentum 
L is assumed to have a fixed value and to process around the molecular 
axis with a projection of zero on this axis for the ground state. The only 
low-lying electronic state for which (OILxIr) is not zero is the II state 
corresponding to a unit projection of L on the molecular axis. In this 
case |(01 Z>x|r)1^ = L{L + l)/4, so that (8-29) may be written 


W'^ = -./(,/ -f- l)B 


Q 2 V Ar 2 , + 1)^'" 

s 


(8-35) 


where the sum is over all ” bound ” electrons in closed shells around nuclei 
of distance Ts from the center of gravity of the molecule, and J is the 
quantum number for the total angular momentum. The last term of 
(8-35) gives the contribution of valence electrons under the restrictive 
assumption of pure precession. IFn — IF 2 is the excitation energy of 
the lowest electronic state. 

In nonlinear polyatomic molecules the full form (8-28) must be use 
to obtain the effect of electrons on the rotational kinetic energy. How¬ 
ever, for almost all purposes sufficient accuracy may be obtained by 
assuming the electrons associated with each nucleus to be located at the 
nucleus and using moments of inertia which include these electrons in 
calculating rotational energy. Only for the valence electrons does t is 
involve some small error, and usually only by very accurate measure^ 
ments on diatomic molecules can such small effects be detected. In more 
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complex molecules other inaccurately known effects tend to mask these 
errors. 

8-9. Magnetic Hyperfine Interaction (I • J) in *2 Molecules. We 
shall examine now in more detail the term in (8-27) which is linearly pro¬ 
portional to I and J, and which represents a magnetic hyperfine inter¬ 
action between a nucleus and electrons even in ^2 molecules. It is 


= _ y y y (Q|«A»(^|I^/|Q) + (Q|L,»(n|aL;|Q) 

^ L L L Ag' Wo — Wn ^ ' 

n 0 0 

where the summation over all excited states n has l)een included rather 
than over only one state as in (8-27). 

Now an angular velocity about the center of mass of the molecule is 
ecjuivalent to the same angular velocity about any nucleus in the mole¬ 
cule plus an appropriate instantaneous linear velocity v. The magnetic 
fields produced at the nucleus by rotation about the two different points 
should differ only by the effect of the velocity v. At the nucleus the 
average electric field is zero (because there is no average force on the 
nucleus at ecjuilibrium), so that the velocity v in fact produces no mag¬ 
netic field at the nucleus [magnetic field =; (v/c) X electric field]. Hence 
it may be expected that the angular momentum L„' about the center of 
mass can be replaced in (8-36) by the angular momentum L', about the 
nucleus in question without changing the magnetic energy given by this 
expression.* Furthermore, since the quantity a depends on 1/r^, but 
not on the angular position of the electron with respect to the nucleus, 
the part of the matrix element which depends on a may be factored out, 
that is, (0|aL'|n) = aoniO\Lg\n). aon may be taken as real so that 
tton = a„o. Hence (8-36) becomes 


w. = -2 y w 


n y 0 


hUgJ 


o' „ (0|L'|n)(n|L„'|0) 

- - jKo - W„ 


(8-37) 


The nature of expression (8-37) is perhaps most easily understood by 
applying it to the simple case of a diatomic molecule. It is evident 
that closed shells of electrons about the nucleus being considered do not 
contribute magnetic hyperfine structure, since for them (0|L„|n) is zero. 
Closed shells of electrons around other nuclei can be treated in a way 
similar to that used in reducing (8-28) for a diatomic molecule, and their 
contribution to (8-37) can be shown to be 


• J 

lA 



e 





e 

cr. 


Here e is the electron charge in esu (negative sign) and r. is the distance 
ol the center of the sth electron distribution from the nucleus of spin / 

* For a more detailed discussion, see [680], Secs. 7 and 8. 
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and g factor gj. Valence electrons which are not spherically distributed 
about any nucleus cannot be so simply treated and their contributions 
must be left in essentially the form (8-37). The charges on nuclei con¬ 
tribute in the same wa}^ as those of electrons in closed shells about the 
nuclei, as may be seen by formally considering their changes to be due to 
closed shells of positively charged electrons tightly bound to the nucleus. 
Therefore for the diatomic or linear molecule, the combined effect of 
electrons from (8-37) and the nuclear charges gives 


IT 5 + effects of nuclear charges = I • JB 


,, V aon|(0|Lx|^i)|^ 
I IF. - Wo" 

n 



(8-38) 


where r, is the distance between the nucleus for which (8-38) gives the 
magnetic hypcrfinc energy and any other nucleus in the molecule, and q, 
is the net charge of the ,sth nucleus plus the electrons which are in closed 
shells about it. Assuming the pure precession approximation, (8-38) 
may be written 


TVs + nuclear effects = I • 


haxnL{l^ + 1) « V Qb 

" 1 L cr, 

s 


(8-39) 


The general form of the magnetic hyperfinc interaction of a nucleus 
in a linear molecule (with no vibrational angular momentum) is, 

from (8-38) 

= C;I • J (8-40) 

where the constant Cj is dependent on molecular parameters shown in 
(8-38). This type of interaction was first found in the hydrogen mole¬ 
cule by the use of molecular-beam techniques [91], and the constant Ci 
has now been evaluated for a number of molecules by both molecular 
beam and the usual microwave spectroscopic techniques. Table 8-1 
shows the values of Ci for molecules so far measured, which vary from 
near 1 kc to somewhat greater than 100 kc. A few additional values o 
Ci have been reported for the alkali halides from measurements of line 
widths in molecular-beam magnetic resonance experiments. However, 
such measurements are subject to uncertainties in interpretation anc 

hence these values have been omitted from Table 8-1. White [999] as 
shown that a number of interesting trends can be established from presen 

measurements of Ci. , , 

Examples 0 /1 • J Interaction. Usually yn for the nucleus is positive, an 

hence the first term of (8-38) due to the valence electrons is positive, 

while the second term due to nuclei and bound electrons is negative. n 

most cases Ci is positive. and Se^^ are the only nuclei ^^'^h a nega iv 

yi for which C, has been measured. It may be seen from lable 8-1 
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with the exception of hydrogen nuclei in H 2 , these are precisely the only 
cases where Ci has been found to be negative. Hence except in the 
special cases of hydrogen the first term in (8-38), due to excitation of the 
valence electrons by rotation, always dominates. 

Table 8-1. Values of Magnetic Hyperfine Constants Cj in Molecules 

(Magnetic hyperfine energy = C/I • J) 


Molecule 

Nucleus 

1 

C/, kc 

1 

Ci 

10-33 p,ji3 

Reference 

Li«F 

F19 

37.:^ ± 0.3 

3.4 

[753] 

Li^F 

pi9 

32.9 ± 0.1 

3.3 

[999] 

KF 

F19 

1 

0 ± 10 

0 + 7 

[403] 

Rbs'^F 

pi9 

11+3 

10 

1470] 

Ub«’F 

p'19 

14+4 

13 

[476] 

CsF 

F19 

10+2 

14 

[331] 

LiUi' 

Li’ 

2.2 ± 0.0 

90 

[999] 

DI 

ivn 

140 

11 

[999] 

CIF 

CPs 

22 ± 3 

1 54 

[360] [999] 

CS 

S” 

19 + 15 

54 

[999] 


CP^ 

1.4 +01 

' 20 

[6705] 

Tpo&cpfi 

Tp06 

73 + 2 

no 

[6705] 

112 

H 

-113.904 + 0.030 

-40.8 

[91] [716a] 

' [807] 

HD 

H 

-87.00 ± 0.85 

-41.4 

[91a] 

HD 

D 

-12.0 ± 0.3 

-39.0 

|91a] 

T>2 

D 

-8.445 + 0.050 

-39.1 

[91a] (710a] 
[807] 

DCS 

017 

-4.0 ± 1.5 

28 

[999] 

DCS 

S33 

2 ± 1 

23 

[999] 

OCSe 

Se’» 

-3.2 ± 1.0 

42 

[999] 

HCN 


10 ± 4 

34 

[999] 

DCN 

NH 

8+3 

33 

[999] 

CI“CN» 

NH 

2.5 ± 0.8 

02 

[999] 


CP^ 

3.0 ± 1.0 

19 

[999] 

CP^CN'® 

Cps 

3.5 + 0.6 

24 

[999] 

CP^CN*® (in excited 
state V 2 = 1) 

CP*^ 

8 ± 5 

52 

[999] 

NH, 


6.1 + 0.2 4- 

3.1 

[999] 

NH| 

H 

See discussion in text 


[999] 


The proportionality of C, to /xi/I or to the gyromagnetic ratio 


and the rotational constant B is illustrated by comparing its value for 
and for Dj. The ratio of g,B for the two cases is 13.0, whereas the 
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ratio of the value of Ci observed is 13.5. The small difference between 
these two values is due to the slightly dilTerent average internuclear 
distances for H 2 and D 2 . 

Since the dominant contribution to Ci in all molecules except H 2 
comes from the valence electrons, 

should be proportional to Y I(QJq^x|^)| 

Ir n — Ir 0 


giB 


n 


To a rough approximation we may assume that only the first excited 
state is important in this summation and that a is proportional to the 
average value of 1/r^ for a valence p electron of the atom. Hence 


C; 




should be proportional to 


KQl^xIDI^ 

ll'i - Wo 


It may be seen from Table 8-1 that this (luantity is of the same order of 
magnitude for most molecules. 

For a given atom it may be assumed that the matrix elements (0|aLx|n) 
are approximately the same in a series of chemically similar molecules. 
The value of Ci for fluorine in LiF, RbF, and CsF represents such an 

C 

example. The fact that —^^r F increases regularly in progressing 

gi*' \ 1 /r ) av 

from LiF to the larger molecules RbF and CsF is evidently due to 
decreasing separations Wn ~ IFo of the energy levels which can be 
expected for the larger molecules. Another similar series is provided by 

the values of for Cl in CH^Cl, Sill,,Cl, and Cell,,Cl [999]. 

However, for these cases Ci is not yet very accurately known. 

For and in the same molecule OCS, one would expect ^ 

to be essentially the same, since O and S are very similar chemically, and 
hence their electronic surroundings are very similar. Table 8-1 shows 
that this expectation is correct. On the other hand, T1 and Cl in the 
same molecule TlCl as well as Cl and N in CICN have very different val- 


C, 


ues of 


Cl 


Tw, / since their electronic surroundings are quite dissimilar. 

_ . 1-1 

Certain types of molecular rotation may result in relatively little 
electronic angular momentum. Such is the case for the rotation of H 2 , 
where the *‘slip effect” is quite important. Another case occurs in the 
bending mode of CICN (v 2 = 1). Here the bent CICN molecule rotates 
very rapidly about the symmetry axis with a frecjuency roughly 100 times 
greater than the normal molecular rotational fretiuency. However, since 
the bending is slight, the rapid rotational motion does not excite muc 
electronic angular momentum. This is shown by the fact that Ci in t e 



MAGNETIC HYPERFINE STRUCTURE 


219 


bending mode is not much greater than Ci for the ground vibrational 
state of CICN. 

Relation between Ci and gj. Even though magnetic hyperfine-struc- 
ture interactions are complex and involve excited electronic states, the 
discussion above shows that reasonable correlations with certain molecu¬ 
lar properties can be observed. Furthermore, the coefficients Ci are 
connected with other measurable quantities. If one low-lying excited 

electron state dominates in the sum Y | (Q|-^x|^)| ^ may be expected 

^ IVn “ Wo 

n 

to be closely related to the molecular magnetic moment produced by 
electron excitation. For, from (8-38), (11-15), and (11-19), 


c. = = 2 g, 9 ,{^„y (i) (8-41) 

Mo \' / ftv 

Here gj strictly includes only the contributions to gj from the excited 
valence electrons. There should in addition be a connection between 
Ci and part of the rotational energy due to electrons as may be seen by 
comparing (8-29) or (8-35) with (8-39). OCS and OCSe are the only 
linear molecules in which both quantities Ci and gj have already been meas¬ 
ured so that a test of the relation (8-41) can be made. Assume that the 
electron which produces gj spends half its time on the oxygen and half its 
time on the sulfur atom in OCS, so that (l/r^)»v is just one-half that for 
an atomic electron in each case. Then (8-41) predicts from the measured 
value gj = 0.025 for OCS that Ci for O’’ should be —2.3 kc and that for 
S^® Ci should be 1.5 kc. These values are very satisfactorily close to the 
measured values given in Table 8-1. Similarly, one may calculate the 
values of Ci for Se^® from relation (8-41) and the observed value of gj 
for OCSe, which is gj = 0.019. The result is Ci = —1.4 kc, again in 
reasonable agreement with the observed value of Ci for Se’® found in 
Table 8-1. 

8-10. Magnetic Hyperfine Structure of Nonlinear Molecules in 
States. We now return to the general form (8-36) for any molecule. 
Since the hyperfine energy is a scalar and linearly proportional to the 
components of I and of J, it must be of the form 


Wmao = I • a • J = ^ aoo'IgJg' (8-42) 

0 (/ 

where a is a dyadic, or a„' are components of a tensor which can be seen 
to be symmetric from inspection of (8-36). For a nucleus on the axis 

of a symmetric-top molecule, the principal axes of a must coincide with 
the principal axes of inertia, so that 


Wmag Q-Iil X'J X + ^uuIvJy + 


(8-43) 
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Since from the molecular symmetry, = dy„ {z is parallel to the molecu¬ 
lar axis), (8-43) may be written 

Wr.ao = - j + (a„ - (8-44) 

Now Jz = K, and using the vector model = I • J[K/J(J + 1)] so that 
for a nucleus on the axis of a symmetric top, the energ}'^ is of the form 
given by Henderson [283] 



mao 



a + (b — a) 


J{J + 1 ) 


(8-45) 


For the general asymmetric rotor, (8-42) does not simplify. 

in Nfis affords a particularly good test of the dependence of mag¬ 
netic interaction on J and /C, since inversion lines for this molecule with 
many different values of J and K appear in the microwave region. 
Accurate measurement [930] of the NH .3 hyperfine structure for values 
of J and K up to 6 shows that the relation (8-45) holds within the experi¬ 
mental error of about 5 per cent. The constants a and h are given in 
Table 8-1. 

NI'H also displays an interesting magnetic hyperfine structure associ¬ 
ated with magnetic moments of the hydrogen nuclei. A rather complete 
treatment and examination of hyperfine effects in NH 3 has been given 
by Gunther-Mohr ct al. [930], [931]. Still more refined measurements 
and additional theoretical discussion are given by Gordon [925]. We 
shall discuss the various effects involving the hydrogen nuclei one at a 
time for the sake of simplicity. 

Consider first the rotational states for which K 9 ^ I in order to avoid 
the complication of hyperfine doubling. Since the spin /n is coupled 
to J by a quadrupole interaction, /n and J couple to form F 1 , which then 
couples with the sum In of the three hydrogen spins to form the total 
angular momentum F, When K is a multiple of 3, the total spin In 
of the three hydrogens can only be -J because of the exclusion principle 
(see Sec. 3-4). When K is not a multiple of 3, In can only be 

There is an interaction between the hydrogen magnetic moments and 
the nitrogen moment which is given by expressions (8-156). A somewhat 
larger interaction occurs between the moments of the hydrogen nuclei 
themselves, which can change in magnitude when In changes orientation 
with respect to J or Fi. This interaction has the form [925] 



(8-46) 


where I^ is the component of In along the symmetry axis of the molecu e 
and r is the distance between hydrogen nuclei. When K is not a multip e 
of 3, /h — ^ and II = ^ for all hyperfine states, so that (8-46) produces 
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no variation of energy. When K is a multiple of 3, however, / = | and 
(8-46) is given [925] by 

3 r .1 4(1 • Fi)- + 2(1 • Fi) - 5Fi(F i + 1) 

= 4[■/(•/ +”0 M ' 2Fi(F, + l)(2Fi - l)(2/'\ + 3) 

6 (Fi • J)^ — 3(Fi • J) — 2Fi(/' 1 + l)d(J + 1) 8.471 

(^- 1)(2./ + 3) 

The coefficient AW corresponds to 20.7 kc for hydrogen in NH,, 

4 r® 

and hence spin-spin interactions of this type can be detected only by 
microwave spectroscopy of the highest resolution. 

Rotation of the NHs molecule also creates a magnetic field which inter¬ 
acts with the moments of the hydrogen nuclei. Since the hydrogens are 
not on the molecular axis, the complete dyadic form (8-42) of this I • J 
interaction must be considered. From symmetry, one can immediately 
identify the principal axes of the dyadic for an individual hydrogen 
nucleus. One is the symmetry axis of the molecule, which we shall call 
z\ a second is the perpendicular direction from the z axis through the 
nucleus, which we shall call z, and the y direction is of course perpen¬ 
dicular to each of these. Rotation of the molecule about the x, y, or z 
axis each produces a dilTerent magnetic field at the nucleus and hence a 
dilferent I • J interaction energy. If, with respect to these principal 
axes, the dyadic a of Eq. (8-42) is taken to be aii + + T^k, the 

energy of the three hydrogens due to molecular rotation when K — I in 
[931] 

AlFi.j = [a + ^ -f j Ih ■ J (8-48) 


Here In • J = evaluated by the vector model. 

t i(r 1 + 1 ) 

The hydrogen spin I can take on the usual orientations with respect 
to Fi which are allowed by quantum mechanics, giving a total angular 
momentum F = Fi + /, Fi + / — 1, . . . , |Fi — /|. The usual selec¬ 
tion rules AFi = 0, +1 and AF = 0, +1 and intensity relations such as 
( 6 - 6 ) apply. The resulting spectrum is indicated in Fig. 8-5, and com¬ 
pared with experimental observations made in a high-resolution beam 
spectrometer [925]. It may be seen that the maximum splitting of the 
3,3 inversion line due to energy of the type given by (8-48) is about 
60 kc, and hence these effects are observable only with resolution higher 
than that of the usual microwave spectrometer. 

When /C = 1 , hyperfine doubling can occur. A small doubling is due 


to spin-spin interaction between the N and H nuclei, of the type dis¬ 
cussed in Sec. 8 . 6 . Even though In = the interaction is just twice 
that given by (8-16), since three protons are involved rather than a single 
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one [931]. Additional doubling occurs because of the variation of the 
Ih • J interaction with orientation. When A = 1, a distribution of 
hydrogen nuclear spin occurs which is similar to that of electron spin in 
Fig. 8-2. If In is fixed in orientation with respect to J, it may be seen 
from this figure and the ine<iuivalence of magnetic effects in the x and y 
directions that the two otherwise degenerate K states do not have the 
same energy. 



Kc/sec —► 

Fkj. 8-5. Hyperfine structure of the Nib 3,8 inversion sp(‘ctruin. (n) Structure due 
to N" quadrupole coupling alone, (b) Grosser features of structure due to N“ quad- 
rupole coupling plus magnetic coupling of the three hydrogens. 
observed in a beam spectrometer, showing finer features of the individual lines of {>). 

(After Gordon, Zeiger, and Townes (9251.) 


A diagram of the energy levels of NHs for the 3,1 inversion transition 
and a particular value of Fx is given in Fig. 8-6. Without hyperfine 
doubling, the stronger transitions would involve no change in magnetic 
energy (c/. Fig. 8-G6). Inversion transitions occur between different 
members of the two K-type levels, and hence the hyperfine doubling a^dds 
to the transition frequency for F = ^, and subtracts from it for 
giving an appreciable doubling. The dotted levels of Fig. 8-6c are lor- 
bidden for / = 3 by the fact that hydrogen nuclei follow Fermi-Dirac 
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io) id) ic) 

Fig. 8-6. Hyperfine structure of the 3,1 inversion transition of NHs. Quantum 
numbers are J = Z, K = 1, Fi = |j -h In| = 3, In = (a) represents energies due 

to inversion and quadrupole coupling only, (b) includes part of magnetic inter¬ 
action with hydrogen moments which is the same for the two degenerate K states, 
(c) includes hyperfine doubling effects due to hydrogen moments. Only the stronger 
hyperfine transitions are shown. Dotted levels are forbidden by the exclusion 
principle. 








Fig. 8-7, Structure and hyperfine doubling of the inversion spectrum for 

~ 3, K = 1, and J = 4, K = 1. Upper curves show experimental observations, 
and lower part of figure the theoretical expectations. Frequency increases from left 
to right with 60-kc intervals indicated. {From Gunther-Mohr, White, Schawlow, Good, 
and Coles (930].) 
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statistics (see Sec. 3-4 for a detailed explanation). The levels indicated 
by a minus sign are antisymmetric with respect to interchange of two 
hydrogen nuclei; those labeled with a plus sign are symmetric with 
respect to such an interchange. For ./ = 4, or any even value of the 
symmetry of the levels is reversed, so that the dotted levels of Fig. 8-6c 
are allowed, and the solid ones forbidden (c/. page 71). 

Hyperfine structure of the 3,1 and 4,1 inversion lines of NHs is shown 
in Fig. 8-7, where the hyperfine doubling is quite prominent. The alter¬ 
nation in relative intensity of the doublets in changing from ./ = 3 to 
J = 4 is due to the alternation in the levels permitted by statistics which 
was noted above. 

The magnitude of the energy shift of each level due to this type of 
hyperfine doubling is given [931] by 

AW =+(/?- «)I„ • J = ±{0- a) (8-49) 

When the magnetic interaction is the same for the x and y directions, 

— a = 0, and this doubling disappears. 

In the particular case of NII 3 , (3 ~ a = —14.4 kc. From this value 
and the Ih • J interaction of the type given by (8-48) for hydrogen in 
inversion lines for which /v 1 , one can obtain the values a = —1 kc, 
^ = _16 kc, and 7 = -19 kc. As for Ci in H 2 , the I ■ J interaction 
constants here are negative, indicating a large amount of slippage of the 
valence electrons as the hydrogens rotate in Nils- 



CHAPTER 9 


INTERPRETATION OF HYPERFINE COUPLING CONSTANTS 

IN TERMS OF MOLECULAR STRUCTURE 

AND NUCLEAR MOMENTS 


Hyperfine structure in molecular spectra can be theoretically predicted 
with high accuracy if the rotational state of the molecule, the spin of the 
nucleus producing the hyperfine structure, and certain coupling coeffi¬ 
cients between molecule and nucleus are known. The coupling coeffi¬ 
cients are dependent on either the magnetic dipole or electric quadrupole 
moment of the nucleus and on various properties of the molecule. The 
purpose of this chapter is to examine in detail the dependence of these 
hyperfine coupling coefficients on molecular structure, and to show how 
they may be theoretically estimated or, when measured, how they may 
be interpreted to obtain information about molecular structure and 
nuclear moments. For most molecules hyperfine structure due to nuclear 
quadmpole moments is considerably more prominent than that due to 
magnetic moments. Hence we shall begin with a discussion of quadru¬ 
pole coupling. 

9-1. Introductory Remarks on Quadrupole Coupling. From measure¬ 
ment of hyperfine structure, the quadrupole coupling eqQ may be evalu¬ 
ated. The nuclear quadrupole moment Q is a property of the nucleus 
which depends on the state of the nucleus and may be considered fixed 
since nuclei will almost always be encountered in their ground state. 
The sign and magnitude of Q can be very roughly estimated for some 
nuclei ([326] and [513]), but present knowledge of nuclear structure allows 
only the crudest estimates of Q from nuclear theory. The quantity e 
is the proton charge, and or (d^F/d 2 ^)av, is a molecular property, 
depending on the distribution of charges in the molecule. It cannot be 
exactly evaluated, but Townes and Dailey ([239] and [422]) have shown 
how it can be evaluated accurately enough in certain molecules to allow 
a useful determination of Q from the molecular coupling constant eqQ. 
In some cases Q may also be approximately determined from optical 
atomic spectra and with more accuracy from radio-frequency atomic- 
beam spectroscopy. Once Q for a given nucleus is known, it can provide 
a very convenient probe to test the electronic distribution in various 
molecules, since the quadrupole coupling allows a very direct measure- 
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ment of the second derivative of the potential at the nucleus due to 
molecular charges. 

9-2. Quadrupole Coupling in Atoms. Before discussing in detail the 
relations between q and molecular structure and the evaluation of quad¬ 
rupole coupling constants in molecules, we shall consider the simpler 
atomic case. Most of the electrons in atoms are arranged in groups of 
closed shells, corresponding to distributions of charge which are, on the 
average, spherical. These spherical shells produce zero average field at 
the nucleus and hence do not contribute to q (since from Chap. 5 charge 
density within the nucleus is neglected in obtaining q). In addition to 
spherical shells, the atom may contain one or more valence electrons 
which are not in closed shells. If we choose an atom with only one such 
valence electron, then from (5-43) 




3 cos2 0 - 1 




If the electron is in a central field, then may be separated into one 
factor depending on r, and another factor which is a spherical harmonic 
function of the angles. The angular part of the integral in (9-1) may be 
evaluated as —21/{21 + 3) so that 



2/c /j_\ 

2l T \r^/av 



where I is the orbital angular momentum, e the electronic charge, and 
(l/r^)„v is the average inverse third power of the distance between nucleus 
and electron. Expression (9-2) neglects the electron spin, which for a 
real atom must be taken into account. However, in the parallel case 
of a molecule, which is of prime interest in this chapter, spin can correctly 

be neglected. 

For a hydrogenlike wave function, (l/r^)av is given by (5-13&). How¬ 
ever, this quantity cannot usually be obtained with high accuiacy 
because the radial wave functions for atoms are poorly known. Fortu¬ 
nately, other spectroscopically measurable quantities also depend on 
(l/r^)«v, and from a measurement of these (l//’^),tv may otten be obtaine 
Thus, using the fine-structure doublet separation and Eq. (5-13a) 

2Z - 1 _ _ 2^ _ /9_3) 

qj - qmi - - Qmo ZiRa‘^al{l + ^)i2l + 3) 

where Z* is the effective value of Z near the nucleus, which in heavy 
atoms is approximately the nuclear charge Z minus 4 for p electrons 
{cf. [895] for more precise values of Z,). The quantities qnii and qnio^re 
introduced here for later reference. They are defined after Eq. (9-))- 

In case the nuclear gyromagnetic ratio gi and the resulting magneic 
hyperfine structure are known, the uncertainty of an effective may 
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eliminated since the magnetic hyperfine structure depends directly on 
(l/r3)av[c/. 0-51)]. Then 



aeMJjJ + 1) 

+ 1)(2/ + 3) 


(9-4) 


where e, m = electronic charge and mass, respectively 

^0 = Bohr magneton 
M = proton mass 

J = total angular momentum of the electron {I plus spin) 
a = hyperfine structure parameter such that the energy of mag¬ 
netic interaction between nucleus and electron is a(I • J). 

Values of Z. and {l/r^)ay for a valence p electron of a number of atoms 
have been derived by Barnes and Smith [895] from data on atomic 
spectra. These and other values of (l/r^)„v obtained by interpolation 
are listed in Table 9-1. Table 9-1 neglects certain relativistic effects 
which are small for Z < 05, but which for the heaviest atoms may pro¬ 
duce errors of 30 per cent in (l/r^)nv or in q [70]. 


Table 9-1. Values of (lA*)av i-on Vale.nce p Klkctrons of Neutral Atoms 
Certain relativistie corrections are neglected. All values are in 10^^ cm (After 
Harries and Smith [895]. Value for N is from [916a].) 


Li 

0 . 

25 


1. 

17 

B 

4.1 

1 

C 

8.3 

N 

22.5 

0 

29 

F 

44 

Xa 

1 , 

,65 

Mg 

5. 

2 

A1 

8.6 

Si 

15.6 

P 

24 

s 

34 

Cl 

48 

1 

K 

3 

.0 

Ca 

7, 

6 

Ga 

24 

Gc 

39 

As 

51 

Sc 

65 

Br 

92 

lib 

5 

.7 

Sr 

13 

5 

In 

39 

Sn 

76 

Sb 

88 

Te 

101 

I 

121 

Ca 

8 

.7 

Ba 

19 

.2 

T1 

80 

Ph 

108 

Bi 

166 

1 






Although expression (9-4) affords an exact way of obtaining qj due 
to a single particle in a central field, in actual atomic cases it is in error 
by about 10 per cent. This is because the closed shells of electrons 
which have been assumed spherical are slightly polarized by the valence 
electron. As a result, electrons in the closed shell tend to move away 
from the position of the valence electron, producing a contribution to qj 
at the nucleus which is of opposite sign to the part produced by the 
valence electron. Hence the closed shells may be regarded as shielding 
or screening the nucleus to some extent from fields of the valence electrons. 

Accurate and detailed calculations of the magnitude of shielding are 
very difficult since they depend on radial wave functions of the electrons. 
However, Sternheimer, Foley, and others [539], [804], [979] have given 
approximate corrections for many atoms. For the ground states of 
atoms, the corrections to (9-3) or (9-4) correspond to approximately 10 
per cent reduction in qj. On the other hand, for an electron in an excited 
atomic state or for a charge as far away from the nucleus as an atomic 
radius, “antishielding” may occur, t.e., “shielding” may actually increase 
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qj [923], [979]. The contribution of a charge one or two angstroms away 
to ^7 at a nucleus may thus be increased by a factor of about 10 as a 
result primarily of polarization and distortion of the distribution of p 
electrons surrounding the nucleus. 

Perturbation of the closed electron shells b}" a valence electron may 
affect magnetic hyperfine structure in atoms as well. This effect is, 
however, considerably smaller than the similar effect on quadrupole 
hyperfine structure [749]. 

In cases with two or more valence electrons in various atomic orbits, 
determination of their interaction with a nuclear quadrupole moment 
can be somewhat more complex. A few such cases, as well as corrections 
for relativistic effects, are discussed by Casimir [70]. 

9-3. Quadrupole Coupling in Molecules- General Considerations. 
For a nucleus in a molecule, contributions to q at the nucleus may come 
from the following sources: 


1. Valence electrons of the nucleus or atom in fiuestion 

2. Distortion of the closed shells of electrons around the nucleus 

3. Charge distributions associated with adjacent atoms or ions, z.e., 
charges essentially outside the radius of the atom 

Contributions of type 3 might at first thought seem to be the only ones 
which differ from the atomic case. However, the wave functions or 
distribution of the valence electrons are very much affected by molecular 
bonds, and hence contrilmtions of type 1 are much modified from the 
simpler atomic case. 

In order to examine the contributions of valence electrons, we consider 
first an atom with one valence electroTi outside a closed shell. In the 
atom, this electron would be in some definite atomic state specified by 
the atomic wave function Ir the molecule, the wave function will 

be modified, perhaps radically changed, but it may be expressed as an 
expansion in terms of atomic wave functions: 


l/' — (lnlni4^nlm 

nlm 



In some cases the larger terms in this expansion are fairly well known 
from molecular structure. A single bond between two atoms involves 
only terms with m = 0. If the bond is a covalent bond, then usually 
a good first approximation to the expansion (9-5) is to assume that the 
electron is entirely in the lowest-energy atomic states of the two bonde 
atoms, since the molecular bond would have to supply a considerab e 
amount of energy to give large values to the coefficients of more high y 
excited states. Each atom supplies one electron to the bond, so t a , 
although any one electron has a probability of ^ of being foun on a 
particular atom, there is on the average one electron m an orbit a ou 
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each atom which is much the same as before the atoms were bonded in a 
molecule. 

The bonding energy is provided by an overlap of the wave functions 
of the two atoms which gives an exchange energy. This exchange energy 
is a typical quantum-mechanical effect which depends on electrostatic 
interactions, and which increases as the wave functions of the two atoms 
coincide or overlap more completely (c/. [133]). Overlap of two 2p wave 
functions (n — 2,1= 1) of two atoms is shown in Fig. 9-la. This overlap 
can be very much increased by allowing in the expansion (9-5) a small 



ib) 


Fig. 9-1. Illustration of the increase of overlap or exchange integral with hybridization, 
(o) Overlap of two p wave functions; (6) overlap of two s-p hybrid wave functions. 
The lines represent contours of equal electron density for the atomic wave functions. 

amount of 2s wave function, as shown in Fig. 9-15. The s and p wave 
functions subtract on one side of an atom but add on the side of the bond, 
thus increasing the wave function in the region between the atoms sub¬ 
stantially. The overlap and hence exchange energy of the bond increases 
until the bond has approximately 25 per cent s character {al^^ « -j). 
That the exchange energy is a maximum does not necessarily mean that 
this is the lowest-energy condition for the bonds, since energy may be 
required to promote the atom from its ground state to obtain the mixed 
or hybrid bond wave function. Mixture or hybridization of a p wave 
function with a d wave function will achieve the same type of increase in 
the exchange energy, but hybridization of a p wave function with another 
p or an / wave function does not give the same advantage, since the two 
functions have the same symmetry and they either add or subtract on 
both sides of the atom. A second approximation to the correct expan¬ 
sion (9-5) can hence be obtained by adding a judicious amount of p 
atomic wave function if the atomic ground state corresponds to an s 
function, or of the lowest available s or d wave function if the atomic 
ground state is a p state. The “judicious amount” may be judged from 
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a variety of helpful, though not too exact, methods (for a discussion see 
[913c]). 

Of course, expression (9-5) must provide a probability of approximately 
^ for the electron’s being found in an approximately atomic orbit of the 
adjacent atom to which it forms a bond. This results in the presence of a 
large number of atomic wave functions of rather large n and I, each, how¬ 
ever, with rather small coefficients by comparison with the lowest 
atomic energy states of the particular atom on which our attention is 
centered. 

The (luantity q may be obtained from the wave functions since 


<1 = 




= C 


_ , 3 cos'^ ^ 1 I / j 

-- W'dr 


nv 


Using the expression (9-5), 


q ^ \flnlrn “qiihn.nlm ~\~ ^ ^ 7i/njCf n wt' 

nl m rn' 


(9-()) 


where 


n'l'rr/ ^ 


3 cos’ 0 — 1 . _ 

^'nlm [ -- ) 4'n'rm' 


and the second sum is over all nonidentical nbn and n'l'm', since all 
terms for which n ~ n\ I = I', and m = m' are collected in the first sum. 
Since ^/nim is an atomic wave function, its angular variation is given by a 
spherical harmonic as in (5-2), and qnim.n’Vm' is zero unless in = m' and 
either I = V 9 ^ 0 ov I = V ± 2, This conveniently eliminates a large 
number of terms from the second sum of (9-6). 

The quantities qnim.nim of (9-6), which may be shortened to qnimy are 
simply the values of q for each of the atomic states, and are multiplied by 
\o,nim\^y the fractional importance of the respective atomic states in the 
molecular wave function. For an s state (/ = 0), q^Qm is always zero, 
but for I 9 ^ 0, qnim decreases very rapidly as n or / increase, because for 
these states the electron spends less time close to the nucleus. Ihc 
dominating term in the first sum of (9-6) will usually be the state of 
lowest allowed n because not only will energy considerations make the 
amplitude anim of this wave function large but, in addition, the (/n/m foi 
this state is considerably larger than for the higher-energy states, t his 
will be demonstrated for the most common case, where in, the projection 

of I on the axis, is zero. 

The value of qnio for an atomic wave function differs from qj discussed 
above, which has m ~ I, by the tactor — (/ + 0/(2/ — !)■ hydro 

genlike wave functions, evaluation of (l/r’^)„v gives 


21(1 + l)e 


1 


4Z 


{21 - 1)(2/ + 3) \r 


av 


n^al{2l + l){2l + 3) 


(9-7) 
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Table 9-2 shows the relative magnitude of for various states nZ and 
compares the relative values computed for the hydrogenlike case from 
(9-7) with those obtained from the fine-structure splitting and Eq. (9-3). 
Because of dependence on n and screening which changes the effective 
value of Z, qnio for the op state of iodine is fourteen times larger than that 
for the 6p state of cesium. Similarly the value for the 6p state of Cs is 
considerably larger than that for any other state of Cs, the most marked 
differences occurring with a change of I and a consequent large change of 
screening. Although fine-structure measurements are less complete in F 

Table 9 - 2 . Relative Values of y„io = d ^ V / dzK . i ,„ t.o for Various 

Atomic States 

The very large effect of screening is shown by comparison of the third and fourth 
columns. 


Klec- 

troriic 

state 

Atomic example 
for which fine 
structure is 
known 

Values of 
from fine 
structure, osu 

Relative values of </„io 
assuming hydrogen wave 
functions and no screening 
[Eq, (9-7)1 

I 

bp 

1 

t 

I 

-45 X 10*^ 

Relative to bp 

1.00 

bd 

Cs 

-0.31 X 10*^ 

0.14 

5/ 

Cs 


0.048 

6p 

Cs 

-3.4 X 

0.58 

bd 

Cs 

-0.16 X 10*^ 

0.08 

6/ 

Cs 


0.028 

7p 

Cs 

-1. 1 X 10“^ 

0.36 

Id 

Cs 

1 

-0.09 X lO's 

0.05 

2p 

1 

1 

t 

F 

% 

-21 X 10*'^ 

Relative to 2p 
\ 1.00 

3p 

Na 

-0.7 X 10>* 

0.30 

4 

4p 

Na 

-0.2 X lO's 

0.12 

1 


and Na, Table 9-2 shows that, even in these light nuclei where screen¬ 
ing effects are less important, q decreases very rapidly with increasing 
n or 1. 

Although most of the terms in the second sum of (9-6) are zero, the 
nonzero parts with m ~ m' and I ^ V 9 ^ 0 or I = 1' ± 2 must be con- 
sidered. The “cross-product integrals’’ cannot be evaluated 

accurately, but they decrease rapidly with increasing n, I, n', or V. In 
addition, they are usually not important because the coefficients 
are small. If, for example, a p-type function is the largest component 
of the molecular wave function, cross-product terms involving its ampli¬ 
tude a„,„ might be expected to be largest. The only terms of this type 
involve mixing this p state with other p and / states. But the discussion 
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above of hybridization indicates that hj'-bridization of a p function with 
either another p or/function should be small since it would not contribute 
very much to lowering the bond energy. The common types of hybridi¬ 
zation, of a p function with cither s or c?, produce only zero cross terms 
involving Unim because then I ^ V ± 2. In some unusual cases, however, 
these cross terms could be an important part of q. 

Contributions to q from neighboring atoms or ions (type 3) are much 
smaller than those of the valence electrons for many types of bonds. 
Assume, for example, that there is a neighboring ion with an average 
charge of one-half that of the electron and at a typical distance of 2.0 A 
from the nucleus of interest. It produces a value of d^V/dz^j or g, at 
the nucleus of only 3 X 10*^ esu. 

A neighboring ion also distorts the electron distribution about the 
nucleus, including that of the closed shells. This distorted distribution 
in turn gives a contribution to q (type 2), which is the antishielding 
effect mentioned above (page 227). Calculations and experimental evi¬ 
dence indi<!ate that such distortions may increase the contribution of a 
neighboring ion to q a factor of about 10 [023]. Hence the value of q 
produced by an ion of the type mentioned above would be increased to 
3 X ]0'‘‘ esu. However, this is less than 2 per cent of the value due to a 
valence p electron in I or F, as shown in Table 9-2. Hence (luadrupole 
effects due to neighboring ions or to distortion of surrounding spherical 
shells of electrons can be neglected in many cases. 

Thus the lowest-energy atomic p wave function for the valence elec¬ 
trons may in most cases be considered to be the sole source of q. Con¬ 
tributions of the valence p electrons can be very simply obtained as 
V/nu,., where is the importance of the p wave function in an 

expansion of the type (9-5) and qnun is the value of q for an atomic state. 
However, there are cases for which the valence electrons produce only a 
very small contribution to 7, and then some of the small and complicated 
terms discussed above must be taken into account. Some of these cases 
will be illustrated below. 

9-4. Procedure for Calculating 7 in a Molecule. To evaluate 7 at a 
particular nucleus with the approximation discussed above, only the 
contributions of electrons in the valence shell need be considered, and 
these are taken to be of the form Z\anim\‘^qnim- The procedure will per¬ 
haps be made most clear by examples. 

Consider first the value of dn^/dz‘^ at the In nucleus in the diatomic 

molecule InCl, where the e direction is chosen along the molecular axis. 
In has three valence electrons, the configuration of the ground state 
of the atom being 5s-5p. Cl has seven valence electrons, with a groun 
atomic state Zs'^Zp^. A first approximation to the structure of the In 
molecule might be that the two atoms are essentially in their ground 
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atomic states and bound together by a covalent bond which uses the p 
atomic wave functions of each atom. This would be a so-called bond, 
the <T meaning simply that m — 0. The wave function then for the two 
electrons which form the bond may be written approximately 




(^ 61 o)ln + 




(9-8) 


where the subscripts In and Cl indicate the atomic wave functions of 
In and Cl, respectively. If (i/^ 3 io)ci is expanded in terms of indium atomic 
wave functions, it will involve a large number of smaller terms of highly 
excited states, which contribute essentially nothing to q at the In nucleus. 
However, the first term of (9-8) contributes for each bonding electron an 
amount (l/v^)^? 5 io, or for the two bonding electrons an amount gsio- 
There are in addition two valence s electrons which are not involved in 
the bonding, but since for an s electron (/„oo = 0 , they contribute nothing. 
Hence a first (and very rough) approximation to the molecular structure 
suggests that there is one excess p electron around the In nucleus with 
771 = 0, and that qin = q^io. The value of g-sio may be calculated from 
the In atomic fine structure and expression (9-3), or more accurately 
from the magnetic hyperfine structure and expression (9-4). In each 
case it should be noted that these expressions give qj = g„ii, which 
equals — In general the q's for different values of m are related by 


Qnlm — QnlO 


3m^ 

i{i + 1 ) 


( 9 - 9 j 


Similarly there is at the Cl nucleus a contribution gsio from the bonding 
electrons, but in addition an amount 2^311 and 20 - 3 ,i._i from the four 
nonbonding valence electrons. Now from (9-9) gsn = $ 3 . 1,-1 = — 
so the total value of qci is 


Qci — 5310 + 25311 ~\- 253,i,_i = —5310 ( 9 - 10 ) 

While In might be expected to have an excess of one p electron oriented 

along the axis, Cl has a defect of one p electron, and hence the negative 
sign in (9-10). 

It may be noted that any covalent single-bonded In or Cl atom should 
have roughly the same values of 5 given above. However, if these 
atoms are ionically bonded in a molecule, the situation is different. Con¬ 
sider, for example, NaCl, which we shall first approximate as a completely 

ionic molecule NaCl. In this case the chlorine is surrounded by a closed 

spherical shell of electrons, the configuration of the ground state of Cl 
being ^ 823 ^ 6 ^ hence in the approximation used here qc\ = 0. Sim¬ 

ilarly Na has a closed-shell configuration of electrons and 5 n„ = 0. 
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Ionic Character and Hybridization. This introduces the question 
whether InCl is indeed covalently bonded as assumed or is more nearly 
ionic like NaCl. Actually it must be intermediate between these two 
extremes, and it is customary to describe such an intermediate bond as a 
mixture of covalent and ionic bonds, or as “resonating” between the 
two different types. If, for example, the ionic bond has a fractional 
importance .r in the actual InCl structure and the pure covalent bond 
an importance 1 - .r, then each contributes amounts to q given by the 
product of its fractional importance times the value of q for the pure type 
of bond. Hence 


qin = (1 — .r)r/5io + (-rlO = (1 — .T)r/5io 
q<\ = — (1 — .r)f/ 3 io + (.rlO = — (1 — .r)f/ 3 io 


(9-11) 


A method of estimating the fractional importance, 1 - .r, of the covalent 
bond will be discussed below. 

The (luantity multiplying —(/sm or — 7.1111 in (9-11) is called the amount 
of unbalanced p electrons Cp oriented along the bond.* Thus for In 
in InCl, Up = -(1 - x) and for Cl, Cp = 1 - .r. There may of course 

be a number of p valence electrons w'hose effects cancel, as in Cl, Up = 0. 
For any type of bond, the net effect of the valence p electrons may be 
expressed as the number of unbalanced p electrons Up oriented along the 
bond. The ([uadrupole coupling constant is — Up times the coupling per 

p electron, or —UpCqnxoQ. . 

Let us examine now the <iuadrupole coupling constants ot Cl m a 

few typical molecules listed in Table 9-3. It is clear from the small 

coupling constant in NaCl that this molecule must be essentially ionic. 

TlCl must also be largely ionic, although not entirely so. I he remaining 

molecules listed have bonds which are primarily covalent in nature. I he 

value of eqQ for FC'l is abnormally high because this molecule is partly 

ionic, but with the chlorine atom positive instead of negative since F is 

more’ electronegative (f.c., tends more to attract electrons) than Cl. * 

Cl ion has two p electrons missing from its valence shell, and the addi¬ 
tional missing electron must have come from a p.,{m = 0 ) orbit h it is o 

migrate easily to the F atom. With two missing p, electrons Cl should 
have a value of q = -2qtx,. The plus is put on 7310 to indicate that 7..10 

for Cl may be slightly different from 7.310 for neutral Cl. 

Most essentially covalently bonded Cl atoms have quadrupole coupl g 
constants near -80 Me, which is considerably lower than the^ vah.c 
- 109.6 Me of C 7310 Q for atomic Cl. ICl is such an examp , 

* Cp might more logically be the quantity multiplying 7.110 ralhir than / 
the above definition has the sanction of usage. 
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molecular information would indicate that no large amount of ionic 
bonding is present, yet the coupling is appreciably less than that expected 
for essentially atomic Cl. Hybridization of the bonding orbital for Cl 

Table 9-3. Quadrupole Coupling Constants of CP^ in a Few 

Typical Molecules 


Molecule 



Cl (atomic) 

FCl 

ICi 

CH3CI 

CICN 

TlCl 

NaCl 


- lOO.G { — eqzitsQ) 
-146 

- 82.5 

- 74.8 
- 83.3 

- 15.8 
< 1 


must he assumed for this and other similar eases. A decrease in eqQ 
is to he expected for hybridization of the 3/1^ orbit with some 3s wave 
function. For, if the bonding electrons use a small amount of s wave 
function, then the pairs of nonbonding electrons must use a corresponding 
amount of wave function. By this process part of the p„ wave func¬ 
tion becomes filled with two electrons rather than one, and the defect 
of electrons along the axis is reduced. Hybridization with a fraction y 
of 5 wave function gives for Cl a value L'p = 1 — y. If hybridization 
of the 3p orbit with a 3d wave function occurs, the value of the quadrupole 
coupling constant would have been increased rather than decreased, or 
Vj, = 1 + where y is the fractional importance of the 3d wave func¬ 
tion. This situation is quite different from hybridization with a 3s orbit, 
since the 3d orbit is unoccupied, while the 3s orbit contains two non¬ 
bonding electrons. In the case of In, where Up is negative, s-hybrid- 
ization increases the magnitude of the quadrupole coupling, giving 
Up ~ — 1 — ?/ for an amount y of s-hybridization. 

Probably the quadrupole coupling for an atom in a molecule is also 
affected by the overlap of its valence wave function with that of the atom 


to which it is bonded [422], [073]. Unfortunately the precise effect of 
overlap on the quadrupole coupling constant is very difficult to evaluate 
theoretically. However, there seems to be good experimental evidence 
that overlap effects probably do not contribute much to the quadrupole 
coupling constants [013c], and hence we shall neglect them in subsequent 
considerations. 


Once the amount and type of hybridization and the amount of ionic 
character of a bond is determined, then q may be rather quickly calcu¬ 
lated. Unfortunately, however, the amount of hybridization and the 
ionic character cannot be separately determined from a measurement of 
eqQ alone, since the (piadrupole effect cannot directly distinguish between 
the two. The per cent ionic character of a bond between two atoms 
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[x in (9-11)] can usually be approximately determined as a function of the 
electronegativity difference from the curve of Fig. 9-2, This curve has 
been obtained primarily from quadrupole coupling constants in diatomic 
molecules. After a small allowance for hybridization (described immedi¬ 
ately below), these give values of the ionic character plotted in the figure. 



Fig. 9-2. Electronegativity difference. Ionic character of bonds vs. electronegativity 
difference between bonded atoms. {After Dailey and Townes [91.5c].) 

Small deviations from the curve of Fig. 9-2 may occur for a variety 
of reasons, and hence no precise relation between ionic charactei an 
electronegativity difference can be established. Ihe presence of t ree 
hydrogens near the carbon atom in CH3CI or CH3I, for example, seems 
to decrease the effective electronegativity of C by several tenths o a 
unit. Internuclear distance and hybridization also affect the amoun 
ionic character. The normal electronegativities of various atoms are 
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listed in Table 9-4. Gordy [578] has suggested that ionic character is 
given by the linear relation: ionic character = ^ (electronegativity 
difference). This is a rough approximation to the solid curve of Fig. 9-2 
but does not fit experimental observations quite so well [913c]. 

Table 9-4. Electronegativities and Covalent Bond Radii of Atoms 
Values of electronegativities come from Huggins [814a] and Pauling [94] and are 
in arbitrary units. Differences in electronegativities may be considered approxi¬ 
mately as electron volts. Atomic radii are those due to Pauling [94] and are given 
in angstrom units. 



H 







Electronegativity. 

2.2 







Single-bond radius. 

0.30 








Id 

Be 

B 

C 

N 

0 

F 

Electronegativity. 

1 .0 

1.5 

2.0 

2.(1 

3.0 

3.5 

3.9 

Single-bond radius. 



0.88 

0.771 

0.70 

0.66 

0.72 

Double-bond radius. 



0.7G 


0.00 

0.55 

0.62 

1 

Triple-bond radius. 




0.(502 

0.547 

0.50 

1 


Na 

Mg 

A1 

Si 

P 

S 

Cl 

Electronegativity. 

0.9 

12 

1 .5 

1.9 

1 2.1 

2.6 

3.1 

Single-bond radius. 




1.17 

1.10 

1.04 

0.99 

Double-bond radius. 




1.07 

1.00 

0.94 

0.89 

Triple-bond radius. 


1 


1.00 

0.93 

1 

0.87 




Ca 

Sc 

Ge 

As 

Se 

Br 

Electronegativitv. 

0.8 

1.0 

1 .:5 

1.0 

2.1 


2.9 

Single-bond radius. 


1 


1.22 

1.21 

1.17 

1.14 

Double-bond radius. 




1.12 

1.11 

1.07 

1.04 


Rb 

Sr 


Sn 

Sb 

Te 

I 

Electronegativity. 

0.8 

1.0 

1.3 

1.9 

2.0 

2.3 

2.6 

Single-bond radius. 





1.41 

1.37 

1.33 

Double-bond radius. 




1 .30 

1.31 

1.27 

1.23 


Cs 

Ba 






Electronegativity. 

0.7 

0.9 







The amount of hybridization varies from bond to bond and no simple 
rules can give the hybridization exactly. In the case of Cl, Br, and I, a 
reasonable approximation is 15 per cent s hybridization for all cases where 
these atoms are more electronegative than the atom to which they are 
bonded by 0.25 units, and otherwise no hybridization [913c]. If an atom 
is singly bonded to two or more other atoms, the angle between the 
bonds often gives a fairly reliable estimate of the amount of hybridization 
{cf. [133]). If only s and p orbitals are involved in two or more equivalent 
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bonds, then the amount of s hybridization is 



cos 0 
cos ^ — 1 


(9-12) 


where 6 is the angle between two of the bonds. For example, the bond 
angles for AsCls and NH 3 are 6 = 98°25' and 6 = 106°47', indicating 5 
hybridizations of 13 and 18 per cent, respectively. However, expression 
(9-12) is not always an accurate indication of the hybridization; its use 
is especially misleading in some of the hydrides [903] which seem to 
involve more hybridization than is indicated by the bond angles. In the 
double or triple bonds of N, 0, S, and probably those of other elements, 
the Pc component of the bond appears to be hybridized by 10 to 25 per 
cent [903]. 

With the above rules for hybridization and ionic character, the quad- 
rupole coupling constants of the halogens can be calculated in known 
molecules with an accuracy of a few per cent of eqnioQ. For other atoms 
the approximations are not usually so accurate. For the alkalies, one 
can only say that the coupling should be rather small, since essentially no 
unbalanced p electrons are involved in bonding. For elements in the 
third to sixth columns of the periodic table, involving multiple bonds 
whose characteristics are not well known, the above approximations 
can usually give quadrupole coupling constants with an accuracy of 
about 25 per cent. 

Multiple Bonds. In case there are many bonds to one atom in a 
molecule, as in the fifth-column elements mentioned above, the contribu¬ 
tions to q of each bond and valence electron must be added. For exam¬ 
ple, a double bond, such as that for the end nitrogen in N = N = 0, 
involves a pa orbit (m = 0 ) and a p^ orbit (m = ± 1 ), so that the value 
of q if no hybridization occurs is g = qjiQ -|- qj^i + 2 q 2 n = “ 

Pc bond is assumed to be 45 per cent s-hybridized, two of the nonbonding 
electrons must correspondingly have 45 per cent p wave function. The 
resulting contributions to q are as follows: 


Nonbonding electrons in p, orbit: 2 ^ 7,1 

Nonbonding electrons in s plus 45% pc orbit: 0.90(77io 
Bonding electrons in pr orbit: (?7ii 

Bonding electrons in pc plus 45% s orbit: 0.55^io 

This gives a net of Stjrjn -|- 1.45^710 = —0.05(77 ,q. 

A minus superscript was attached to ^210 above to indicate that ^210 

should be evaluated for a negative ion N rather than for neutral N. 
Examination of the fine structure Av for several states of ionization of 
various atoms indicates that each stage of ionization modifies ^ by a 
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factor 1 + € which is approximately 1.25; positive ionization increases q 
by pulling all electrons closer to the nucleus, and negative ionization 
decreases q. We shall hence assume “ 9210/1.25 and = 1. 259210 . 
More precise values of e can be found in Table 9-5. T.hus for a structure 

like N= with no hybridization, 9 = —^( 1 / 1 . 25 ) 9210 , or Up = 0.40. If 
an atom in the first two rows of the periodic table has four covalent 
bonds, then all valence orbits are equally occupied by electrons, and 
9 = 9210 + 9211 + 92.1.-1 = 0 (t/p = 0). This is almost always the case 


Table 9-5. Values of e for a Number of Elements 
The coupling constant produced by a p electron is modified by a factor approxi¬ 
mately 1 + < for each stage of ionization, being larger for positive ionization. 


Be 

0.90 

B 

0.50 

C 

Ba 

N 

■ 

0 

M 


IB 

Mg 


A1 

0.35 

Si 

m 

p 


s 

■El 


ID 

Ca 

0.(50 

Sc 

0.30 

Ge 


As 


Se 

0.20 



Sr 

0.60 

Ga 

0.20 


m 

Sb 

m 

Te 

0.20 

I ! 



for C or Si, which are quadruply bonded. Nitrogen normally has three 
bonds and a quadrupole coupling constant near —4 Me. However, in 

and in CH3 —N = C, the central nitrogens are quadruply 
bonded, and the observed coupling constants are very small as expected, 
being less than 0.3 Me. 

There are many cases of bonds which are partly single and partly 
double or triple, i.e., of resonance between single and multiple bond 
structures. Fortunately single, double, and triple bonds for a particular 
pair of atoms have distinctly different lengths, so that the internuclear 
distances may be used to determine the relative importance of single or 
multiple bonds between two atoms. If is the sum of the single-bond 
radii of two atoms, or the distance between them when there is a single 
bond, R 2 the double-bond distance, and the triple-bond distance, then 
the expected distance for an intermediate-type bond is (see [133] for a 
fuller discussion) 


p _ XiRi -h SX2R2 ~h 6x37^3 

Xi -b 3x2 + 6 x 3 


(9-13) 


where Xi = fractional importance of the single-bond state 
X 2 = fractional importance of the double-bond state 
X 3 — fractional importance of the triple-bond state 
Since xi -b X 2 + X 3 = 1, if it is thought that only single and double 
bonds, or only double and triple bonds, are involved between two par¬ 
ticular atoms, and if the internuclear distance R is known, then the 
fractional importance x of the two resonant bonding states can be deter¬ 
mined. Standard atomic radii for single, double, and triple bonds for 
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various atoms are listed in Table 9-4. One cannot expect high precision 
in determination of the amount of double- or triple-bond character from 
(9-13), since observed bond distances in molecules often differ by as 
much as 0.01 or 0.02 A from the values obtained by use of this expression 
and Table 9-4. In many of the heavier atoms the bond radii are still 
unknown. 

A refinement in the calculation of internuclear distances is the Scho- 

Table 0-0. The Number of “Unbalanced” p Electrons, f/p, for Various 

Bond Structures 

The fraction of s or d hybridization is indicated by the symbols s or d, respectively. 
It is assumed that the hybridizing s or d wave functions have the same principal 
quantum number as the p function. Up is with respect to the axis of the bond or 
bonds unless otherwise stated. The quantity e which appears here is given in Table 
0-5. 


j 

Electron 

configuration 

Typo of bond 

1 Hybridization 

Up 

of atom 

1 


\ 

1 

1 

1 


sV' (lil^<^ Cl) 

Single covalent 

> 

5 and d 

1 — 5 + d 

s2pfi {like Cl") 

Single ionic 

■ 

0 

(like Cl'*') 

Single ionic 


2(1 +0 

s^p* (like 0) 

Double covalent 

ipc s and 
(p:rnone j 

^ — s 4" d 

s^p^ (like N) 

Triple covalent 

{pa s and d\ 
IpTnone J 

j — s 4* d 

s^p' (like 0) 

Two single covalent, 

s 

(i + ^ + 24 (1 + 3ie) 


each of ionic character 


[ \2 2 / ^ 

1 

1 

with 0 positive 

1 

1 

(along direction bisect¬ 
ing bond angle) 

{s -1 - t)(l 4-2u) fa- 
long direction perpendic¬ 
ular to plane of bonds) 


With O negative 

s 

d — 2s) (1 — i) 


1 


1 4" 22*6 


1 


(along direction bisect- 
' ing bond angle) 


1 

1 


(s - 0(1 - 
1 4" 2ie 




(along direction per¬ 
pendicular to plane of 


\ 


bonds) 

g2p3 (like N) 

s 

Three single bonds, each 

' s 

_3s(l 4- 0(1 + 3^'^) 


of ionic character t. 




with N positive 


3s(l -i) 


With N negative 

s 

(1 

s^p® (like C) 

Four covalent bonds 

Any s - p hy¬ 

0 


bridization 

1 

s^p (like B) 

Three bonds in a plane 

s 
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maker-Steveiison rule [109], which states that ionic character of a bond 
shortens the bond by an amount 

AR = (-)0.09lxi - 0 : 2 ! (9-14) 

where Xi — X 2 is the difference in electronegativity of the two bonded 
atoms. This shortening is particularly important for bonds to fluorine, 
but in most other cases it may be neglected, and in fact in some bonds 
which do not involve fluorine it does not seem to give correct results. 

Exdfnples dtid T'dbles of Quddvupolc Coupling Constd7its. The number 
of unbalanced p electrons. Up, for various important types of bonds is 
summarized in Table 9-6. Up for structures which are intermediate 
between two or more varieties of bonds listed in this table may also be 
obtained from it by summing Up times the fractional importance for 
each bond type. 

The bond structure and expected values of Up for a number of examples 
are indicated in Table 9-7. The percentage importance of the struc¬ 
tures listed have been chosen from use of expressions (9-12) and (9-13) 
and consideration of molecular dipole moments and quadrupole couplings. 
The chosen combination of resonating structures gives values of quadru¬ 
pole coupling (which may be obtained by multiplying the net unbalanced 
p electrons. Up, by the negative of the quadrupole coupling per p electron 
given in Table 9-8) very close to those which are observed and at the same 
time is consistent with other known information about the molecules. 

In rare cases the contribution to g of d or other orbitals may be taken 
into account in obtaining q. However, unless Up is extremely small, 
contributions to q from p-type wave functions will be so much larger, as 
they are in all cases listed in Table 9-6, that the d orbital contribution may 
be considered to be zero. 

Table 9-8 gives values for the quadrupole coupling constant of various 
isotopes produced by one p electron excess along the bond axis, i.e., the 
value of eqQ when Up, the “unbalance of p electrons,” is unity. This 
might also be written These values are mostly obtained from 

observed coupling constants in a variety of molecules; however, some 
are obtained from measurements of atomic spectra. Table 9-8 also lists 
the best available values of q produced by one p electron excess along 
the bond axis, that is, 5 „io. From eqQ and q, the nuclear quadrupole 
moments Q may be obtained, remembering that e is the charge of one 
proton. Best values of Q are given in Appendix VII. 

9-6. Quadrupole Coupling in Asymmetric Molecules. The discussion 
so far has applied specifically to symmetric molecules, where one quad¬ 
rupole coupling constant eqQ is sufficient to specify the energy of inter¬ 
action between the nuclear quadrupole and the molecule. As mentioned 
in Chap. 6, for an asymmetric rotor two coupling constants are needed, 



Table 9-7. Structures of Molecules and Their Amounts Up of 

Unbalanced p Valence Electrons 

Quadrupole coupling constants may be obtained by multiplying Up by eqnioQ, the 
quadrupole coupling per electron. 


Nu¬ 

cleus 


Mole 

cule 


Cl 


S 


N 


As 


FCI 


ICl 


TlCl 


SiHiCl 


CHCI 


OCS 


NH 


NjO 


AsH 


AsCIi 


Partial 

structures 


F—Cl 
F Cl 


I—Cl 
I Cl 


Tl—Cl 
T1 Cl 
IliSi—Cl 
HjS^iCl 
H^Si=CI 


H 

Cl 

\ 

/ 

C 

—c 

/ 

\ 

H 

H 


-f 

H 

Cl 

\- 


C 

— c 


\ 

H 

H 

H 

Cl 

\ 

+ 

C 

=c 

/ 


H 

H 


O—C 
0 =C 

6=C 

or 6—C 
0=C 

6 =C~S 


+ 
iS 
:S 

—S 

* 

iS 

•s 


•f 

H 


N 




H 


H 


N=N=0 

NsN—O 
N=N—O 
N=N—O 

H 

/ 

As-H 


\ 


H 

Cl 


•f 

As* 


Cl 


'"c. 

Cl 

As-Cl 




Cl 


Comments 


No hybridization 


15% 5 hybridization 


15% 5 hybridization 


I 15% hybridization 


ptf bond with 15 % a hy¬ 
bridization 

Vpt refers to zaxis along 
C—Cl bond, y axis is 
in Cl—C—H plane and 
X axis is perpendicular. 
15 % a hybridization 

j)w bond assumed perpen¬ 
dicular to Cl—C—H 
plane 


No hybridization 


25 % a hybridization of 
bond 


25 % hybridization 


45 % hybridization of pg 
bonds only 

End nitrogen 

Central nitrogen 


10% hybridization 


10% hybridization 


Vp for each 
structure 


Vp^ 

U py 

UpT 


1.00 

2.50 

0.85 

0 

0.85 

0 

0.85 

0 

0.40 


0.85 

-0.42 

-0.42 


Up, 
U pv 

Up, 


0.55 

-1.16 

0.72 


0 


% 

impor¬ 

tance 


Net U-. 


75 

25 

85 

15 

18 

82 

30 

40 

30 

75 


20 


1.37 


0.72 


0.15 


0.38 


Up. 

L py 

Up, 


0.66 

-0.38 

-0.28 


0 

14 

0.51 

0.5 

58 


0.8 

28 


-0.31 

14 

0.27 

0.25 

58 


0.60 

28 


-0.40 

100 

1 

: -0.40 

1 

0.05 

55 

-0.17 

1 

-0.45 

45 

1 


0 

55 

0 

0 

45 


-0.30 

100 

-0.30 

-0.25 

50 

-0.28 

-0.30 

50 
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( ^ where x„, and 2 „ are directions of the 

principal axes of inertia. For a symmetric molecule, if 2 is the axis of 


An 

eQ vT 
dzl 


symmetry, 


dW dW 


dX 


2 

m 


dy 


2 

m 


= 0. Very often the electric field derivative 


Table 9-8. Quadrupole Coupling Constants for Various Nuclei Due 

TO One Valence p Electron 
A range of values is given for which is poorly known. 



Quadrupole coupling con¬ 
stant for one valence p 
electron with wave func¬ 
tion oriented along bond 
(eqnioQ), in Me 

d^V 

r for one valence 
dz^ 

p electron with m ~ 0 
(g„io), in 10" esu 


- 10.9 

1.6 

B" 

- 5.3 

1.6 

Nu 

- 10 to -24 

8.6 

0” 

3.3 

11 

Al” 

- 37 5 

3.3 

§33 

55 

13 

S« 

- 39 

13 

CI» 

109.7 

20 

CB* 

23.2 

20 

Cl” 

86.4 

20 

Ga« 

- 125 

7 5 

Ga’i 

- 78.8 

7.5 

Ge” 

220 

15 

AsT6 

COO 

20 

Sc« 

-1400 

25 

Br’* 

- 769.8 

34 

Br” 

- 643.1 

34 

In"* 

- 886.2 

11 

In"® 

- 899.1 

11 

Sb*“ 

2000 

34 

Sb"* 

2500 

34 

1127 

2292.8 

45 

1129 

1688 

45 

Hg«* 

-1000 

23 


tensor VE is symmetric about some molecular bond. For example, 
VE at either Cl nucleus in CH 2 CI 2 is approximately symmetric about the 
C—Cl bond, and choosing this direction as an axis, egQ may be calculated 


dW . 

2 ) may be calcu- 


dW /dW 

as above. The quantities eQ -r-^ and eQ ( -;—z - ^ 

dzl \dxl dy 

lated from ((>-23) by a rotation of coordinates to the principal axes of 

inertia. 

There are some cases, however, for which the field is not symmetric 
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about the bond axis [370], [459], as for Cl in the structure 

H Cl 


C- -C 



where a double bond occurs. Taking the double bond to be a non- 
hybridized bond along the C—Cl or zi, direction plus a bond perpen¬ 
dicular to the Cl—C—H plane or in the Xt direction, we obtain an excess 
of one p electron in a orbit in the ijb direction, f.e., in the Cl—C—H 


plane. Hence 


an 


— (?3io(l + e); 


dW dW 


dpi dxl dzl 


— —^ 5 ' 3 io (1 “be). If this 


double-bonded structure is of importance x, and the structure 



C=C 


H H 

is of importance 1 — x, then the sum of their contributions gives values 

d4 

^~ 2 " “ [^ d" d- ^)] (9-15) 

d^v dW dW 

Values of -r— and - 7 —^-for the principal axes of inertia may then 

dZm dxl 

be obtained from (9-15) by a rotation of coordinates in accordance with 
(6-235). In this case, the transformation to principal axes of inertia 
is somewhat more complicated than (6-23a) because of the lack of axial 
symmetry of the field about the bond axis. Table 9-7 gives values of 
Up for Xb, ijb, and Zb axes assuming 15 per cent s hybridization of the pa 
bond, and giving some importance to the structure 

H Cl 

\ + 
c=c 

/ \ 

H H 

An interesting use of slight asymmetry occurs in the bending mode 
of molecules such as HCN, BrCN, and ICN [703], [754], [998a]. In the 


^ — X I 1 -{- 2 



^310 


dW 

dzl 


X 


1 + 2 (1 - ‘) 


^310 
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ground state these molecules are linear and the electrostatic potential 
is axially symmetric. However, in the bending vibrational mode ^2 = 1, 
there is a slight as 3 'mmetry in the field due in part to the difference in 
direction between the principal axis of inertia and the C—N or I—C 
bonds, and in part to the fact that the dyadic VE is no longer symmetric 
about these bonds. Such effects afford a valuable measurement of the 
change in electronic structure of these molecules with bending. 

9-6. Interpretation of Magnetic Hyperfine Coupling Constants. Mag¬ 
netic hyperfine coupling constants are large and easily'- interpretable only 
for the rather rare molecules which have electronic angular momentum 
(c/. Chap. 8). For these molecules, however, magnetic hyperfine struc¬ 
ture usually gives information about the electron distribution somewhat 
similar to that given by nuclear quadrupole effects. 

It is primarily in diatomic or linear molecules that interpretation of 
magnetic coupling constants appears to be fruitful. For such cases, 
expressions (8-6) and (8-16) show that hyperfine effects depend primarily 
on four coupling constants: 


a = 


2mom/ 


c = 




AV 




" 3 “ / 


^^(0) 


3 cos^ 0—1 


AV 


, 3moM/ /siu^ 6 \ 

‘‘ ~ ~r 


(9-16) 


AV 


The constant a contains (l/r^).^v, which strictly is to be averaged over the 
electron or electrons which provide orbital angular momentum. The 
constants c and d involve similar averages, but over the electrons which 
provide spin angular momentum. Usually spin and orbital momentum 
involve precisely the same electrons, in which case the three constants 
a, c, and d are related by c = 3(a — d). Since the averages in the 
expressions (9-16) are to be taken only over those electrons which con¬ 
tribute angular momentum, these magnetic coupling constants are more 

specific than the quadrupole coupling constant eqQ — ^ ~ 

The latter average must be taken over all electrons in the molecule. 

A sufficiently complete examination of the magnetic hyperfine structure 
will yield numerical values for the constants a, b, c, and d given by (9-16) 



and hence for the four quantities f 


3 cos^ B — 



sin 



and 


r** /«v Wav \ r 

The first may be evaluated or interpreted very much'as the 
similar quantity q discussed above if it is remembered that only the 
electron or electrons which provide angular momentum are to be con- 
sidered. The second quantity (l/r^).. has also already been discussed 
in connection with quadrupole effects but provides additional informa¬ 
tion, a direct measurement of (l/r^).., which is not given by the quad- 
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rupole coupling constant. This average applies only to an electron 
with orbital angular momentum, hence not to an s orbit for which 

apply. The fourth quan- 


1 


.,3 


or 


av 



av 


tity, iA“’(0), is the square of the electron wave function at the nucleus, 
which is negligible except for an s orbit. This cpiantity therefore affords 
information which is never yielded by quadrupole effects, since they are 
never due to electrons in s orbits. 

Since O 2 is in a ^2 state it has electronic spin momentum and provides 
an interesting example for examination of electron spin-nuclear spin 
interactions. The ordinary type of O 2 has no hyperfine structure 
because of the zero spin of However, yields a rich hyperfine 

structure from which the constants b and c in (8-6) can be evaluated. 


and hence the quantities ^^(0) 
with parallel spins [841], [842]. 


and 



for the electrons 


av 


The value of 


3 cos^ B — 


2r^ 



agrees 


av 


within about 10 per cent with (calculations using the expected structure 
of () 2 . The value of corresponds to only 2.5 per cent s character 

for the electrons with parallel spins. Even this small amount of s char¬ 
acter is not very well understood in terms of the molecular structure. 
In addition, it has a large effect on the observed hyperfine structure 
since magnetic hyperfine structure due to an s electron is usually enor¬ 
mously larger than that due to electrons in other types of orbits. 

Other examples for which large magnetic hyperfine structure has been 
found are OH and NO, which are in ^IT ground states. The coupling 
coefficients of OH have not yet been interpreted, but those for NO 
allow a simple and rewarding discussion [91(ia]. NO is a rather good 
Hund^s case (a), so that the hyperfine energy is given by a\ (5 + c)S 
from (8-9) plus doubling effects in the -11^ state from (8-16). Microwave 
measurements on the ^IT^ state [899] give a -f- (5 4- c)/2 = 74.1 Me, and 
those on the state [7825], [924] give a — (b c)/2 = 92.2 Me and 
d = 112.6 Me. If one assumes that the electron which contributes 
orbital angular momentum is identical with that which contributes spin 
momentum, then c = —87.6 iMc, and the following molecular constants 
may be derived. 


TJ = 15 X 102^cm-3 

T / nv 


(sin= = 0.90 ^^(0) = 0.85 X 10^“ cm 


-3 


The first two quantities may be compared with the values 


(X) = 23 X 10^^ cm 


— 3 
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and (sin^ 0)av = 0.80 for a p, electron in an atomic orbit about the 
nitrogen. For an electron in an atomic orbit of the O atom, (l/r^)av, 
where r is the distance between the electron and N nucleus, is negligibly 
small. Hence the hyperfine coupling constants provide good evidence 
that the electron with angular momentum is approximately 15/23, or 65 per 
cent of the time in a orbit about the N atom. The orbit is somewhat 
more confined to a plane through the N nucleus and perpendicular to the 
molecular axis than an atomic orbit would indicate, since (sin^ 0)«v is 
greater than its value for an atomic orbit. The value of ^^(0) represents 
only about 2.5 per cent probability for the unpaired electron to be in a 2s 
atomic nitrogen state. As in the case of the O 2 molecule, only a small 
admixture of atomic s state is indicated, but this a makes an important 
contribution to the hyperfine structure. 



CHAPTER 10 


STARK EFFECTS IN MOLECULAR SPECTRA 


10-1. Introduction. vStark effects are the changes in the spectrum of a 
system which may be observed when the system is subjected to an electric 
field. The rotational spectrum of a molecnile which has an electric dipole 
may be expected to be modified when the molecule is in an electric field, 
since the field exerts torques on the molecular dipole moment and thereby 
can change its rotational motion. These types of effects can be under¬ 
stood in a qualitative way from classical mechanics, although any detailed 
explanation of them reciuires a ciuantum-mechanical approach. 

Consider first a rotating linear molecule with angular momentum per¬ 
pendicular to the electric field. The field tends to twist the dipole and 
give it a faster rotation when the dipole is oriented in the direction of the 
field, and a slower rate of rotation when it is pointed oppositely to the 
field. The dipole is hence oriented away from the field more often than 
with it, so that, on the average, the dipole is directed oppositely to the 
field (contrary to what would be expected if there were no rotation). 
The fractional difference between the time the dipole points in the two 
directions can be shown to be proportional to the ratio of the energy of 
the dipole in the field to the rotational energy 



( 10 - 1 ) 


where m is the dipole moment, E the electric field. I the moment of 
inertia, and w the angular velocity. The change in energy due to the 
field is then f^E or 



OC 


hBJ{J + 1) 


( 10 - 2 ) 


where the rotational energy has been written in terms of the rota¬ 

tional constant B and the rotational (juantum number. 1 here is also, 
of course, a change in the average rate of rotation of the molecule or its 

frequency. 

If a linear molecule rotates with its angular momentum parallel or 
antiparallel to the electric field, then the rotating dipole is slightly 
twisted in the direction of the field, and the energy is decreased (an 
amount also proportional to {^E)-/[hBJ{J + 1)]}. It will be seen beIo\\ 
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that an average of the energy change over random orientations of a rotat¬ 
ing molecule gives no net change in energy; the various positive and 
negative changes just cancel. 

Symmetric-top molecules show a Stark effect of a rather different type, 
because their dipole moments may have components parallel to the 
angular momentum, and thus components which are fixed in direction 
rather than rotating. Thus for a symmetric top rotating about its sym¬ 
metry axis, the dipole moment is in the direction of J and its energy 
in an electric field is —fiE cos 0, where d is the angle between J and the 
field E. The projection of / on a fixed direction, such as that established 
by the direction of E, is always an integer M, the magnetic” quantum 
number. Hence the energy might be expected to be 



In the more general case of the angular momentum J and a component 
of the angular momentum K along the symmetry axis, the component of 
M along the J direction is yL{K/J), Hence the energy might be expected 
to be 


— yth -J COS d 
•/ 


^EKM 


Or, remembering that when the vector model is used t/^ must always be 
replaced by 7(7 + 1), 

AIK = - (10-3) 


J{J + 1) 


This expression is correct but will be more rigorously dei*ived below. 

The change in energy, and hence in frequency of a symmetric-top 
molecule due to an electric field, is thus from (10-3) proportional to 
the first power of nE, whereas that for a linear molecule from (10-2) 
is proportional to the second power of fiE and is much smaller because 
fjLE/[BJ(J H- 1)] is small (typically 0.01 to 0.001). These are often 
referred to as “first-order” and “second-order” Stark effects, respec¬ 
tively, names which might be attached to the power of y.E which is 
involved, or to the order of perturbation approximation required to 
calculate these effects as will be seen below. 

The first-order Stark effect characteristic of symmetric tops is more 
generally characteristic of a system with degenerate levels. It was 
shown in discussing nuclear moments (see page 132) that in the absence 
of an external field no system can have a dipole moment fixed in direc¬ 
tion unless it is in a degenerate energy level. Symmetric tops can have a 
dipole moment of this type because of the degeneracy of the +K and ~K 
levels, and this moment interacts with the electric field. Linear mole¬ 
cules have no degeneracy of this type, and a dipole moment must first 
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})e produced by “polarization” of the molecule by a field. It is inter¬ 
esting to note that, in the symmetric-top ammonia, the two levels which 
are ordinarily degenerate are split by the inversion frequency, and a first- 
order Stark effect does not occur. Classically the NHs dipole moment 
might be regarded as rapidly reversing in direction because of the inver¬ 
sion so that its average value in any direction is zero. 

10-2. Quantum-mechanical Calculation of Stark Energy for Static 
Fields. The effect of an electric field on the molecular motion can be 
calculated quantum-mechanically by perturbation theory. The first- 
order perturbation is simply the average of the interaction energy over 
the quantum-mechanical state, or 

AlFi = cos e^pdv (10-4) 

where 6 is the angle between the molecular dipole ju and the field E. The 
expression (10-4) is just E times the z component of the dipole moment 
matrix element which is given in Table 4-4. For a symmetric-top wave 
function with rotational quantum numbers J, /C, M this table gives 


AW I — — t^E(f>jj<f)jKJK(<t>z)j.\fJ.U 



MK 

./(./ + 1 ) 


(10-5) 


which is identical with (10-3) and of course vanishes for a linear molecule 
when K = 0. 

Transitions may occur with selection rules AJ = ±1, AK = 0, and 
AM = 0 or +1 (c/. Table 4-4). The ol)sorved frc<iuencies are given foi* 
a transition J + 1 by Wj+i — Wj, so that, when AM = 0, 


V 


= 2B{J 4 - 1 ) + 


2MKfxE 

,/{./ -b f)(./ + 2)h 


(10-5a) 


and when AM = ± 1, 


V 


= 2B(J + 1) + 


(24/ + J)KtxE 
./(./ +!)(./+ 2)h 


(10-56) 


where M represents the “magnetic” quantum number for the initial or 
J state. 

The next approximation, or second-order perturbation theory, takes 
into account the small changes in the molecular wave function due to the 
field, and the resulting energy may be written* 



( 10 - 6 ) 


* The Stark effects included in (10-G) are due only to the molecular dipole moments. 
There are other very much smaller terms due to the polarization of electron wave func¬ 
tions within the molecule. Such effects are usually negligible but will be discusse 
later in this chapter. 
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where Wn is the energy of the undisturbed state and W is the energy of 
any other state unperturbed by the electric field. Mnn' is the 2 component 
of the dipole moment matrix element between the two states indicated 
by quantum numbers n and n'. The two states n and n' ai'e sometimes 
said to “interact” through the perturbation fiE cos 6. It may be noted 
that two interacting states always repel each other, that is, if IK„^is 
greater than ir„', (10-6) shows that the presence of the state n' increases 
the energy of the state n when there is a field. Similarly it decreases the 
energy of n' by the same amount so that the levels become further 
separated. The net change in energy of the state must be obtained by 
summing all such repulsions as indicated in (10-6). Again the matrix 
elements can be obtained from Table 4-4. For a symmetric top, the 
matrix element is zero for all combinations of states except J — J or 
j ^vhen M = M', and K = K' (since m is always along the 

symmetry axis for a true symmetric top). T. he second-order energy 
AIF 2 is hence affected only by the two neighboring states J' = J -j- 1 
and J' = J — I, and the sum of their effects is 

|(J^ - - M^) 

2Bh - 1){:2J + \) 

[(J + 1)= - IP\[{J + 1)^ - AP]\ 

(J -f iy{2J + 1)(2./ + 3) j 

This second-order energy is usually so much smaller than the first-order 
given by (10-5), that it is rather unimportant unless X = 0, so that the 
first-order energy is zero. For a linear molecule, or for any symmetric 
molecule with K = 0, All '2 simplifies to 

J{J + 1) - 3il/2 
“ 2hBJiJ -b 1) {2J - l)(2J -t- 3) 

However, in the special case where J = 0, (10-7) becomes 

(Air2)y=o - - 

The transition freiiuencics depend, of course, on the difference between 
Stark effects for the upper and lower levels of a transition. The resulting 
expression for the absorption of a linear molecule is given below by 
Eq. (10-25). 

Second-order Stark energies are seen from (10-7) and (10-8) to be 
independent of the sign of M. Before Stark splitting there were 2*7+1 
different degenerate levels for each value of J corresponding to the differ¬ 
ent values of M. First-order Stark effect, when present, removes this 
degeneracy completely. Second-order Stark effects depend on M’^, so 
that the levels are separated into pairs of degenerate levels (± M) except 
for M = 0, which is nondegenerate. 


( 10 - 8 ) 

(10-9) 
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Expression (10-8) shows that, for large J, for a molecule with angular 
momentum perpendicular to E (M = 0), the change in energy is positive 
and proportional to as found above in expression (10-2). 

Similarly for large J and A[ = J, the energy is negative and proportional 
to ~fi‘^E‘^/hB.P. For any particular value of J, other than / = 0, the 
average value of Air 2 from (10-8) is zero, since 

M = J 

3 y 3/2 = ./(./ + I)(2y + 1) (10-10) 

- J 

SO that the average value of 3il/“ is just ./(./ -|- 1). 

Still higlier-order perturbation terms may be included in the Stark 
energy. The fourth-order terms for the Stark energy of a linear molecule 
(third-order terms are zero) have been evaluated [20], [209], [375] but in 
most cases are very small. They are smaller than the second-order terms 
by somewhat less than the ratio of the second-order terms to the rota¬ 
tional frcciuency, or usually considerably less than 1 per cent. An exact 
expression for the energy \V of a linear molecule in a strong electric field 
has also been written as the following continued fraction (W. E. Lamb, 
as (|Uoted in [209); c/. also [433]). 


W 

hB 


= + 1 ) 


(M + l)(M + 2) - 


(^E/hByAl ,, 

hB (M + 2)(J/ + 3) - iV/hB - • • • 

( 10 - 11 ) 


where B, E have the meanings used above and 


^ (.T + 1)^ - 

(2x + l)(2.r -f- 3) 

Each of the many solutions to (10-11) for a given AI corresponds to a 
different value of This continued fraction is not very convenient to 
use, but it has been evaluated for a number of conditions with small J 
[209]. 

Stark Effect for Two Nearby Levels. An important and interesting 
special case of Stark effects occurs when two “interacting” levels lie 
rather close together—considerably closer than the energy separation 
between either one and any third level. This occurs typically for slightly 
asymmetric rotors, and also for /-type doubled levels of linear molecules 
in excited states. (It may be remembered that linear molecules excited 
to degenerate vibration levels are formally very much like slightly 
asymmetric rotors.) For two such close levels the energy due to the 
electric field cannot very well be considered a small perturbation; so an 
exact solution is necessary. Assume the unperturbed wave functions 
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for the two levels are ^2- The wave functions after application 

of the field E may be written 

= a{E)ri + hiE)^Pl ^2 = -hmi + aiE)^^ (10-12) 

and the matrix element due to the perturbing interaction —Efi cos 6 
which connects the two states is 


— E ^\2 = —Efif\f/*l cos 6 sin 6 dB d<p (10-13) 

This quantity is — times the dipole moment matrix element, which is 
proportional to the matrix element of the direction cosine. 

This case is entirely parallel to the Fermi-resonance type of interaction 
between two neighboring states discussed in Chap. 2. The matrix ele¬ 
ment \V \2 of Chap. 2 corresponds to —and the quantity 5 is the 
energy difference between the unperturbed states. 

5 = IFJ - 1^2 (10-14) 

As in (2-22), the energy when a perturbing field is applied is given by 



IF? + Wl . 
2 “ - 




+ 


(10-15) 


The values of a and b in (10-12) are, as in (2-24) 



+ 4Z!,’V?, + 5 
. 2 A/52“+^Vf2 

' Vb^ + 4£V?i, - S 

. 2 + 4£V?2 



(10-16) 


Of first interest are the energies as given by (10-15). Let us assume 
IF? > IF5. When the energy £/ii2 is less than (IF? — IF§)/2, (10-15) 
may be expanded 



or 



(10-17) 


This gives a Stark energy dependent on E^ as is typical of a second-order 
perturbation, but perhaps a very large second-order effect because 
IF? — Wl may be rather small. When \Efii 2 \ becomes larger than 
jlF? — ^51/2, (10-14) may be expanded 


Txr . r. 

w = -? ± £mi 2 + • • • (10-18) 

In this approximation the Stark effect appears linearly dependent on E^ 
as in a first-order perturbation. This is just the approximation which 
holds for a symmetric top with doubly degenerate levels, since in this case 
IF? — Wl = 0. Thus (10-15) shows a smooth transition from a “second- 
order” to a “first-order” type of Stark effect. 
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Usually this intermediate type of Stark effect for a pair of almost 
degenerate levels occurs for a slightly asymmetric top. In this case pairs 
of the symmetric-top energy levels (/v-degenerate levels) are split by an 
amount given by (4-9) due to the asymmetry. Even with fairly large 
asymmetries, certain pairs of levels may be nearly degenerate. For the 
slightly asymmetric rotor, the dipole matrix elements are fairly accurately 
given by those for symmetric tops (Table 4-4), so that for these slightly 
split levels, 


Ml2 


tiMK 

./(./ + 1 ) 


(10-19) 


where K is the usual quantum number for the appropriate limiting 
symmetric top, and M is the projection of J in the direction of the field 
E. Linear molecules in excited bending vibrational states are very 
similar to slightly asymmetric molecules, and Stark effects on l-iype 
doublets for these molecules are also described by (10-15) with matrix 
elements given by (10-19). 

Stark Effects in Asymmetric Rotors. Stark effects in asymmetric rotors 
are usually ‘‘second-order/' or proportional to E^, since the energy levels 
are not degenerate, but not infrequently a pair of nearby levels give the 
type of Stark effect described above, and still other more special cases 
may occur. An extensive treatment has been given by Golden and 
Wilson [277]. For the usual case where near degeneracies do not occur, 
the Stark energy has the form (10-6), which involves the sum of a num¬ 
ber of terms containing matrix elements between rotational states. The 
matrix elements take simple forms only when the rotor is approximately 
symmetric. However, the dipole matrix elements have been computed 
in connection with an evaluation of transition intensities, and ceitain 
sums '-^Sjr.j’^Tf of these matrix elements have been tabulated [122]. 

For a dipole moment lying along a principal axis of inertia of the 

molecule, it is seen from (4-22) that 


n 

M M' 


= (2./ + 1) 


Mr 




( 10 - 20 ) 


where or in other notation 

V as a function of the asymmetry parameter k. 


is tabulated in Appendix 
The sum over M and M' 


in (10-20) may be undone by using Table 4-4 to give 



o 





, -r- - .c 

^-- Sjr.J—\T' 


- 1 ) 

,__ 

'"*./(./ -I- l)(2./ -f- 1) 




( 10 - 21 ) 


(./ -I- 1)^ - 


(,/ -t- 1)(2./ -I- 1)(2./ + 3) 


Sjr. 


/-fir 


2 



STARK EFFECTS IN MOLECULAR SPECTRA 


255 


Here M' has been set equal to M, since otherwise the matrix element is 
zero, or since the angular momentum in the direction of the field E 

cannot change. 

As in the case of line intensities, each component of the dipole moment 
may be treated separately, so that the entire Stark energy in the case of 
no degeneracy may be written: 






tJt' 


j{j + 1 ) - w%. 



{J + ly - l\P + 

{J + 1)(2J + 3) n\ - 


( 10 - 22 ) 


where a, 5, and c indicate the directions of the three principal axes of 
inertia and IFJ represents the unperturbed energy of the rotational state 
designated by Jj. The summation 2' is over all states except Jj. This 
energy has the general form 

= {Ajr + (10-23) 

Golden and Wilson [277] have tabulated (luantitles of the type Aj^ and 
Bjr (differing, however, by certain factors) for all ranges of values of the 
rotational constants and for all levels with J = 0, 1, or 2. Unless high 
accuracy is needed, the Stark effect may be calculated for levels with 
J as large as 12 by inserting values of S given in Appendix V intoI(10-22). 

Golden and Wilson [277] also consider a number of special cases of 
degeneracy, where no matrix elements occur between the degenerate 
levels. These result in Stark effects proportional to E^ or some higher 
power of E. 

10-3. Relative Intensities of Stark Components and Identification of 
Transitions from Their Stark Patterns. If M is the projection of J on the 
2 axis or direction of a static electric field, then transitions produced by a 
microwave electric field in the z direction can occur only when 



This may be understood classically from the fact that an electric field in 
the z direction can exert no torque about the z axis. If the microwave 
electric field is perpendicular to the static field, then ATI/ = ±1. From 
Table 4-4, dipole matrix elements may be obtained for each of these cases 
for symmetric tops. The dependence of these matrix elements on M 
is quite independent of the value of K. Since asymmetric-rotor wave 
functions are a combination of symmetric-rotor functions of the same 
J and Mj but different //, the dependence of the matrix element on M 
is the same for asymmetric rotors as for symmetric ones. Hence the 
intensities of the various possible M transitions are proportional to the 
quantities in Table 10-1. This assumes that the Stark fields are small 
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enough to be treated as small perturbations. In special cases (c/. page 
269) this assumption is not justified. 

The experimental arrangement most often used for applying a “Stark 
field will be discussed below. In this arrangement, and in others most 
likely to be used for microwave spectroscopy, the static and microwave 
electric fields have essentially the same direction. Hence AM = 0 tran- 

Table 10-1. RECATrv^E Intensities of Stark or Zeeman Components 
J' in each case is the larger of the two values of J involved in the transition and M' 
the larger (more positive) M. 



+ 

II 

Static and niicro- 
wave fields 
parallel: 

A 1/ =0 

j-7 — \fi 

Static and inicno- 
wave fields 
perpendieii- 
lar; 

am = +1. 

A.U - - 1. 

(J' + M' - 1){7' + M') 
(J' - M')iJ' - M' + 1) 




AJ 


I 



' . 1/3 


(J + - M' + 1) 

{J + M'){J - M' -H 1) 



{J’ - - M' + 1 ) 

(7' + + M' - 1 ) 


sitions are by far the strongest and are ordinarily the only ones observed. 
In this case, from (10-23) the change in Iretiuencies of the Stark com¬ 
ponents is given by 


Av = ^ [Aj'r' — Ajr + {Bj'r- — Bj^)M‘^]h‘' or 

Ap = {A -h BM^)E^ (10-24) 

For the particular case of a linear molecule, the coefficients involved m 
(10-24) may be evaluated from (10-8) giving 


p = 2B(J + 1) 

, 371/^8./" + 16-/ + 5) - U{J + ])T-/ + 2) ,'io-25) 

+ (J + \)Bh^ J{J + 2){2J - l)(2y -b 1)(2J -b 3)(2./ + 5) 


For the special case *7 = 0, 


V 


2B -b 




If am = 0, the value of M must be no larger than the smallest J value 
involved in the transition. Hence a count of the number of components 
(different values of M^) gives quite directly the value of the lowes 
involved in the transition. However, in case AJ = 0, the intensi y 
decreases rapidly with M\ The component M = 0 is missing entirely, 

and other low values of M may be rather weak. 
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In case all Stark components are not visible, the relative spacings 
between components may be used to identify the largest value of il/ 
and hence the lowest value of J for the transition. The spacing between 
successive Stark components increases with M according to (10-24) so 
that it is usually easy to distinguish the components of higher M from 
those of lower M, Furthermore, accurate measurements of the relative 
spacing for a particular value of E will usually allow a definite assign¬ 
ment of il/2 to each component. 

Relative intensities of the Stark components usually allow an easy 
determination of the change in J involved. If A./ = 0, then from iable 


i/=5<-5 

AM=0 





i/=5-^6 

AM=0 


Fia. 10-1. Stark patterns for several types of transitions involving an energy level 
with J = b. Relative spacings of components for AM = 0 depend only on J and M, 
while those for AM = ± 1 depend to some extent on the particular energy levels 
involved. 

10-1 the largest M values have the greatest intensity. If A./ = ±1, the 
intensity is proportional to — 4/^ so that the smallest M values have 
the largest intensity. In this latter case, too, no component has zero 
intensity, since J' is at least greater by one than M. 

Examination of Stark patterns, then, allows a rather direct determina¬ 
tion of the lowest J value involved in the transition and of whether or not 
J changes. Plots of the relative spacings and intensities for several 
typical cases of Stark splitting are given in Fig. 10-1. 

The absolute magnitude of the Stark effect, i.e., the values of the con¬ 
stants A and B in (10-24), may also at times be very helpful in identify¬ 
ing transitions in asymmetric tops. If A or B is large, for example, one 
of the energy levels involved in the transition may be expected to have a 
close neighbor which makes the energy denominator W% — in (10-22) 
small. Often it is possible to evaluate IFJ, — approximately from 
the size of A or B. In other cases the magnitudes of A and B or their 
ratio may be used to distinguish between two or more possible identifica¬ 
tions of a transition. 


c/=5-^6 

AM=-^\\ 

AM^-\\ 
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10-4. stark Effect When Hyperfine Structure Is Present. When 
hyperfine structure is present due to a nucleus of spin 7, the total angular 
momentum of a molecule is given by the quantum number F = 7 -|- 7, 

^ • • • j ~ 7| rather than by J. The projection of the 

angular momentum on some chosen direction is Mf = F, F — 1, . . . , 
— F . Thus the number of Stark components depends on F rather than 
.7, and it may be expected that energies of the Stark components will be 
rather different from the case with no hyperfine structure discussed above. 
It is convenient to discuss Stark effects under three types of conditions: 
weak field, strong field, and intermediate field. 

In the weak-field case, the electric field is so small that the Stark 
energy is considerably less than the interaction between the nucleus and 
the molecule, z.c., the hyperfine energy. In this case the molecular wave 
functions and the hyperfine structure are only very slightly perturbed 
by the electric field. Expressed classically, the precession of the molecule 
due to the Stark field is so slow and gentle that the interaction between 
the nucleus and molecule is very little disturbed. The molecular state 
is satisfactorily specified by the quantum numbers 7, 7, F, and Mf. 
Mj, the projection of 7 on the electric field, is not a good quantum num¬ 
ber, or not a constant of the molecular motion. Each hypei*fine line 
is then split by the Stark effect into various components according to the 
values of 717^, and this splitting is small compared with the hyperfine 
splitting. 


In the strong-field case, the Stark energy is much larger than the hyper¬ 
fine energy. The molecule is processed so violently by the electric field 


that the nuclear orientation cannot follow the motion. I and J are 


said to be decoupled, and the hyperfine structure is radically changed. 
The quantum number F is no longer good, since the vector sum of I and J 
is no longer fixed. Appropriate quantum numbers for describing the 
molecular state are 7, 7, Af/, and Mj, where Mi is the projection of I on 


the direction of the field. The Stark energies are the same as when no 
hyperfine structure is present, and the hyperfine structure gives a split¬ 
ting of each Stark level which is much smaller than the separation 
between Stark levels. It is possible to have an electric field so large 


that the Stark energy is large compared with the separation betw 
rotational levels, so that 7 is no longer a good quantum number. 


eeii 

We 


shall discuss here only the cases in which the Stark energy is large com¬ 
pared with the hyperfine energy, but small compared with the rotational 


energy, since these are the common conditions. 

Intermediate-field cases, or intermediate-coupling cases, occur when 
the Stark and hyperfine energies are comparable. In these cases neither 
Mj nor Mf and F are good quantum numbers. The wave functions are 
combinations of those appropriate for the weak- or the strong-field cases, 
and calculation of wave functions and energy levels is generally rather 
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complex. The Stark splitting is comparable with the hyperfine split¬ 
ting, and relative intensities of the various components vary rapidly at 
times with the strength of the field. AVave functions, intensities, and 
energies can be evaluated for these cases but they involve solving secular 
equations which may be of high order if J and I are large. An example 
(although a rather specialized one) which has been worked out in some 
detail is the Stark effect in the ammonia inversion spectrum discussed 
by Jauch [212]. 

Weak Electric Fields. In the weak-field case the hyperfine structure is 
unperturbed, and the Stark splitting can be calculated by essentially the 
same methods used for the case of no hyperfine structure. Both first- 
and second-order (linear and quadratic) Stark effects occur. For a sym¬ 
metric top the linear Stark effect may be calculated from the vector 
model. The Stark energy A IF is —/z cos 6 E, where m cos 0 is the pro¬ 
jection of the dipole moment on the field E. Now /i lies along the axis 
of the molecule or the angular momentum /C, which precesses around the 
total rotational angular momentum J, J precesses around F, and F pre¬ 
cesses around the direction of the field E. Averaged over time, 


cos 6 = cos (KJ) cos (JF) cos (FE) (10-26) 

where (KJ) represents the angular between the two vectors K and J. 
But cos (KJ) = K/J\ cos (JF) = (./^ + - P)/2JF] 


Hence 


cos (FE) = 


Mf 

F 



tiKAlFiJ^ + F^ - r-)E 


Remembering that the square of any vector J must be replaced by 
J(J + 1) when vector model calculations are made, 


AW 


+ 1) + FjF + 1) - /(/ + 1)W fE 
2J{J + 1)F{F + 1) 


It should be noted that (10-27) is proportional to K, so that no linear 
Stark effect occurs when K = 0. In addition, when F ~ 1 + J — Mfj 
(10-27) becomes AlF = ~~^EK/{J + 1), which is identical with what 
would be obtained if J = Mj and no hyperfine structure were present. 
For all other cases, however, the Stark effect is modified by the presence 
of hyperfine structure, A more detailed derivation of (10-27) is given 
by Low and Townes [391]. 

Second-order Stark effect may be calculated in general by expanding 
the wave function with hyperfine structure in terms of the rotational 
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wave functions which would occur if no hyperfine structure were present. 

^P{FMJTI) = Y^C{FMJIMj)U{JTMj)<i>{IM,) (10-28) 

Mj 


where U{JtAIj) represents an asymmetric-top wave function with the 
indicated (piantum numbers and is a wave function for the 

nuclear spin whose exact nature need not concern us. Only those 
functions occur for which 71// + Mj = M. The coefficients C(FA/t//il/y) 
are independent of the quantum number r, and are evaluated in Condon 
and Shortley ([56], pp. 76-77). For the general asymmetric top without 
degeneracy and without hyperfine structure, second-order Stark effects 
were shown in (10-23) to be of the form 

= (Aj^ + (10-23) 

Using the expansion (10-28), second-order Stark effects when hyperfine 
structure is present can be shown to be 

^ \C{FMJIiMj)\"-{Aj, -1- (10-29) 

Mj 

which gives the net Stark effect as the sum of Stark effects for each value 
of AIj multiplied by the probability of the molecule’s being in the 
state il/y. This expression (10-29) is valid only if the hyperfine energy 
is small compared with the separation between rotational energy levels, 

which is the usual case. The sum of all probabilities ^ 

Mj 

is unity, and from expressions given by Fano [269] the other sum 

Mj 

which is necessary can be obtained. Then (10-29) becomes 


AW 


P.Jt 


= AjrE^ 


-h Bjr [3A/2 - 


^ ni [3D(/j - 1) - iF(F +1)J ( J +_ 1)J 

I - 1)(2F -h 3) 


A- 


J{J + 1) 


^2 ao-30) 


where Z) = F(F + 1) + J{J + 1) - /(/ + !)• Thus the weak-field 
Stark effect for an asymmetric rotor with hyperfine structure can e 
expressed in terms of the Stark-effect coefficients A and B for the case 
with no hyperfine structure. Expression (10-30) can be applied to a 
linear molecule (or symmetric top with K = 0)j for which it reduces to 
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an expression given by Fano [269] 

AWj = 

- F{F + 1)][3Z)(Z) - 1) - 4F(F + \)J{J + 1)] . 

Bh 2J{J + 1)(2J - 1)(2./ + 3)2F{F + 1)(2F - 1)(2F + 3) 

By using Eq. (10-22) to evaluate Ajr and Bjr in Eq. (10-30), the weak- 
field Stark effect when hyperfine structure is present may be expressed in 
terms of quantum numbers, rotational energies, and the line strengths 
tabulated in Appendix V (c/. [845]). 

Strong Electric Fields. In the strong-field case the Stark energy is 
much larger than the hyperfine energy. The Stark splitting is identical 
with that obtained when no hyperfine structure is present as long as 
\Mj\ 9 ^ 1, and the hyperfine structure acts as a small perturbation. 
Hyperfine structure due to the nuclear magnetic dipole moment, for 
which the energy is of the form W — al * J, is given in this case by 
IF(ju) = aMiMj, where Mt takes on values /,/—!, . . . , —/for each 
possible value of Mj. Usually this magnetic hyperfine structure is very 
small, so that the strong-field case almost always applies. Hyperfine 
energy due to a nuclear quadrupole moment is given in the strong-field 
case (and where \Mj\ 9 ^ 1) by 

\Y(Q) =_ _ _____ 

4/(2/ - 1)(2./ - 1)(2./ -h 3) {J{J + 1) 

(34/? - /(/ + 1)][34/J - J{J -f 1)] (10-32) 

In the strong-field case when \Mj\ = 1 and /C = 0, Mj is not neces¬ 
sarily a good quantum number because, regardless of how small the 
quadrupole coupling constant eqQ is, (luadrupole effects may produce 
transitions between the degenerate levels 4/y = 1 and il/y = —1. Quad¬ 
rupole effects do not produce transitions between other pairs of degen¬ 
erate levels, but only those for which AMj = ±2. The total angular 
momentum along the direction of the field must be constant, so that 
M = Mj -H 4// is a good quantum number, although Mj and Mi are not. 
When 4/ = / -1- 1 or 4/ = /, Mj can have values -|-1 only, so that then 
the state Mj = — 1 does not occur, and energies are given simply by 

(10-32). In other cases, a quadratic secular equation must be solved 
[269]. 

Intermediate Electric Fields. The “intermediate-field” case occurs 
when Stark and hyperfine energies are comparable in magnitude. Usu¬ 
ally the energy levels must be determined for these cases from the solu¬ 
tions of second- or higher-order equations. If J or / is small, this is not 
too difficult since the most complex equation which needs solution is of 
order 2/4-1 or 2/ -|- 1, whichever is smaller. These equations are 
discussed by Fano [269] and Low and Townes [391]. The behavior of 
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Fig. 10-2. Plot of energy due to Stark effect in a linear molecule for 
nucleus of spin I = i produces quadrupole hyperfine structure. 


./ = 1 when a 



2U2 

2BeqQ 



420TF 

eqQ 


where W is the sum of Stark and hyperfine energy. {After Fano [209].) 


hyperfine energy levels with all values of electric-field strength and fo 

the particular case of a symmetric molecule with /C = 0, J 
/ = ^ is shown in Fig. 10-2. It may be seen from this figure that a 

particular component may vary with field in completely different 
for high- and low-field conditions. The component with M — 
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always behaves simply because its secular equation is of first order, and 
Stark and hyperfine energies simply add without affecting each other. 
The plot of this level {M = is hence a straight hne on Fig. 10-2, 
Figure 10-3 shows a comparison between actual measured hyperfine 
structure and theoretically calculated curves for an intermediate-field 
case. 

Stark Effects in the Presence of Hyperfine Structure Due to Two Nuclei. 
In case two nuclei produce hyperfine structure, the Stark effect shows 



f^esuVcm^ 


Fia. 10-3. Frequency of ail components of ClbCF^ «/ — 1 ^ 0 transition as a 
function of electric field strength. Curves are computed using m = 1.809 debye. 
{From Shulman, Dailey^ and Townes [528].) 

still more complications. The strong-field case is rather simple, for the 
hyperfine energy is just the sum of that which would be due to each 
nucleus individually. For example, if two nuclei have quadrupole 
moments Q, and Qj, respectively, the hyperfine energy in the strong-field 
case is just IF(Qi) -t- IFCQj), where W{Q) is given by (10-32). In weak 
or intermediate fields the situation is more complex. The case of two 
nuclei, one of which has quadrupole and magnetic dipole hyperfine struc¬ 
ture, and the other magnetic dipole structure only, has been discussed 
[307]. 

Relative Intensities of Stark Components of Hyperfine Lines. Relative 
intensities of Stark components when hyperfine structure is present is 
analogous under weak- or strong-field conditions to what is obtained 
without hyperfine effects. For a very small field, the relative intensities 
of the Stark components of one hyperfine transition are given by 
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when AF = 0 and AMp = 0: 

I ^ Ml (10-33) 

when AF = ±1 and AMp = 0: 

/ CX _ jy/2 (10-34) 

where F' represents the larger of the two F values involved in the transi¬ 
tion. In the strong-field case, the relative intensities of each Stark com¬ 
ponent are the same as without hyperfine structure, or 

when AJ = 0 and Ad/y = 0: 

I cc 71/2 (10-35) 

when AJ = +1 and AMj = 0: 

I o: ~ 71/2 (10-3G) 

Ea(*h of these Stark components is broken up into hyperfine components 
corresponding to different d// and which, for a given Stark component, 
all have the same intensity. For quadrupole hyperfine structure the 
components for ±Mi have the same energy, so that the observed hyper¬ 
fine lines are all of the same intensity except that for Mi = 0, which is 
half the intensity of the other lines. Intensities of components under 
intermediate-field conditions may be estimated by interpolation between 
the two extreme cases of weak and strong fields. They may be calcu¬ 
lated exactly by solving eciuations of the type encountered in obtaining 
exact energies for intermediate-field cases [391]. 

10-6. Determination of Molecular Dipole Moments. In addition to 
aiding in identification of transitions, and providing a good means of 
modulating microwave lines for detection, the Stark effect affords a very 
accurate and convenient means of measuring molecular dipole moments 
since its size depends on the product of the dipole moment and the 
electric field strength. For such a measurement, a fairly uniform known 
electric field is needed. 

By far the most convenient method of obtaining Stark effects is to 
insert a conducting plate in the waveguide as shown in Fig. 10-4. This 
conducting plate cuts the microwave electric field perpendicularly and 
hence does not distort the microwave field appreciably or interfere with 
its propagation. The plate or septum may be mounted on narrow 
grooved insulating strips of polystyrene, teflon, or any other dielectiic 
which is not too lossy at microwave fretiuencies. An electrical lead is 
usually brought out through a small hole in the center of the narrow face 
of the waveguide so that d-c or low-frequency voltages may be applied 
between the septum and the outside shell of the waveguide. 

The electric field in a Stark waveguide*' may be seen in Fig. 10-5 



STARK EFFECTS IN MOLECULAR SPECTRA 


265 


to deviate considerably from uniformity near the edges of the septum. 
In addition, it is parallel to the direction of the microwave electric field 
only in the center of the waveguide. The presence of dielectric material 
of finite width modifies this field only slightly. Equipotential surfaces 
for a particular waveguide with dielectric material have been given by 
Sharbaugh [519]. Happily, it is the central part of the waveguide 



Fig. 10-4. Construction of waveguide for producing Stark effects. Central metal 
plate is parallel to broad face of waveguide and is insulated from it. Electrical con¬ 
nection to this plate is made by a lead through a small hole in the center of the narrow 
face of the waveguide. 



Fig. 10-5. Distribution of electric fields in "Stark waveguide.” Dielectric supports 
of central septum are assumed to be of negligible thickness. D-c or low-frequency 
field direction is shown with solid lines, the density of lines being proportional to the 
intensity. The microwave electric field is everywhere in the same direction as indi¬ 
cated by the dotted lines whose length is proportional to the field intensity. Identical 
fields which are not shown exist in the lower half of the waveguide. (From Shulman 
Dailey, and Townes 1528].) * 

which is most important. The strength of the microwave electric field 
E is proportional to sin iry/L, where L is the width of the guide and y 
the distance from one edge. The probability of a transition is propor¬ 
tional to or sin^ iry/L, which has a maximum in the center of the guide 
and is zero on the edges. Hence if gas pressure in the waveguide is 
large enough to prevent molecules from moving around appreciably dur¬ 
ing a transition (mean free path much less than L), most of the transi- 
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tions occur near the center of the guide. Since also in the center of the 
waveguide the Stark and microwave electric fields are closely parallel, 
transitions of type AM = 0 dominate. In fact, for the normal mode of 
microwave propagation (TEoi), transitions of the type AM = ±1 are 
too weak to have been observed yet, although they must take place to 
some extent near the edges of the septum. 

If the ratio of the guide width L to the spacing X between the septum 
and broad side of the waveguide is fairly large, then it can be assured 
that only transitions of the type AM = 0 occur and that molecular 
dipole moments can be calculated simply by assuming a uniform field 
equal to its value in the center of the waveguide. Shulman and Townes 
[530] have given approximate analytic expressions for the components 
of the Stark field and have calculated the effects of inhomogeneity in 
several waveguides. For a guide with the ratio L/X — 6, the measured 
dipole moment needs to be decreased by about 0.2 per cent because of 
field inhomogeneities, and for L/X = 5, the correction is approximately 
twice as large. Intensities of transitions AM = + 1 for such waveguides 
are only a few tenths of 1 per cent as strong as AM — 0 transitions. 
Although only small errors in the positions of the center of each Stark 
component are produced by the field inhomogeneities, the components 
are appreciably broadened. For a guide with L/X = 6, the breadth 
of a Stark component due to field inhomogeneities is roughly ^ of the 
Stark displacement. Hence as the change of frequency due to Stark 
effect is increased, each component broadens out and becomes weaker. 
Because of this, individual Stark components cannot usually be followed 
more than a few hundred megacycles. 

If the electric field E is known and the transition positively identified, 
then the molecular dipole moment m may be determined by measuring 
the magnitude of the changes in frequency due to Stark effect. An 
appropriate one of the various formulas developed above for Stark ener¬ 
gies is of course needed to connect the measured magnitude with the 
quantity ^lE. For symmetric molecules without hyperfine structure the 
case is particularly simple. When K 9 ^ 0, (10-5a) may be used and the 
Stark effect is linearly proportional to E as long as the Stark displace¬ 
ment is not very large, so that second-order terms in E"^ are unimportant. 

It is usually advantageous to choose the most widely split Stark com¬ 
ponent, since it is more isolated and easily measured. However, other 
components may often be used. The Stark displacement may be meas¬ 
ured for several different field strengths. If this is plotted against E, a 
straight line should be obtained whose slope gives the coefficient of E in 
(10-5a), ov2ixKM/J(J + 1)0/ + 2)h. E is measured of course in electro¬ 
static units, or volts per centimeter divided by 299.8. If A = 0, then 
the Stark displacement is proportional to It is again usually con¬ 

venient to measure the component with largest Stark displacement and 
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to plot this displacement against E^. A straight line as shown in Fig. 
10-6 should be obtained, whose slope is the coefficient of E‘^ in (10-25), 
and hence gives the value of /x. In case hyperfine structure is present, 
similar measurements can be made, but interpretation of the Stark dis¬ 
placements from expressions (10-30), (10-32), or by calculation of inter¬ 
mediate-field energies is usually more complex. In addition, there are 



Fig. 10-6. Comparison between theory and experimental measurement of Stark 
effects in the / = 2 «— 1 transition of the linear molecule OCS. (From Strandberg 
Wentink, and Kyhl [419J.) 

often many Stark components whose relative intensities and spacings 
vary with field strength in the intermediate-field region, so that care 
must be taken to select and identify one particular component. 

The dipole moment of the ground vibrational state of OCS has been 
measured rather accurately in a number of places and can conveniently 
be used to calibrate any Stark apparatus for measuring dipole moments. 
Thus if the electrode spacing X is unknown so that field strength E 
cannot be accurately determined from the potential applied to the Stark 
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waveguide, a measurement of the Stark effect in OCS and use of its 
known dipole moment will determine the proportionality constant 
between voltage or potential and the field strength. A weighted aver¬ 
age of available values for the dipole moment in the ground 

state is 0.709 ± 0.003 X 10~‘^ esu, or 0.709 debye units. 

Stark effects in asymmetric rotors may also be used to measure their 
dipole moments. In case the molecule has sufficient symmetry to 
establish the direction of the dipole moment as along one of the principal 
axes, calculation of the coefficient of may be made from (10-22) 

and g fairly readily measured. If the direction of the dipole moment is 
not known, then Stark effects of several lines must be measured, and the 
several measured coefficients of E- used to evaluate the various com- 
j)onents of g along principal axes. This case is not common, but when 
it occurs, the direction of the dipole moment in the molecule may be 
established from the Stark measurements. Other techniques usually 
measure only the magnitude of the molecular dipole moment. 

In addition to giving the direction of the dipole moment, determina¬ 
tion of dipole moments by Stark effects has several other advantages. 
It can measure dipole moments as small as 0.1 debye with essentially 
the same accuracy as larger ones, or to about 0.2 per cent in waveguides 
of the type shown by Fig. 10-4. If a microwave spectrograph were de¬ 
signed with a very homogeneous field, dipole moments could undoubtedly 
be measured to an accuracy of 0.01 per cent or better. Another advantage 
of this type of dipole-moment determination over the classical technique 
of measuring dielectric constants is that dipole moments may be deter¬ 
mined in rather impure gases, since a line of the particular molecule of 
interest may be singled out for measurement. 

The dipole moment of molecules in a particular vibrational state may 
also be measured, rather than an average moment for all states as is 
done by other techniques. It has been found that the dipole moment of 
OCS in the first excited bending mode of vibration is 0.700 debye, or about 
1.2 per cent less than the value 0.709 obtained for the ground state. This 
change in dipole moment depends not only on the bending or change in 
relative direction of the O—C and C—S bonds, but also on changes in the 
electronic wave functions involved in each bond due to the vibration. 
Since each different isotopic species of a molecule has a slightly different 
vibrational energy, it might be expected that the different isotopic mole¬ 
cules would have different dipole moments. However, a change in isotopic 
mass usually represents a smaller change in vibrational energy than a 
vibrational excitation. Plence this type of variation in dipole moment 
may be expected to be quite small, and not larger than a few tenths of 
1 per cent except perhaps in the case of a hydrogen-deuterium substitu¬ 
tion. In the case of OCS^^ and OCS^^ for example, the difference in 
dipole moments seems to be less than 0.2 per cent. 
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10-6. Forbidden Lines and Change of Intensity Due to Stark Effect. 
An electric field not onlj'^ changes the rotational energies of a molecule 
but also modifies the molecular wave functions and thereby affects the 
dipole matrix elements and intensities of transitions. Let \f/i be the 
wave function for one molecular energy level and 1/^2 that for another when 
the electric field is zero. If \pi{E) and ^ 2 (^) are the modified wave 
functions after an electric field is applied and if E is not too large they 
may be expanded in the form 

= 'I'l + y (10-37) 

n 

where 



jLtin is the dipole matrix element between the unperturbed state designated by 
1 and that designated by n. Wi and Wn are the energies of the two states. 

The summation ^ is to be taken over all levels except level 1. If levels 

n 

are degenerate so that W 1 = Wn, as in the case of the K degeneracy of a 
symmetric-top molecule, wave functions may be chosen to make ^in = 0 
so that the expression (10-37) has no divergent terms. ^ 2 (E) is similarly 

ME) C,n4'n (10-38) 

n 


The transition probability between states 1 and 2 depends on the dipole 
matrix element between them, 


fii 2 (E) = j\l/^{E)fi,}p 2 {E) dr (10-39) 

as in (1-59). Using (10-37) and (10-38), 


/il2(E) — fii2 + 



(10-40) 


where ni 2 is the matrix element for zero field. Expression (10-40) is 
accurate only when the wave functions are not greatly changed by the 
electric field, i.e., when fiE/iWi — Wn) « 1. E must be taken as posi¬ 
tive, and the relative phases of the matrix elements are such that 


1mi2(^)| = 






(10-41) 


Expression (10-41) allows an evaluation of the change in intensity of a 
transition, since from (1-49) intensity is proportional to It should 

be noticed that the fractional changes in intensity for the different Stark 
components of a transition are not usually the same, since the matrix 
elements jum, etc., depend on the magnetic quantum number M. 
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If IM 12 I is not very small, (10-41) gives only a small fractional change 
in the dipole matrix element or in the intensity. Since intensities are 
pnerally not measured with an accuracy better than 5 per cent, a change 
in intensity of this type would usually be insignificant. Of course, Stark 
effects on energy levels are usually more obvious, since the transition 
frequencies are observed and measured to very high accuracy. When 
IM 12 I happens to be zero, a transition is said to be forbidden(at least 

for zero field). In this case the electric field 
may perturb the wave function enough that 
(10-41) gives an appreciable value to IfiuiE)], 
and the transition can be observed when the 
electric field is present. Since the transition 
probability is zero when no field is present, such 
a change in intensity and the appearance of new 
lines, even though they are relativel^^ weak, can 
bo easily noticed. The intensities of these for¬ 
bidden lines are, from (10-41), proportional to 
E\ 

When two energy levels lie rather close 
together, lai’ge perturbations may occur so that 
the expansion (10-37) and consequently (10-41) 
are no longer valid. This is the type of case 
discussed above (page 252), A particularly 
common example is the slightly split levels of a 
slightly asymmetric rotor, or the Z-doubled levels 
of a linear molecule in an excited degenerate 
vibrational mode. This case is illustrated in 
Fig. 10-7. The perturbed wave functions are a mixture of the two 
unperturbed wave functions as in (10-12) 


Electric field increasing 

Fig. 10-7. Forbidden tran¬ 
sitions between pairs of 
slightly split levels of a 
slightly asymmetric rotor. 
Solid lines represent per¬ 
mitted transitions; dotted 
lines forbidden transitions 
which occur when an elec¬ 
tric field is applied. 


\p = a{E)\l/\ + KE)V2 

= -b'{E)^p[^ 4 - a'{E)^',° 


(10-42) 


where the unprimed quantities refer to the lowest level of Fig. 10-7, and 
the primed quantities to the uppermost. The coefficients a, b, or a' and 
b' are given by (10-16). The dipole matrix element dr is propor¬ 

tional to a'b — ab'j which is zero for zero electric field, has a maximum 
near fields for which fj,E(f> ^ IFio — W 20 , and then approaches zero again 
for large electric fields. The intensity of these forbidden transitions 
depends markedly on the magnetic quantum number M. When M = 0, 
for example, the matrix element <i> between states 1 and 2 in slightly 
asymmetric rotors is zero, and forbidden transitions of the type AM = 0 
do not occur. 

10-7. Polarization of Molecules by Electric Fields, So far interactions 
between an electric field and a molecular dipole moment of fixed value 
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have been considered. In addition, the electric field can distort the 
distribution of electrons in the molecule or the relative positions of atoms, 
thus polarizing the molecule and changing its energy. These Stark 
effects are very much smaller than the type treated above but may not 
always be negligible. Stark energy due to these types of molecular 
polarization may be treated by second-order perturbation theory in 
much the same way as the larger effects discussed above. The result is 
[277] 


AW„ ^ 


2{2J + 1) 


I 


x = a,b.c 


- AP , HP 

J{2J - 1) ^ J{J + 1) 


(J + 1)^ - ^P ,, 
{J -i- 1)(2./ + 3) 


(10-43) 


This equation is analogous to (10-22), and the symbols have the same 
meaning. Pxx is the component of the polarizability tensor along one of 
the principal axes of inertia x = a, 6, or c of the molecule, or simply the 
polarizability along one of these directions. Again, analogously to 
(10-22) the polarizability Pxx is the sum 




(10-44) 


where /i(f„ is the dipole matrix element between the ground state of the 
molecule and any excited electronic or vibrational state, and IFo — IF„ 
is their energy difference. The matrix-elements Mon are not much larger 
than 1 debye or 10“^® esu, and usually Wo — Wn is a few hundred wave 
numbers for vibrational states, or a few thousand wave numbers for 
excited electronic states. Hence the energy AWp is in most cases less 
than 1/10,000 as large as second-order Stark effects of the type given by 
(10-22) because rotational energy levels tend to be about 1000 times 
closer than vibrational energy levels and thus give energy denominators 
which are smaller by this factor. In addition, the vibrational matrix 
elements are usually smaller than those for rotational transitions. 

Rotational Transitions in Nonpolar Molecules. It may be possible, 
although very difficult, to induce rotational transitions in a nonpolar 
molecule by microwaves. If the molecule is nonpolar, it has zero electric 
dipole moment when unperturbed; but because of its polarization, a dipole 
moment may be induced by a large electric field and this induced dipole 
moment then used to produce rotational transitions [32]. 

As a simple typical case, consider a linear molecule such as CO 2 which 
has zero dipole moment as a result of its symmetry. Its polarizability 
may be assumed to be P along the axis and zero perpendicular to the 
axis. The change in energy due to an electric field E is then 


AW = -iE^P cos2 e 


(10-45) 
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where 6 is the angle between the molecular axis and the direction of E. 

Expression (10-45) may be taken as a perturbation in the Hamiltonian 

for the molecule which can cause transitions between two states having 

wave functions and in accordance with the size of the 

integral 

^ j E”- cos^ dr dt (10-46) 


Assume now that the 
microwave field 
Then 


field E is made of two parts, a static field E, and a 
which will be assumed for simplicity to be parallel. 


E2 = EJ + 2EsEme^^^ + (10-47) 

If TFi and TF 2 are different, then the integration over time in (10-46) 
eliminates the constant term E^ in (10-47). The second term of (10-47) 
gives a nonzero contribution to (10-46) if w = {Wi - IFz)/^ and if the 
matrix element 

M 12 = PEJyl^*xl ^2 cos2 e dr (10-48) 

is not zero. ?s^ow xpi and \p 2 are known from Chap. 1 to involve Legendre 
polynomials of the form Py(cos 6). It can be shown from them that fj .12 
is zero unless the two states have values of J differing by 2, in which case 


fJ’J,J+2 —* 


1 


2J + 3 


{(J -f- 2)2 - 7l/2][(./ + 1)2 _ ^1/2] 

(2./ -h 5)(2./ -h 1) 


i 


PE, (10-49) 


From the above, it can be seen that an absorption occurs at a frequency 


^ = 2/i(2./ -f 3) 


(10-50) 


with an intensity that can be obtained by substituting fXj,j +2 from (10-49) 
for the more usual dipole matrix element. The matrix element (10-49) 
is, however, very much smaller than a normal dipole matrix element of 
10“^^ esu. The polarizability P of a linear molecule could be calculated 
from an expression of the type (10-44) if the electronic wave functions 
were sufficiently known. More simply, P is usually given to a rough 
approximation by the cube of the molecular length. If this length is 
taken as 3 A, then E, would have to be 300 esu, or about 10^ volts/cm, in 
order for PE, to be as large as 10“2 debye or 10“2o esu. Although it 
would be very useful to obtain rotational transitions of nonpolar mole¬ 
cules, these high field strengths which are necessary are not easily main¬ 
tained in gases at low or moderate pressures. 

The third term in (10-47) also produces transitions at frequencies given 

fiy 

V = ~ = 2B(2J + 3) (10-51) 
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The matrix element has the same form as (10-48), but with Eg replaced 
by Em^ Thus transitions in a nonpolar molecule can be produced simply 
by a microwave field of sufficiently high intensity. The required field 
strengths are again too high, however, for normal use. 

10-8. Stark Effects in Rapidly Varying Fields—Nonresonant Case. 
Stark effects are usually considered for static or essentially static fields, 
as has been done above. However, with the techniques of microwave 
spectroscopy, a number of interesting effects may be observed in rapidly 
varying fields. The normal or static type of Stark effect occurs in a slowly 
varying electric field, but when the frequency of variation becomes com¬ 
parable with or rapid compared with the width of an absorption line, new 
effects occur. Still other new effects appear when the frequency of var¬ 
iation becomes comparable with or greater than the freciuency difference 
between two energy levels between which electric-dipole transitions can 
occur. 

We shall consider first the behavior of a molecule in an electric field 
varying sinusoidally at a freciuency vo which is considerably less than 
any transition frequency of the molecule, but which may be greater than 
the half width Av of an absorption line. The line width Ap is l/(27rT), 
where t is the time between collisions. Hence l/Au is a measure of the 
“relaxation time” of the molecules in a gas, or the time required for any 
transient phenomenon to disappear. Therefore, if the frequency pq of 
the varying electric field is considerably less than the half width Ap, 
the field may be considered essentially static at any time and the Stark 
effect calculated accordingly. If the field varies at a frequency Po 
the frequency of an absorption line simply moves in synchronism with it. 
However, for pq > Ap the molecular state cannot adjust rapidly enough 
to follow the varying field, and the Stark effect has a different character. 
This general type of effect was examined theoretically by Blockinzew 
[39] who remarked that it was too small to be observed. After the advent 
of microwave spectroscopy, however, Townes and Merritt [243] were 
able to demonstrate a variety of such effects. 

Figures 10-8 and 10-9 illustrate the above behavior. They represent 
absorption by the J = 2 ^ I transition of OCS, The gas was contained 
in an absorption cell made up of a short length in which there was zero 
electric field, and a larger length in which a field could be applied. Figure 
10-8a shows a central absorption peak due to the portion of the gas 
which is not subjected to an electric field, a left-hand peak corresponding 
to absorption by molecules in a state M ~ 0, and a right-hand peak due 
to molecules in states Af = ± 1, both of which are displaced by a small 
amount due to an applied static field of approximately 650 volts/cm. 
In OCS, the change of frequency due to Stark effect is proportional to 
E^j the square of the electric field, so that if the electric field varies 
slowly as E = Eo cos 27rvoi the absorption frequency should vary at a 
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frequency of 2v^ between that of the undisplaced line and that correspond¬ 
ing to a static field Such behavior is indicated by Fig. 10-86, which 
is the absorption by OCS in the same absorption cell as before, but with 
a field varying at 1 kc, with a peak value essentially the same as the 

Frequency Field strength 



Fig. 10-8. Stark ofToct on OCS J = 2 \ transition witli applied fiokls of various 

frequencies. {From Townes and Merritt |24:q.) 
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Fig. 10-0. Stark effect on OCS J = 2 ^ 1 transition showiiif^ additional lines pro¬ 
duced by fields of intermediate frequencies. Peak field strengths of both fields are 
640 volts/cm. {From Townes and Merritt [243].) 

previous static field. The dark or fuzzy region in Fig. 10-86 corresponds 
to the various possible values of absorption which may occur as the field 
varies. In Fig. 10-8c, the field is varied in the same way at 1200 kc, a 
frequency much larger than the line half width of 100 kc, and also larger 
than the frequency shift due to Stark effect of a static field of the same 
magnitude. The Stark pattern for this high-frequency field is seen to 
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have the same appearance as for the static field of Fig. 10-8a. Figure 
10-9 shows other more complex Stark patterns associated with modulation 
frequencies Po of intermediate values. 

In order to understand the behavior of a molecular system in a varying 
field, we start with the wave equation including the time. 

[Ho + H'im = - v ^ (10-52) 


where Ho is the Hamiltonian operator without the varying electric field, 
and H'iO represents the small time-dependent perturbation produced 
by the field. Its precise form for a field Eo varying at a frequency Po is 

H'{t) = V . Eo cos 27n^o^ (10-53) 

To simplify the mathematics, let us assume that there are two nearby 
states which “interact*^ as the result of a dipole moment matrix element 
between them, and that no other states are sufficiently near in energy 
to be of importance in the Stark effect on these two. The unperturbed 
wave function for the lower state will be designated ^i, and that for the 
upper state i/'z. The perturbed wave function for the lower state can 
then be written in the form 

dt 

In this expression a is approximately unity, —/(O approximately the energy 
W 1 of the lower state, and b is small as long as the perturbation is small. 
Substituting (10-54) into the wave equation (10-52), letting //o^i = 
where IFi is the energy for the unperturbed state, and //o ^2 = 1 F 2 ^ 2 , 


(10-54) 


yj/\ = (ai/'i + bypt) exp 



a[\V,+m + //'(Ol'/'I -h + b[W,+m + //'(OI-Aj 

% 


H —^ ^^2 = 0 

I 


(10-55) 


where d and b represent the time derivatives of a and b, respectively. 
If expression (10-55) is multiplied by p* and integrated, then since ypi and 
are orthogonal, one obtains 

a[lF 1 -h //'u -j- f(t)] + 5 //I 2 + -T d = 0 (10-56) 

where 

dr and //'g = iP*iH'{t)P 2 dr 

similarly 

b[W, + //', + fit)] + air,, +-.b = 0 

t 


(10-57) 
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The solution of (10-56) and (10-57) may be obtained by successive 
approximations, assuming first that {h/i)d and {h/i)h are negligible. 
From (10-56), if 6 = 0, 

/(i)(^) = -w, - H[, (10-58) 

where is the first-order approximation as in the case of a static 

field. By putting/“'(O from (10-58) into (10-57), one obtains 





21 


+ ir,, - ir, - //'„ 


(10-59) 


And, combining (10-59) with (10-56), the second-order approximation to 
f(t) may be obtained as 


/C2)(;) = -w, - II[, -f- 




+ JI',, - IFi - 


( 10 - 00 ) 


In order to examine the significance of the above solution (10-60) to 
the observed spectrum, we shall assume that ~ 0 , so that 

only a second-order Stark effect is present. Expression (10-60) may 
then be written 

/( 2 )(/) = _ aTFi cos 2 27rpot (10-61) 


since II [2 ~ Aii 2 ^o cos 27rro/, where ;ui 2 is the dipole moment matrix 
element. AlFi is the change in energy which would be produced by the 
Stark effect of a static field Eq. Substituting (10-61) into (10-54) the 
wave function is then 


\l/[ = {aypi -f 6 i/' 2 ) exp 


i + 


ATFi^ 

2 



ATFi 

87ri^o 


sin Airvot 



(10-62) 


Consider now a transition induced by a microwave field of frequency 
V between yp[ and a dilTerent energy level designated by a wave function 
^ 3 . The intensity of the transition will depend on the absolute magnitude 
of the integral 



dr di 


M31 



exp 




^3 -b (AIFi — AlFs) cos^ 27r;^oa:] — 2Trv 


(10-63) 

dt 


where gu is the ordinary dipole moment matrix element between the 
two states. If the microwave frequency v is constant, then the intensity 
of absorption depends on the square of the amplitude of the various 
Fourier components of 



i w~ 


cos 6 \p[dT — g 3 i exp 


h 


ATFs - ATF 
TF3 - Tf'i + - ' 7^ — 


i 


+1 


(10-64) 
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(IpTi — may be recognized as the frequency pu of the transition 

before application of a perturbing field and (AIF 3 — ATFi)//i as the change 


in frequency Avis due to the Stark effect of a static field Eq. Hence 
the right-hand side of (10-64) can be written 


or 


/zi 3 exp j^27rz ^ 1^13 H-/ + i sin ~\TrP{)i 

Mi 3 exp \^Tri 1 : (»/i3 H- Avi3 cos^ 2irPi)t) dij 


(10-65a) 


(10-656) 


The part of (10-65a) involving sin ‘^ttpoI can be expanded as a series of 
Bessel functions, giving 



11 cos 6 \l/[ dr — Hue 





( 10 - 66 ) 


The intensity of absorption of a particular frecjuency component of 
(10-65) is given by the square of its amplitude. Hence a transition of 

frequency 1^13 + + 2 ni^o will appear with intensity 


Int = IJ'^ (10-67) 

where / is the intensity of the Stark component in a static field. 

We can now discuss more completely the Stark effect with varying 
fields and compare expectations with observations shown in Figs. 10-8c 
and 10-9. The observed spectrum should be, according to (10-67), a 
series of lines differing in frequency by 2npo and centered at *^13 + A;^i 3 / 2 . 
These equally spaced lines might be called “sidebands” corresponding 
to modulation of the molecular wave function, and are demonstrated in 
Figs. 10-9a and 10-96 where relative intensities are seen to agree well 
with the values predicted from (10-67). If the modulation frequency Po 
is much larger than the static Stark effect ^' 13 , then all Bessel functions 
of (10-66) or (10-67) are quite small except Jo(pu/-^Po)i which is approxi¬ 
mately equal to unity. For such a case, all the intensity of the Stark 
component is concentrated in a single frequency Pu + AV 13 / 2 , displaced 
by an amount Apu/2 which is just the average of the Stark displacement 
to be expected from a slowly varying field of the same magnitude Eq. 
The molecule may be said in this case simply to average the Stark effect, 
since it cannot respond to the rapid variation. Figure 10-8c shows an 
observed spectrum under this condition. It should be noted that the 
Stark displacement appears to be identical with that obtained with a 
static field but that the peak field required is 910 volts/cm, which is 
larger than the static field of 640 volts/cm by '\/2. 

In case first-order Stark effects occur, the phenomena observed with 
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high-frequency modulation are very similar. However, in this case the 
average position of the Stark component is The molecular fre¬ 

quency is modulated with a frequency pq instead of the 2^0 which occurs 
with second-order Stark effect when the frequency depends on the square 
of the electric field. The observed frequencies are then vi:^ -h nvQ and 
the intensities are 

Int(ri3 + nvo) = IJl (10-68) 

It is useful to observe from (10-03) that the absorption intensity 
depends only on the difference between the frequency of the absorbed 
microwaves and + Ai^is cos^ 27rj^o^ which would be the frequency of 
the absorption line calculated on the basis of an essentially static field. 
Hence if the electric field is in fact constant and the microwave frequency 
V is modulated, a similar breakup of the spectrum into “sidebands’^ can 
be expected. 

In order for the multiple components to appear as indicated by (10-67) 
or (10-68), the line widths must of course be smaller than the separation 
between components. If the line width is larger than the separation 
[ 2*^0 or uo], then the intensity appears to be modulated, or the absorption 
line to move in frequency. When the line width is smaller than this 
modulation frequency, the line no longer appears to move, but to split 
up into its separate components. It is this effect which requires, as is 
discussed in Chap. 15, that the line width in a Stark modulation spectrom¬ 
eter be somewhat greater than the modulation frequency. A more 
detailed discussion of modulation effects of the above type, including 
modulation by a square wave instead of a sine wave, is given by Karplus 

[293]. 

It is appropriate now to examine the conditions under which d and b 
in Eqs. (10-56) and (10-57) can be properly omitted, as was done for the 
above solution, and the conseciuences of their inclusion. Using the value 
of b given by (10-59), 



sin 2TrvQt 


i(\\\ + If',, - [U, - //'„) 


Hence {h/i)h is comparable with the term ai/gi hi (10-57) ii 


(10-69) 


hvQ _ .. 

IV2 + H'22 - hb - H\, 

or if the frequency of modulation vq becomes comparable with the reso¬ 
nance frequency between the two levels 1 and 2. The quantity d may 
be assumed to be zero, since any time variation of a may be taken as the 
part of the factor exp [ — i/h^f{t) dt] in (10-54). In order to solve (10-57) 
to terms of order H' without neglecting {h/i)h, we may neglect // 22 J 
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f^{t) = ~W\ and assume h has the general form 

h = A cos + B sin 2TrvQt (10-70) 

By substituting (10-70) into (10-57) and remembering that 

//j2 = Mi2^o COS 2TrvQt 


the constants A and B can be determined. It will be seen below that the 
value of B is not important, so that after inserting the value of A into 
(10-70) 

I = ~ j cos + B sin 2Tnl (10-71) 

(IVi — 112)^ — 

From (10-71) and (10-56) an approximate value of f{t) may be obtained 
which is good to terms in //'^. 



^ 11^0 cos 2Tn'{)t — 


Mi2|^£'o(11"i ~ 11 ^ 2 ) COS" 2Trv^i 

(iFi - W2y - h^vi 
— Mi 2 ^o/i sin 2TrvQt cos 2TrvQt 


(10-72) 


It has already been shown above that for small fields such that the 
Stark effect produces a frequency change much less than 1 ^ 0 , the observed 
frequencies depend only on the average value of f{t). Hence the first 
and third terms of (10-72) are the important ones, and the varying field 
produces an effective change in the energy level of 



(10-73) 


10-9. Stark Effects in Rapidly Varying Fields- Resonant Modulation. 
When hvQ <SC jlFi — TF 2 I, expression (10-73) reduces to the form 

W\^El 

2(ir, - W 2 ) 

as was obtained previously for a rapidly oscillating field. As hv^ ap¬ 
proaches |lFi — IF 2 I, however, the Stark effect from (10-73) increases in 
size, becomes infinite at the resonant frequency vq — {l/h)\Wx — IF 2 I, 
and then reverses in sign for hvQ > jlFi — 1^21. This general type of 
behavior, and the reversal of sign of the Stark effect, has been observed 
by Autler and Townes [892c]. However, the Stark effect never becomes 
infinite at the resonance frequency, since then the approximations used 
above which treated the field as a small perturbation are no longer good, 
and (10-73) is incorrect. Near the resonance frequency 

>-0 « ^ I Wi - \v,\, 

the wave equation must be solved by a still different mathematical tech¬ 
nique described below. 
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The change in apparent energy of a system due to an oscillating electric 
field Eo cos 2wvnt may be briefly summarized as follows: 

Case 1. vq <5C Au (half width of energy level or line) 

Stark effect can he calculated at any instant as if field were static. Hence 


I 


n 


— cos 27rPot + cos^ 27rcoi 


(10-74) 


Case 2, z^o^Ai/ and co <5C ^ - (transition frequency to any 

level connected by electric dipole matrix element) 

A number of different component levels occur. If first-order Stark effect 
is present (AlF^^* 0), the changes in “energy” of these components are 


Albi = ±m 


I'd 


(10-75) 


where is an integer. Intensity of each component is proportional to 
[-/„,(Air^j^Vi^o)]^. II Air*/’ = 0, then only second-order Stark effects 
occur and the components are given by 


ATFi = ±2??? 


Vo 


(10-76) 


with intensities proportional to [Jm{^W^o)Y. 

Ca.c 3, t 1^”'”1 n.Kl 


h 


h 


AW - V - n'„) 

Z2[(IFi - W2P ' 




(10-77) 


Case 4. ~ — 


Tfb - IFn 


h 


This is the resonant case discussed below. The level splits into two 
separated by |Min£^o|//? if vq = (IFi — ]F„)/A. 

If a molecule is initially in state 1, radiation of the resonant frequency 
will induce a transition to state 2, and then back to state 1, so that a 
regular oscillation between states 1 and 2 is produced. The result is 
that the wave function is modulated at the frequency of this regular 
oscillation, and the observed spectral lines split into two components. 

Assume that the upper level is state 2 and the frequency of the Stark 
field 



TF2 - IFi + e 

h 


(10-78) 


where e/(TF 2 — TFi) <5C L so that the above type of “resonant modula- 


STARK EFFECTS IN MOLECULAR SPECTRA 281 

tion” can occur. Then it can be shown that an appropriate wave func¬ 
tion for the system can be written to a good approximation [892c]. 


^ = 


+ 




V2 (p^ + n 

V2 + n 


_ 0i4>)e^yt/h _|_ p(^ 4 . 


(10-79) 


where /3 is the amplitude of the electric field times the dipole moment 
matrix element ^12 between the two states, or 


/3 = Mis^o 7 = 4 \/W + P = — e (10-80) 

and where 0 is an arbitrary phase angle whose value depends on the 
initial conditions at < = 0 . 

If a third state of energy W 3 is considered which is connected by a 
dipole transition to state 1 but not to state 2 , then it may be seen from 
(10-79) that transition fretiuencies 

= 1 (W, - IF 3 + e/2 ± y) (10-81) 


may be expected. The ratio of intensities of these two is given by the 
ratio of the square of the amplitude of the two terms of (10-79) which 
multiply ^ 1 . After averaging over the arbitrary phase angle </>, this 
ratio is 



W-2e V\(3\^ + + 2e^ 

W 


(10-82) 


Hence when € is small and positive [vo > (ir 2 — Wi)/h]j the transition 
frequency given by the plus sign in (10-81) is the weaker; when e is 
small and negative [»^o < OV 2 — ^Vi)/h] this frequency is the stronger of 
the two. Precisely at resonance, = 1 from (10-82) and the frequency 
difference between the two components of equal intensity is, from (10-81), 


A, = ^ = (10-83) 

Just at resonance, (10-79) shows that the wave function can be con¬ 
sidered as oscillating back and forth between 1/^1 and ^2 because a proper 
choice of <t> gives, from (10-79), 

cos sin (10-84) 

Hence the frequency of oscillation between states is 

7 _ |mi2|-^o 

h 2h 
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The type of splitting due to resonance modulation described above 
may be used to measure the separation between closely spaced levels 
[429], Since the relative intensity of the two components is sensitively 
dependent on the deviation e from resonant frequency (IF 2 — Wi)/h, the 
resonant frequency can be rather accurately measured by varying vq 
until the two intensities are equal. This technique is particularly useful 
when no microwave transitions to level 1 are observed, and some transi¬ 
tion frequency {W 2 — W 3 )/h falls in the microwave region. Then if W 2 



Stark ofTcct at frequencies vo comparable to a resonance frequency 
^ Width of lines correspond approximately to intensity of the Stark com¬ 

ponents. For low frequency, there is a single component. At resonance its fre¬ 
quency change Ai' is large, and a second component with an opposite frequency 

change has equal intensity. For 1*0 > —^the second component dominates 
in intensity. 


is not very different from IFi, the energy separation IFi — TF 2 rnay be 
measured by resonant modulation. 

For e large and positive, R from (10-82) becomes zero, and for e large 
and negative, R —> go ^ so that only one component has appreciable 
intensity in either case. This is in agreement with the nonresonant Stark 
effects discussed above and shows how the Stark effect can appear to 
change sign rather suddenly at resonance. In reality both components 
are always present, but on either side of resonance, different components 
predominate in intensity. This behavior is illustrated in Fig. 10-10. 

Certain complications often occur in the use of resonant modulation. 
The above discussion assumes a simple nondegenerate transition so that 
1 ^ 112 ! has a unique value. In many cases, each microwave line is in fact 
a superposition of transitions involving various magnetic quantum num¬ 
bers M. For each value of M the matrix element /ii 2 may be different, 
so that resonant modulation produces a number of pairs of components. 

It should also be remembered that the wave function (10-79) is an 
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approximation. Terms in various powers of fi/(Wi — W 2 ) are neglected 
and these can be of importance for sufficiently large electric fields. A 
more complete solution has been obtained by Autler and Townes [892c]. 
They show that, for sufficiently strong electric fields, additional transition 
frequencies or sidebands” occur at regular spacings equal to the modu¬ 
lation frequency vq. In addition, splitting of lines similar to that 


observed at the resonant frequency occurs at frequencies of 





I 



CHAPTER 11 


ZEEMAN EFFECTS IN MOLECULAR SPECTRA 


11~1. Introduction. Zeeman effects in molecular spectra bear about 
the same relation to Stark effects that magnetic hyperfine structure does 
to electric quadrupole hyperfine structure. That is, Stark effects are 
very much more prominent in the usual types of molecules, which are in 
^2 states; Zeeman effects are relegated to small second-order effects or 
to the small moments of the nuclei. However, in the unusual molecules 
which have electronic angular momentum and hence are not in ^2 states, 
the Zeeman effect is quite large and comparable with Zeeman effects 
found in atomic spectra. 

Perhaps the simplest cases to discuss and those giving the widest 
variety of effects are the cases of the rare molecules with electronic 
angular momenta; so they will be treated first. These molecules may 
also be classed as paramagnetic, since their paramagnetic response to a 
magnetic field occurs precisely because of the large Zeeman effect associ¬ 
ated with electronic angular momentum. Each unit of angular momen¬ 
tum due to orbital motion of an electron produces one Bohr magneton, 
so that its magnetic moment is y/, = — moL, where /xo is the Bohr mag¬ 
neton (taken as a positive (luantity) and L is the orbital angular momen¬ 
tum in units of h. Each unit of spin momentum produces slightly more 
than two Bohr magnetons, or y, = — 2.0()220juoS. The energy of inter¬ 
action between these magnetic dipoles and an external field is simply 

Air = -(iiL-H + y.-H) ( 11 - 1 ) 

11-2. Zeeman Effect in Weak Fields for Molecules Having Electronic 
Angular Momentum. The energy (11-1) can easily be evaluated by 
vector-model calculations when ixi,H or are considerably smaller 

than certain other molecular energies (weak-field case) and when some 
pure-coupling case applies. Consider, for example, Hund's coupling case 
(a) for a diatomic (or linear) molecule. S and L process about the 
molecular axis, which processes about J (c/. Chap. 7). When a mag¬ 
netic field H is applied, J processes about H with a projection M on the 
direction of //, where M has one of the values J, J — 1, . . . , 

Now, using the vector model, the average value of y^ • H is 

/i,//{cos (/Si/)]av = /i« 7 /[cos (iSA)]«v[cos (At/)]„v{cos {JH)]ay 

2U 
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where A represents the molecular axis and cos (*8A) the cosine of the 
angle between S and the axis. Thus, 




(v.-k)(k. J)(J-H) 
J{J + 1) 


( 11 - 2 ) 


where k is a unit vector along the molecular axis and in the denomi¬ 
nator has been replaced by J{J + 1) according to the usual vector-model 
rule. Now y, • k « — 2.002)Uo; S * k = — 2.002 mo 2; k • J = and 


Hence 


J • H = MH 




J(J + 1)“ 


(11-3) 


A similar calculation can be made for Vr. • H, so that the energy from 
(11-1) in Hund^s case (a) is 


ATT = 


Mo 


(A + 2.002 2) M/// 

J{J -h 1 ) 


(n + 1.0022) M/m oi/ 

JQ + 1 ) 


( 11 - 4 ) 


Thus from (11-4) there are 2./ -|- 1 etjually spaced Zeeman levels cor¬ 
responding to the different possible values of 4/. The quantity fxoH/hj 
which will occur frequently in this chapter, is conveniently expressed in 
megacycles, or mo//i = 1.39967 ± 0.00005 Mc/oersted. Hence, if the 
numerical coefficient of mo// in (11-4) is approximately unity, a field of 
only 1 oersted (slightly larger than the earth’s magnetic field) can produce 
Zeeman splittings as large as 1 Me. 

It is important to remember that A and 2 can be positive or negative 
in (11-4). Consider, for example, a HI state. For HI-, A + 2.0022 2 

(or —2), and Eq. (11-4) gives a large Zeeman effect, but for 

A -t- 2.0022 = 0.001 


so that (11-4) gives only a very small Zeeman effect. The only other 
important cases which give small Zeeman effects according to (11-4) are 
®Ai, where A -h 2.0022 = 0.002, and ^Ilo, where 12 = 0. 

For Hund’s coupling case (6), a vector-model calculation can also be 
made. It gives the weak-field Zeeman energy as 


ATT 


1 )a 2[A(A -h 1) + S(S +1) ~ J(J -i- 

2J{J + 1) 1 ~N{N -h 1) 

-h 2.002[./(./ -i- I) + SiS +1) - N(N + 1)] 




(11-5) 


For linear molecules with electronic spin in 2' states (A = 0), or for 
nonlinear paramagnetic molecules where the electron orbital motion is 
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(luenched (A is undefined), the Zeeman effect given by (11-5) becomes 

+ 1) + 'SCS + 1) - JV(JV + (11-6) 

For the common case where S = ^, (11-G) is simply 


FF.=.v-} 


1.001 


J 


M,xoH 


1.001 
»/ + 1 




(11-7) 


In cases intermediate between (a) and (/;), calculation of the weak-field 
Zeeman effect is more complex. This is discussed more fully below 
(page 289). 

11-3. Characteristics of Zeeman Splitting of Spectral Lines. Although 
the expressions given above for magnetic energy do not cover all cases, 
they are typical enough to give a general picrture of Zeeman splitting of 
spectral lines in magnetic fields which are not too large. It is customary 
to write the magnetic energy in terms of a molecular g factor, which is a 
pure number defined by stating that the magnetic energy is given by 

ATF = — V • H = — Mof/yJ ’ H = —gjM^Jl (11-8) 

where mo is the Bohr magneton (taken as a positive quantity). In mole¬ 
cules with electronic angular momentum, r/y is usually of the order of unity. 
However, for molecules and for the magnetic moments of nuclei, gj is 
about 1000 times smaller. In these cases it is customary to write instead 
of (11-8) 

ATF = -gJM^MJ! (11-9) 

where g.n is the nuclear magneton, which is smaller than the Bohr magne¬ 
ton by the ratio of the electron-to-proton masses, or ygVir- Then gj 
is again of the order of unity. It will usually be clear whether (11-8) or 
(11-9) is used to define g. 

It is evident from some of the above expressions, e.g., (11-4), (11-5), or 
(11-7), that gj may depend not only on the molecule but also on its 
rotational angular momentum J and other quantum numbers. There 
are, however, common cases where g does not vary with J (for example, in 
the molecule which will be discussed below), so that under some 
circumstances g may be considered a fixed constant of the molecule. 

The energies given by (11-8) are proportional to the first power of M 
and of //, so that they correspond to “first-orderStark effects seen in 
molecules with degenerate levels such as a symmetric top [cf. Eq. (10-5)]. 
However, Zeeman effects which are linear in the magnetic field do not 
require degeneracy as do “first-order’^ Stark effects. There are, in addi¬ 
tion, second-order Zeeman effects proportional to FP, but these arc usu- 
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ally much smaller than those proportional to //, and hence have been 
omitted in the above formulas. A given energy level is, according to 
(11-8), split symmetrically about the zero field energy into 2/ + 1 equally 
spaced energy levels. 

The selection rules for transitions involving Zeeman effects are identical 
with those when Stark effects are present. Thus, when the exciting 
microwave field is parallel to //, AiV/ = 0, and when it is perpendicular, 
AM = ±1. Components of a line corresponding to AM = 0 are some¬ 
times called TT components and those for AM = ± 1 are designated o- 
components. Relative intensities of these components for different 
values of J and M are similar to the Stark case and are given in Table 
10 - 1 . 

A transition between upper and lower energy levels designated by Ji 
and J 2 i respectively, which has a frequency i^o in zero field will be split 
into a number of components by Zeeman effect with the following 
frequencies: 

For AM = 0 (tt components), 

V = Vo (gj2 — gj^)MfioH/h (11-10) 

For AM = Ms — Mi = ± 1 (a components), 

^ = ^0 + [{(Jj, - gj,)M2 ± gj,]fiQH/h ( 11 - 11 ) 

where M 2 is the value of M in the lower state. 

It may be seen that the average position of all the Zeeman components 
from either (11-10) or (11-11) is just voy the position of the undisturbed 
line. If intensities are allowed for, the “center of gravity ” of all Zeeman 
components is also j/q, since Zeeman patterns of this type are always 
symmetrical about vo [cf. Fig. 11-1]. However, when the smaller Zeeman 
effects dependent on 7/^ are allowed for, the “center of gravityof a 
Zeeman split line need not be exactly equal to vq. 

If the g factor gj is constant, tt components show no Zeeman effect 
from (11-10), while <r components from (11-11) are all superimposed on 
two frequencies only, vq + gjfjLoH/h. In most cases gj does not change 
very much from the lower to the upper states, so that a components show 
larger Zeeman effects than do the tt components. Thus for easiest obser¬ 
vation of Zeeman effects in a rectangular waveguide, H should be either 
parallel to the length of the waveguide or parallel to its broadest faces, 
so that it is perpendicular to the electric field of the exciting microwave. 
If the g factor is not the same for the upper and lower molecular states, 
a more complex pattern is obtained, with 2J -f- 1 tt components or 
2(2J -h 1) 0 - components, where J is the smaller of Ji and J^. General 
appearance of these spectra is shown in Fig. 11-1. This figure illustrates 
typical cases where gj, = 0 and where gj, - gj, is not zero but is 
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smaller than gj^. When H is neither parallel nor perpendicular to the 
exciting microwave field, both tt and <7 components appear. 

It is po.ssible to excite transitions of the type AM = M 2 - Mi = +1 
without AiM = -1, or vice ver.sa, by u.sing circularly polarized micro- 
waves. If the magnetic field is parallel to the direction of propagation 
of a circularly polarized microwave, then only one of the Zeeman <r 
components is excited, and it has all the intensity of the unsplit line. The 





”1 +1 



H +1 


Fig. 11-1. Typical Zeeman patterns. 

rotating electric component of the microwave field acts on the molecular 
dipole to give it some added rotational velocity in the same direction as 
the rotation of the field. This corresponds to AM — +1, if the electric 
vector appears to rotate clockwise when viewed in the direction of the 
magnetic field, and AM = — 1 if the rotation is counterclockwise. 

The value of using circular polarization to study the Zeeman elTect 
is that it allows a determination of the sign of the molecular magnetic 
moment, or of gj. This may be seen from (11-11), where frequencies 
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for which the + sign applies correspond to ATI/ = +1, and those with 
the — sign to Ail/ = “1. Microwaves with circular polarization may be 
obtained in circular waveguide, or an approximately circularly polarized 
wave may be transmitted in a square waveguide. Even a small circular 
component of the microwave can give a noticeable difference in intensity 
of the two Zeeman <t components (cf. [705]). 

11-4. Intermediate Coupling and Intermediate Fields. AVhen a 
molecule follows no pure coupling scheme, or where the interaction 
between its magnetic moments and the external field becomes comparable 
with one of several other sources of molecular energy, the weak-field pure 
coupling case approximations used above may not be appropriate. 

For example, the magnetic interaction y* • H may be large enough to 
somewhat disturb the end-over-end rotational motion of the molecule, 
or to partially uncouple the spin S from the molecular axis or from N. 
Hill [14], [47] has obtained a complete and clo.sed expression for the energy 
of doublet states intermediate between Ilund’s cases (a) and (b) when a 
magnetic field is applied. However, this expression is so involved and 
difficult to evaluate that it is not given here. 

The Zeeman effect in Hund's coupling case (a) is essentially the same 
as the Stark effect in a symmetric molecule as long as the magnetic field 
is not sufficiently strong to uncouple S from the molecular axis. Hence 
for fields large enough to disturb the molecular rotation but not to 
uncouple S, expressions (10-5) and (10-7) apply to case (a) with E 
replaced by //, K by A -f 2, and ^ by mo(A + 2.0022). 

There is one striking difference between the Zeeman and Stark effects, 
however, when A doubling or inversion doubling occurs. An elec¬ 
tric field produces matrix elements only between different /-doubled, 
A-doubled, or inversion-doubled levels, so that the behavior of the Stark 
effect depends on the amount of doubling {cf. page 252). Although 
matrix elements for a magnetic field have the same form and value when 
the doubled states are degenerate, they differ in that they do not connect 
the two doubled states {cf. [14], p. 1510). Hence, A-type or A-type 
doubled energy is simply added to the Zeeman energy, whereas its effect 
on Stark energy is more complex. 

The effect of large magnetic fields in Hund’s coupling case (6) may be 

obtained for doublet states from the results of Hill (14] or for a state 

from the recent work of Tinkham on O 2 [990], For moderate fields 

second-order perturbations due to the magnetic field may be obtained in 

a straightforward way from the matrix elements which they give. These 

second-order effects involve a perturbation both of the rotational levels 

and of the precession of S about K, so that the re.sults tend to be somewhat 
complicated. 

11 - 6 . Zeeman Effect with Hyperfine Structure. When hyperfine 
structure is present, the Zeeman effect is modified both by the introduc- 
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tion of a new angular momentum /, the spin of the nucleus producing the 
hyperfine structure, and also by the interaction between the external 
field and the nuclear magnetic moment. Almost always the nuclear 
spin I will couple to the molecular angular momentum J to produce the 
total angular momentum F^ since the coupling between I and the molecule 
is weak relative to the coupling between electronic vectors and the mole¬ 
cule. This corresponds to coupling case (a^) or {b^) of Chap. 8. 

If the magnetic field is too weak to disturb the coupling between any 
molecular vectors except perhaps that between I and J, the molecule 
may be considered to have a magnetic moment {lagjJ oriented along J 
and a moment finQiI oriented along I. The magnetic energy is 

Air = —• H — fjLof/jJ • H (11-12) 

When H is so small that it does not disturb the coupling between I and J, 
that is, when (11-12) is much smaller than the hyperfine energy, the 
energy (11-12) may be evaluated by the vector model. This is very 
similar to the case of first-order Stark effect with hyperfine structure 
[(10-20) and (10-27)]. The energy given by the vector model for weak 
fields is 

Air = + 1 ) + F(F + 1) - J(J + 1)] 

- noc/j[J{J + 1) + F(F + 1) - /(/ + 1)]| ^ . (11-13) 

where My is the projection of the total angular momentum F on H. 

If the molecule is paramagnetic, then the first term of (11-13), which 
gives the interaction between H and the nuclear moment, is usually at 
least 1000 times smaller than the second term and is negligible. How¬ 
ever, in molecules, fiogj is of the same order of magnitude as fin, and 
both terms of (11-13) are important. 

When the Zeeman energy is not much smaller than the hyperfine 

energy, second-order perturbation theory must be used, or in larger fields 

• « 

a complete secular eejuation must be solved. The treatment is very simi¬ 
lar to that for intermediate Stark effect in a symmetric top when K 9^ 0 
{cf. page 261). The case has also been discussed by Coester [444]. In 
magnetic fields strong enough to decouple I and J, the Zeeman effect is 
just that found when no hyperfine structure is present. The hyperfine 
energy can be treated as a small perturbation, and is almost identical 
with that found in large Stark fields (cf. page 261). The only real 
difference is that the degeneracy between Mj = 1 and Mj = — 1 is not 
present, so that the complications of transitions between these two levels 
produced by quadrupole effects do not occur. 

11-6. Zeeman Effects in Ordinary Molecules (’2 States). Most 
molecules are in ^2 states and hence have no electronic angular momen¬ 
tum. Their magnetic moments are proportional to the rotational angular 
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momentum and are approximately the same as magnetic moments of 
nuclei, or y^Vir that of electrons. Hence, Zeeman effects in these mole¬ 
cules are quite small. Their moments would generally be neglected by 
comparison with electronic moments in paramagnetic molecules, but when 
the large electronic moments are not present, these small magnetic 
moments of molecules give noticeable effects. 

Consider just the Zeeman effect for a molecule in a ^2 state with no 
hyperfine structure. The magnetic moment of the molecule comes partly 
from the rotation of the positively charged nuclei about the center of 
mass. This magnetic moment is usually canceled and reversed in sign 
by the electrons which provide a negative charge rotating with the nuclei. 
Closed electron shells about the nuclei can be simply thought of as mov¬ 
ing with the nuclei, but the orientation of the shells remains fixed in space 
(slip effect, cf. page 213). The behavior of valence electrons is more 
complicated, since the amount of angular momentum these electrons 
accpiire when the molecule rotates depends on details of their wave func¬ 
tions in the ground and excited states. It is expected that valence elec¬ 
trons will often have enough angular momentum to produce a magnetic 
moment larger than that due to the sum of the moments produced by the 
nuclei and bound electrons. Hence the observed sign of the magnetic 
moment of most molecules should be that produced by a negative charge 
rotating with the molecule. 

The interaction between an external magnetic field and the electrons 
in a rotating molecule is gi\ en by terms similar to the last term in Eq. 
(8-27). That is, 

(0| /vJn )( n|Lt;'|0) 

A n 


Air = -2 Y y y 


n o' 0 


iF„ - ir„ 


(11-14) 


For a liTiear molecule, (11-14) can be reduced, as was (8-36), to the form 


Air = -4mo/1/J ■ H J 


:(11-15) 


n 


For N electrons in spherical orbits about a nucleus which is a distance t 
from the center of mass of the molecule, (11-15) may be further reduced 
to a form similar to (8-33) 


Mo 


AIK = 


(11-16) 


where m is the electron mass. Remembering from Chap. 8 that the 
spherical electron shells move with the nuclei, but slip so that they remain 
fixed in orientation, one can obtain (11-16) from the following simple 
classical calculation. The molecular angular momentum is AJ, and the 
fraction of this momentum carried by the N electrons is Nmr^^/A. Since 
the magnetic energy due to electron motion is AlK = —- H == /zoL • H 
where now L = (A^mTV.4)J, expression (11-16) is easily obtained. 
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So far the magnetic moment due to motion of the nuclear charges has 
been neglected. These charges must give a magnetic energy essentially 
the same as that to be expected from electrons closely bound to the 
nucleus in a spherical shell but, of course, of opposite sign. If the 
nuclear charge is + Ze and there are N electrons in closed shells around 
the nucleus, then the net charge due to the nucleus and electrons is 
(Z — N)e = Nse. The net magnetic energy produced by nuclei and the 
spherical shells of electrons which may surround them is similar to 
(11-16), but with a modified charge. 


Air = - 



fXoNsmr^ 

A 


J-H 


(11-17) 


where is the net charge (nucleus and bound electrons) in units of the 
proton charge about the nucleus s, and is its distance from the center 
of mass. 


The magnetic energy due to valence electrons which 


are nor spnericany 


distributed about nuclei must bo obtained from an expression like (11-15). 
Hence 


ATT = -2fioB 



(11-18) 


where B is the rotational constarit h/Sx-A, and Lx is the component of 
angular momentum of the valence electrons perpendicular to the molecu¬ 
lar axis. It should be noted that (11-18) has the form 


Air = (11-19) 

where gj can be written g since it is independent of ./. jLt„ is the nuclear 
magneton, which is less than go by m/M, the ratio of the electron mass 
to that of the proton. The Zeeman splitting for such a molecule is hence 
given by the simple spectra for gj^ = gj^ of Fig. 11-1. 

If only one excited state of the valence electrons is important and pure 
precession is assumed, one can reduce (11-18) in analogy to (8-35) to 


Air 


— 2fj.oBh 



Msmr^ 


L(L + 1) 
2(irii - \Vz) 


MjH 


( 11 - 20 ) 


where ITn — Wx is the excitation energy of the lowest excited electronic 
state, and L the precessing angular momentum of the valence electrons. 

Except for the cases where hydrogens rotate, such as in IH and NH3, A 
seems likely that the second term of (11-18) or (11-20) dominates, and 
that hence molecular g factors are negative. That is, the magnetic 
moments of rotating molecules can be expected to have the sign given by 
rotating negative charges. This is true for OCS and OCSe, the only 
heavy molecules for which the sign of g has so far been measured. 
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The Zeeman effect for a general asymmetric rotor in a state is sim¬ 
ilar in principle to that of a linear molecule but, of course, more compli¬ 
cated. The magnetic moment due to electrons is still given by (11-14), 
and the moment produced by the motion of the nuclei can be calculated 
by seraiclassical methods which are simple enough in principle. How¬ 
ever, actual expressions for the molecular magnetic moments are rather 
complicated. The molecular magnetic moment along one of the prin¬ 
cipal axes of inertia of the molecule can always be written [682] 

/Xx = 911x2^^2 = Snixx^t f" h 3Tlxz^ ~J- (11-21) 

lx IV ^ z 

where the Sfll's are components of a symmetric dyadic or tensor whose 
values depend only on the molecule, and /x, /y, Iz are the principal 
moments of inertia. The iVs are components of angular velocity about 
the principal axes of inertia. Expressions similar to (11-21) can be 
written for /Zy and M 2 . The principal axes of the dyadic DTI do not neces¬ 
sarily coincide with the principal axes of inertia. However, in molecules 
with symmetry it is often possible to simplify (11-21). For example, in 
H 2 O, symmetry arguments show that the principal axes of inertia must 
coincide with those of the dyadic DR, so that 

I X 

'the Zeeman energy is — y-H = — [m cos (m//)]«v//, where cos (mH) 
is the cosine of the angle between the net magnetic moment }x and the 
field H. Eshbach and Strandberg [682] have given matrix elements of 
M cos ifiH) for symmetric-top wave functions, and from these, 

[m cos (m//)] IIV 

for an asymmetric top may be found using expansions of the type (4-17). 
In the case of a symmetric top, the average value of m cos {(jlH) is [592], 
[682] 

[m cos (m//)]«v = (t/ZCJ/lMzI'/^vil/) 

= finM ffzx + (!7„ - !7xx) (11-22) 

where Mn — the nuclear magneton 

fifix “ Ouu ~ ^iDRxx/7xMn 

Qzz = ^DRzx/ZzMn {2 is the symmetry axis) 

M = projection of J on H 

It should be noted that the Zeeman energy can also be written, as men¬ 
tioned above, AW = —finQjJ • H, where gj = for the state M = J, 

y^nJ 

For a linear molecule where K = 0, (11-22) gives the form (11-19). 
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The symmetric tops for which molecular g factors have been measured 
are the second group of molecules in Table 11 - 1 . In NH 3 the general 
correctness of the form ( 11 - 22 ) has been checked experimentally for a 
variety of values of J and K [592], [682] and values = +0.560, 
Qzz = +0.484 obtained. The complication of hyperfine structure is 
present in NH3, so that the Zeeman effect must be obtained from (11-13). 

Table 11-1. Molecular g Factors for Molecules in States 

gj = whore m is the molecular magnetic dipole moment, a nuclear magne¬ 

ton, and hJ the angular momentum. 


Moleculo 

g factors 

Reference 

H 2 

0.88201 ± 0.00007 

[695o] 

N 2 O 

±0.080 ± 0.004 

1592] 

CCS 

-0.025 ± 0.002 

[082] 

OC& 

-0.019 ± 0.002 

[806a] 

NHa 

f/z, = 0.484 ± 0.007 

[592] [682] 


(/rz = guy = 0.500 ± 0.007 

[682] 

CH 3 F 

f/xx = ±0.08 

[784] 

CH 3 CCH 

f/zz = ±0..80 

|f/xx| « If/zzI 

[784] 

H 2 O 

gaa = 0.585 
ghb — 0.742 

gcc = 0.606 

[592] [742] 

1 

H 2 S 

gj = ±0.24 for loi and lio rotatiomil 
.states 

[783] 

0 , 

gj = ±1.54 ± 0,09 for In rotational 
state 

gj =0.15 ±0.03 for 2 o 2 state ' 

[875] 

SO 2 

gj = ±0.084 ± 0.010 for 726 arul 817 
states 

[592] 

CH 3 OB 

grz = ±0.078 

[592] 

KClFeCb 

gj = ±0 5 

[952al 

KBrFoBra 

gj = ±0.25 

[952rtl 


Asymmetric rotors for which Zeeman effects have been studied are 
given in the last group of molecules of Table 11-1. The case of H 2 O and 
HDO is particularly interesting since Zeeman effects on several lines 
have been measured, and since H 2 O and HDO are similar electromag- 
netically. Schwarz [742] has related the g factors for these molecules and 
given the values listed in Table 11-1 for H 2 O. gaa indicates the g factor 
for the direction of smallest moment of inertia, la. SO 2 is, of course, 
rather similar to H 2 O, but so far the values of gj for SO 2 are known only 
for the 817 726 transition, for which the g factor is given in the table. 

The compounds KClFeCh and KBrFeBr 2 have particularly large values 
of gj for such heavy molecules. They appear to be cases where some 
excited electronic level lies rather close to the ground level and hence 
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makes large contributions to gj of the type given by the second term of 
(11-18). 

In H 2 O the dyadic 3Tl has principal axes which coincide with the 
principal axes of inertia as pointed out above. HDO is electrically sim¬ 
ilar to H 2 O, and hence if the center of gravity of HDO were in the same 
place as that for H 2 O, the principal axes and elements of the dyadic OR 
would be the same for the two molecules. However, in HDO the prin¬ 
cipal axes of inertia would no longer coincide with those for TO. Actually 
the center of gravity of HDO is displaced from that of H 2 O, which 
affects the dyadic 311 because these molecules involve rotating electric 

dipoles. 

Consider as a simple example the case of a positive and negative charge 
Ne separated by a distance a;o. The g factor is given, from (11-17), by 



where x, is the distance of each charge from the center of gravity, M is 
the proton mass, and .4 is the moment of inertia. If now the mass of 
one of the charges is changed so that the center of gravity is shifted by an 
amount Ax and A is changed to A', the new g factor becomes 

, Y N.M{x. - Ax)^ V N.MxI Ar(Ax)^ V Y 

9 = I -3- I ^4 A + A 

T « - 

Using the fact that ^ N'.ex. is the electric dipole moment and ^ JV,e 

8 « 
is the total charge which is zero, we have then 

, A 2M AxD. 

^ ' A'^ eA 

Here the symbol D is used for electric dipole moment rather than the 
usual fx in order to avoid confusion with the magnetic moment /u. More 
generally, one can show that, if the center of gravity of a molecule is 
shifted with respect to the principal axes of 3fR by an amount Xyy,Zj com¬ 
ponents of the new dyadic may be obtained from those of the old 
dyadic by the following relations [742]: 

= 3Tl„ - {yD, + zD,) 

3Ri„ = 3TI„ - (x7J). -b zD,) (11-23) 

3R(, = 3Tl„ - (xD. + yD,) 

where Dy, and D* are components of the electric dipole moment 
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along the principal axes of M. Thus the dyadic OH, and hence the 
molecular g factors for HDO or D 2 O, are derivable from those for H 2 O, 
assuming the geometry and dipole moment of this molecule are known. 

It is interesting to note that Eqs. (11-23) afford a means of determining 
the sign of molecular dipole moments, in contrast to Stark effects which 
can only determine dipole moment magnitudes. Thus if an isotopic sub¬ 
stitution shifts the center of gravity of a molecule sufficiently so that the 
change in M due to the molecular dipole moment can be observed, the 
sign of this change will allow a determination of the sign of the terms 
involving components of the dipole moment. 

11-7. Combined Zeeman-Stark Effects. Both electric and magnetic 
fields have been applied to molecules a number of times by microwave 
spectroscopists. However, in such cases the electric field has been used 
only as a moans of sensitive detection by Stark modulation, and no experi¬ 
mental study of combined Zeeman-Stark splittings has been attempted. 
Bather complete theoretical description of the combined Zeeman-Stark 
effect has been worked out, however [444]. This work includes treatment 
of molecules with hyperfine structure due to one nucleus with quadrupole 
moment and various types of intermediate- and strong-held conditions. 

If the magnetic and electric helds are parallel, then weak-field Zeeman 
and Stark effects are simply additive, since the molecular wave functions 
are the same for either held (projection M of ./ on either held is a good 
ciuantum number). If the Stark effect varies linearly with the electric 
held (first-order Stark effect), then each different value of M produces a 
different Stark component, and the application of a parallel magnetic 
held cannot further split this component but may change its frequency. 

If the Stark effect is proportional to the sciuare of the electric held 
(second-order Stark effect), then positive and negative values of M coin¬ 
cide in the same component and may be further split by the magnetic 
held. 

If the magnetic and electric fields are not parallel, then M is no longer 
a good cjuantum number and the fre(|uencies of the components of the 
lines depend in a more complex way on the strengths of the two helds. In 
addition, the relative intensities of the components depend on the two 
held strengths. The reader is referred to Coester's work [444] for details 
of the crossed electric- and magnetic-held case, and for some of the inter¬ 
mediate-held cases. 

11-8. Transitions between Zeeman Components. Transitions be¬ 
tween the Zeeman components of an energy level, corresponding to 
AJ = 0, AAI = ±1, occur and give frequencies which increase more or 
less linearly with the magnetic held //. If a molecule has a magnetic 
moment as large as a Bohr magneton, then the Zeeman splittings can be 
so large that transitions between them fall in the microwave region. 
Since /xo/h is about 1.4 Mc/oersted, a magnetic held of 15,000 oersteds 
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would give a Zeeman splitting of 21,000 Me if the molecular g factor is 
unity. 

Beringer et al. have exploited transitions between Zeeman components 
in an interesting way to obtain microwave absorption spectra of several 
paramagnetic gases ([435], [443], [558]). The gas is contained in a cavity 
between the pole pieces of an electromagnet. The cavity is tuned to 
some convenient microwave frequency 24,000 Ale) and sensitive 

circuits are arranged to detect absorption of microwaves in the cavity. 
The magnetic field is then varied until some Zeeman component coincides 
with the cavity frequency, so that absorption due to the transition is 



8500 8600 8700 

Oersted 


Fkj. 11-2. TranHitioiis between Zeeman components of N at a pressure of 1.0 mm 
llg. {From Beringer and Castle [435].) 

detected. This technique gives a plot of absorption at a fixed frequency 
due to Zeeman transitions vs. magnetic field instead of the usual rota¬ 
tional transitions vs. frequency. A spectrum of this type for NO is 
shown in Fig. 11-2. The spectrometer used for Fig. 11-2 presented the 
derivative of the absorption, which is the reason for the unusual shapes 
of the lines seen in this figure. 

The molecule NO is in a state, with the vectors coupled according to 
Hund’s case (a). The transitions seen in Fig. 11-2 are between Zeeman 
components of the state with / = |, which is the state having the 
largest g factor. All other states have g factors which are small enough 
to make transitions between their Zeeman components occur at a very 
much lower frequency in the magnetic fields used. In the fields used, 
the molecule can be fairly accurately described as a case where the mag¬ 
netic field is strong enough to uncouple the nuclear spin of N*^ from the 
molecule (0‘® has zero spin), but not sufficiently strong to uncouple S and 
L. A diagram of the resulting energy levels is shown in Fig. 11-3. 

The hyperfine structure indicated in Fig. 11-3 is in fact very much 
smaller than the separation between the main levels shown as stage (6). 
The latter separations can be obtained from (11-4) and are approximately 
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9,400 Me. The magnetic hyperfine structure is, according to (8-7), 
AWt, = [aA + (6 + c)2]I • k. From the vector model, 


]\f lAf 

J(J + 1) 




sothatAlF^ = AMfI[[j. ^ is found experimentally to be 29.8 + 0.3 Me. 
The hyperfine energy due to quadrupole effects in this strong-field case 



ia) (Z») ^c) i(/) 

Fio. 11-3. Energy level diagram of the J = 3/2 level of the Uq state of N”0'®. Stage 
(a) is in the absence of a map;nctic field* Stage (b) shows the energy levels split y 
the presence of a magnetic field, but without hyperfine structure. Stage (c) shows 
the hyperfine structure due to the N*^ nuclear magnetic moment. Stage (d) 
the energy due to the N*** electric quadrupole moment. (/1/^er Benmjer and Cas e 

[435].) 

is given by (10-32), with a quadrupole coupling constant cf -1.7 ± O.o 

Me. , ^ 

Each of the three groups of three lines shown in Fig. 11-2 corresponds 
to a particular Mj transition with hyperfine splitting. The above simple 

theory, where from (11-4) 

AlP// = |(A + 2.002 2)4/yMo// 

would make the centers of the three groups coincide. Their separation 
is due to small second-order effects proportional to i ore e ai e 
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discussion and more exact calculation of this spectrum have been given in 
several places ([468], [495], [686]). 

Transitions between Zeeman levels in NO may occur because of inter¬ 
action between the microwave field and either the molecular magnetic 
moment or its electric moment. The above discussion applies to either, 
except that transitions involving the electric moment involve A-type 
doubling. Allowed electric dipole transitions are similar to those allowed 
in a linear molecule where /-type doubling occurs, and these may be seen 
from expression (2-16) always to involve transitions between the two 
different states of the doublet. Hence the Zeeman transitions may be 
expected to be doublets separated by twice the A-type doubling if electric 
dipole transitions occur. Either magnetic or electric dipole transitions 
may be singled out by orienting the desired microwave field perpendicular 
to the fixed magnetic field and the other parallel to it. Beringer and 
Rawson were thus able to detect and measure the A doubling in NO as 
1.7 Me. 

Transitions between Zeeman levels in O 2 have also been examined 
[558], [990]. Although the Zeeman effect on the p-type triplets of the O 2 
spectrum is more complex than that for NO discussed above, and inter¬ 
mediate-field conditions occur, a fairly accurate theory for the observed 
transitions between Zeeman levels can be developed [74], [467], [990]. 


I 



CHAPTER 12 


THE AMMONIA SPECTRUM AND HINDERED MOTIONS 


12-1. Introduction. Because of the intensity and richness of its 
spectrum, ammonia has played a major role in the development of micro- 
wave spectroscopy. It has provided a large number of easily observable 
lines on which to try both experimental techniciues and theory. NH 3 
also provides the simplest and most thoroughly worked out example of a 
class of spectra which will continue to occupy and puzzle microwave 
spectroscopists for many years—spectra involving hindered motions. 

The most important hindered motions all involve the quantum- 
mechanical tunneling effect. That is, they are motions which cannot 
occur in classical mechanics because of energy considerations, but are 
allowed by the wave nature of quantum mechanics. For example, in 
the ground vibrational state of NII3, the molecule does not have enough 
energy to allow the nitrogen to be found in the plane of the hydrogens 
because of the large potential-energy hump at this position, as indicated 
in Fig. 12-1. Its actual penetration of the plane of the hydrogens and 
rapid vibration from one side of it to the other is called the tunnel effect 
because, if the nitrogen cannot climb the potential hill, it must “tuniier^ 
in order to get through. In principle, the NII 3 inversion is a vibrational 
motion. Although vibrations normally give frequencies in the infrared 
region, the NH 3 inversion is so much slowed down by the hindering poten¬ 
tial that its frequency lies in the microwave region. The qualitative change 
from ordinary vibrational levels where there is no hump in the potential to 
vibrational levels occurring in pairs when the hindering hump occurs is 
discussed in Chap. 3. When the vibrational energy is so great that the 
NH3 molecule has sufficient energy to invert classically, the vibrational 
levels no longer occur in close pairs but are similar to more normal 
equally spaced vibrational levels. However, they are still markedly 
influenced by the presence of the potential hump, and hence in this case 
of no ^Hunneling,'^ one may still speak of some hindering of the motion. 

Another type of hindered motion is the rotation of one part of a mole¬ 
cule with respect to the remainder. Thus the hydrogen attached to 
oxygen in CH3OH (Fig. 12-2) has three possible positions of equal energy 
but must tunnel through a potential hump between them as indicated in 
Fig. 12-3. Hence the rotation of this hydrogen around the C O bond 

3U0 
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is hindered. Similarly, the methyl group in CH3CF3 (Fig. 12-4) has 
three positions of equal energy separated by potential humps. Usually 
hindered motions do involve two or more positions of equal energy. If 
these positions are only minima, which are not equal in energy, many of 



s 


id) 

Fio, 12-1. Potential curve of NH3. The variable s is a measure of the distance 
between the nitrogen and the plane of the hydrogens. (6) shows the lower part of the 
potential curve in more detail, and the energy levels. 

the characteristic properties and interesting features of the hindered 
motions considered here do not occur. 

When hindered motions have frequencies in or near the microwave 
region, the spectra are often quite difficult to interpret because the num¬ 
ber of lines falling in the microwave region is greatly increased, and 
because there is no exact solution for the energy levels in these cases. In 


302 


MICROWAVE SPECTROSCOPY 


addition, the frecjiiencies of these motions are so strongly dependent on 
the potential humps or barriers that usually no helpful estimates of the 
fre(iuency to be expected in a molecule can be made. However, hindered 


motions are of considerable importance to a knowledge of molecular 
structure and to chemistry. The difficulties they produce will be fre¬ 
quently encountered since hindered motions occur 
in a sizable fraction of the more complex gaseous 
molecules. 

12-2. Inversion Frequency of NH 3 . Consider 
now the vibration of NH 3 in which the N moves 
perpendicular to the plane of the hydrogens, and 
which would lead to inversion if the N crossed this 
plane. As a function of the distance s of the nitro¬ 
gen from the plane of the hydrogens, the potential 
is approximately as shown in Fig. 12-1. The mole¬ 
cule may vibrate at a fairly rapid rate in the 
potential minima with N on one side of the hydro¬ 
gen plane, and after a large number of such vibra¬ 
tions, it may penetrate the potential barrier and 
begin oscillations on the other side. The rapid 
vibrations lie in the infrared region (950 cm”*)j 
whereas the fretjuency of penetration back and 
forth is the inversion fre(|uency which occurs for the 
ground state in the microwave range ( 0.8 cm”*). 



Fk;. 12-2. Structure of 
methyl alcohol. The 
O—II bond may rotate 
about the axis with 
respect to the CIb 
group, but this rotation 
is hindered by mutual 
interaction. 


The approximate energy of the ground vibrational state is indicated in Fig. 
12 -1, and equals the potential energy ('(s) at s = ±So, so that classically 
the nitrogen atom cannot be closer to the plane of the hydrogens than 5 o. 



Fig. 12-3. Variation of the potential energy of Cll.iOil with the relative rotation 9 
of the O—H bond and CH3 group about the molecular axis. Probably the potential 
minima correspond to the hydrogen in O—H being a maximum distance from the 
nearest hydrogen of CH3. 

The inversion frequency has been calculated approximately by Den¬ 
nison and Uhlenbeck [33] as 


V 





[2m(F(s) - W)]^ds 


( 12 - 1 ) 


where A = exp 


0 
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Vo = frequency of vibration in one of the potential minima 
fi = reduced mass for the vibrational motion 
]f = total vibrational energy 
This expression was obtained by the Wentzel-Kramers-Brillouin (WKB) 
method which uses approximate wave functions in the various regions 
of the motion and matches them at the boundaries of these regions. The 
significance of (12-1) may perhaps better be made clear by the following 

approach. 

Let the wave function corresponding to the lowest state of simple 
harmonic oscillation with the nitrogen on the left side of the hydrogens 
be Ul and that for the nitrogen on the right 
be Wft. The true molecular wave functions, 
having a definite energy, must be either 
symmetric or antisymmetric with respect to 
the inversion, so the wave functions for the 
two inversion levels of the lowest vibra¬ 
tional state must be the combinations 

\pi} = ( 1 / + uk) 

and — (1/\/2){ul — 

as shown in Fig. 3-8. It now the N is 
definitely placed on the left side at a time 
t = 0, the appropriate wave function de¬ 
scribing the system at that time (and not 
having one definite energy) is = Ul = (1/-s/2)(’Ao + 'Pi)- noted 

in Chap. 3, the time variation of the wave function is included, it becomes 



Fig. 12 - 4 . Structure of CH3CF3 
where rotation of the CH3 
group with respect to the CF3 
group is hindered by mutual 
interaction. 


y], = ( 12 - 2 ) 

\/2 

where hv is the energy difference between the two inversion states and 
Wo is the energy of the lower state, which corresponds to ^ 0 . After a 
time t = 1/2*/, the wave function (12-2) becomes 


xp = (12-3) 

V 2 

so that the nitrogen has moved over to the right side. Only a short 
time after the nitrogen has been initially placed on the left, the part of 
(12-2) in brackets may be written by expanding the exponential 



(^0 + ^i) + i'l -h 


uV2'*.V2 

Ul + Trivt{uL — 'W«) + * • 





(12-4) 


so that the amplitude of the wave function on the right has grown to 
TTvt. This gives a measure of the rate of penetration of the potential 
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barrier in terms of the frequency of inversion. This rate of penetration 
may also be calculated from the “tunnel effect.” 

Consider now the nitrogen striking the barrier at s = — So from the 
left. Its wave function will partly penetrate the barrier and extend 
over into the right-hand potential minimum. The amount of penetration 
can be roughly evaluated by examining Schrodinger’s equation in the 
classically forbidden region. 


ds‘^ 



(F - ]F)v^ = 0 


(12-5) 


An approximate solution to (12-4) is 


^ = exp 



[ 2 m(F( 5 ) - ]V)]^ds 


( 12 - 6 ) 


if V does not vary too rapidly with s. Since V — ]V is positive in the 
classically forbidden region, this corresponds to an exponentially decreas¬ 
ing function which has unity value at the boundary where the nitrogen 
strikes (the increasing exponential which is also a solution is omitted, 
since it would give the N the largest probability of being found on the 
right). The amplitude of the wave function which penetrates the 
boundary is then 


= exp 



IF)]* 


= exp 



[2M(r - IF)]* 


1 

A2 


(12-7) 


Noav in a time t which is large enough for the nitrogen to oscillate on the 
left side many times, but small compared with the time reciuired for 
inversion, the nitrogen will strike the left side of the potential barrier 
vd' times, where vq is the vibrational frequency. Each time it may be 
considered to partially penetrate and transmit an amplitude l/.l^ to the 
right side. The transmitted amplitudes add up to give a total amplitude 
after time t of vd /so that the probability of penetration in time t is 
{vd/A'^y. This is similar to, but differs slightly from, the usual expres¬ 
sion for radioactive decay or other types of harrier penetration by 
tunneling ([305], p. 22), because the transmitted wave on the right-hand 
side of the barrier is trapped in an identical potential minimum and is 
added to by successive transmitted waves. Equating the amplitude 
vd/A'^ to the amplitude for ur in (12-4), we have 



or 


V 


VQ 

7rA2 


( 12 - 8 ) 


which is the result obtained by Dennison and Uhlenbeck. 

In the ground state of NH 3 , v/vq ^ 1200, so that ~ 400 or e 
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Because A2 is large and varies exponentially with or (F - W)^, changes 
in either of these quantities can very drastically affect the inversion 
frequency v. For example, if the reduced mass /x is increased by a factoi 
of 2, such as would be roughly done by changing from NH3 to ND:t, p 
decreases by e6(V2-i) or a factor of 11. The inversion frequency is cor¬ 
respondingly sensitive to the potential, and most molecules have such 
high potentials and heavy masses that the inversion frequencies are less 
than 1 cycle/sec. IVIany molecules invert so slowly that they have not 
succeeded in inverting during the few billion years^ life of our planet. 

NH 3 in the first excited level of this vibrational mode has a much higher 
inversion frequency because of the increased value of 11 . Dennison and 
Uhlenbeck [33] were able to assume a simple shape for the potential 
barrier and obtain values for the inversion frequencies in the ground and 
excited states which agreed roughly with experimental observations. 

The exact form of the potential barrier assumed is not critical, since A 
depends only on an integral of this energy, and not on details of shape. 
However, Manning [61] found a potential function which has the general 
shape to be expected for NH3, and for which the wave equation could be 
more easily solved and accurate values for the energies obtained. Man¬ 
ning's potential function is 

~ = G6,ool sech^ I- - 109,619 sec-h^ ^ (12-9) 

he 2p Ip 

where Y/he = potential in units of cm”' 

X — a coordinate which is dependent on the distance of the 
nitrogen from the plane of the hydrogens 
p = 6.98 X where p is the reduced mass in atomic mass 

units 

This potential is zero for large s (or x), is symmetric about s = 0, and 
has a peak at s = 0, where the potential is —43,068 cm~b It has two 
minima where the potential is —45,140 cm^'b The constants in (12-9) 
are also chosen to give close to the correct equilibrium configuration for 
the molecule, the vibration frequency, and the correct inversion frequency 
for one level. 

If the distance between hydrogens is assumed to stay constant during 
the motion so that they move together as a rigid triangle, then x is taken 
as equal to s, the distance between the nitrogen and the plane of this 
triangle. If m is the mass of the hydrogens and M that of nitrogen, then 
the reduced mass for this case is simply p = 3mM /(3m + M) . However, 
probably a better approximation to the motion is to assume the N—H 
distance remains constant, and only the H—N—H angles change with 
vibration [110]. In this case x is taken as the distance along an arc 
moved by the h3'^drogens from the median plane, z.e., a plane through the 
nitrogen and perpendicular to the molecular axis. If the angle between 
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this plane and the N H bond is taken as a, the proper reduced mass can 
be shown to be m = sin^ Q:)/(3/n + il/). This reduced 

mass varies only a small amount with a, and its value may be assumed 
to be that at the equilibrium angle of ao = 21°49^. Different reduced 
masses in Manning’s potential will give different equilibrium heights for 
the NH 3 pyramid. However, these heights do not deviate significantly 
from the observed value. 

The values of inversion frequency for various isotopic species of 
ammonia calculated from iManning’s potential are shown in Table 12-1 

Table 12-1. I>rvERaioN Frequencies of Ammonia in Megacycles 
The first excited vibrational state” (v 2 = 1) corresponds to approximately 950 
cm ^ excitation of the vibration of the nitrogen against the plane of the hydrogens. 
The ealcidated values are given l>y Manning [61] and Newton and Thomas [800] 
except for the calculation of with the Alanning potential, which was done by 

A. Javan and J. Lotspcich. 



Ground state 

1 

First excited 
vibrational state 

N‘qi3 

NiqJa 

N>qi3 

N“Il3 

N’^Da 

Observed value, Me. 

28.786 

KiOO 

22 .705 

1.095.000 

117,000 

Calculated from Manning poten¬ 






tial . 

25.000 

1 

1250 


780.000 

88.000 

Calculated from Newton-Thornas 



potential. 

28.800 

» « • 4 

22.700 

090.000 



and compared with experimental results. The potential constants have 
been chosen to fit some of the data, including the energy of the first 
vibrational level. The excited vibrational levels are fitted rather satis¬ 
factorily by this potential [01]. Although the inversion frctiuencies are 
given approximately correctly, it does not seem possible to obtain a 

really satisfactory fit of all the data with a potential of Alanning's type. 

_ _ • 
This will be seen again when fine structure of the inversion spectrum is 

discussed. 

Newton and Thomas [306] used a potential of the form 



|r (0.377)2 „ 52 
(L 0.536 + s2 



X 3.17 X 10* cm-i 


( 12 - 10 ) 


where s is measured in angstrom units. Flere the hydrogens are con¬ 
sidered to move as a rigid triangle. Values for some of the inversion 
frequencies calculated by an approximate method [306] from this poten¬ 
tial are given in Table 12-1. Form (12-10) for the potential appears to 
give results which are comparable in accuracy with those from the poten¬ 
tial (12-9). 
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12-3. Inversion of Other Symmetric Hydrides. A very simple form 
of potential has been found by Costain and Sutherland [678] to give fairly 
accurate values for the inversion frequency of NH 3 , and has been used 
to estimate the inversion frequencies of PH3 and AsHa. This is a poten¬ 
tial of the form 

F = + |A-a(A6)2 (12-11) 

where Ar = change in the N—bond length 

A5 = change in the li—X—bond angle 
The force constants and as well as the ratio of Ar to A5, can be 
obtained by a normal coordinate treatment of the observed vibrational 
frequencies of NH 3 . Their evaluation gives 

V = 3.89 X 10KA6)2 cm-* (12-12) 

where 5 is measured in radians. This gives a potential hill of 2077 cm“* 
between the two minima in good agreement with Manning’s value of 2072 
cm-*. In fact, the entire potential curve given by (12-12) is very close to 
that given by (12-9). 

A similar evaluation of the potential hill from vibrational constants 
and molecular geometry for PH3 and AsHs gives the following results 

[678]. 

For PH3: 

F = 5.3 X 10'(A5)2 cm-* (12-13) 

Height of potential hill above minimum = 6085 cm-* 

Inversion frequencies: 

Ground state = 0.14 Me 
First excited state = 7.2 Me 

For AsHa: 

F = 4.56 X 10HA5)2 cm-* (12-14) 

So — 0.585 radian 

Height of potential hill above minimum = 11,220 cm-* 

Inversion frequencies: 

Ground state = 1/2 cycle/year 
First excited state = 1 cycle/day 

Thus the inversion splitting of PH 3 is probably large enough to give a 
splitting in microwave measurements of the rotational spectrum, whereas 
AsHs would take two years to go through a cycle of inversion and 
should hence have no observable splitting. These numbers illustrate 
the very rapid variation in frequency as the potential barrier height is 
changed. 

12-4. Fine Structure of the Ammonia Inversion Spectrum Rotation- 
Vibration Interactions. Discussion of the inversion spectrum has so far 
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neglected the rotational motion of the molecule. There is, of course, an 
interaction between rotation and vibration which in most molecules shows 
up as a series of closely spaced lines in the rotational spectrum, each being 
due to different vibrational states. In an inversion spectrum, a type of 
vibration, there is similarly a series of lines at different inversion fre¬ 
quencies, each corresponding to a different rotational state. 

A good qualitative view of the effect of rotation on the inversion 
spectrum of Nils (or any other molecule) may be obtained from a class¬ 
ical discussion. The rotational frequencies of NH 3 are considerably 
higher than the inversion frequencies of the ground state, so that no 
peculiar resonant interactions occur, but rather the centrifugal forces due 
to rotatioTi simply change the effective potential in which the molecule 
vibrates. Consider first a rotation of the molecule about the symmetry 
axis. The resulting centrifugal force tends to distort the molecule by 
flattening it or increasing the H—N—Jd angle. Hence as a result of the 
centrifugal force the hydrogens can somewhat more readily move past 
the nitrogen and the inversion frequency is increased. The centrifugal 
force is proportional to the square of the angular momentum about this 
axis, or to so the inversion frecjuency can be expected to be increased 
roughly by an amount 6 /C^, where b is some positive constant. Now 
consider a rotation about an axis perpendicular to the molecular axis. 
In this case the centrifugal force tends to elongate the NH 3 pyramid, or 
decrease the H—N—H angle. It is then more difficult for the hydrogens 
and nitrogen to move into the same plane, and the inversion frequency is 
decreased. Since the square of the angular momentum perpendicular 
to the symmetry axis is proportional to J(J + 1) — where J is the 
total angular momentum ciuantum number, this type of motion can be 
expected to decrease the inversion fretiuency roughly by an amount 
a[J(J -h 1) — /C^], where a is a positive constant. Thus the frequency 
should be of the form 


p = PQ — a[J{J + 1) — K-] -|- bK‘^ + higher powers of,/and/C (12-15) 


A quantitative calculation of the effects of rotation can be made by 
considering in detail how the centrifugal forces act on the vibrational and 
inversion motion. They will affect the inversion frequency through the 
quantity A in expression (12-1). Allowing for rotation, A may be 
written [ 110 ] 

A = exp [2n(V + SV - W - 5W}]i rfsj (12-16) 


where 8V and 8E represent the respective changes in the potential and 
vibrational energy as a result of rotation. 8s is the change due to value 
of s where the kinetic energy is zero. The change in effective potential V 
due to centrifugal forces equals simply the change in kinetic energy of 
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rotation as the molecule vibrates, or 


6V = h^UiJ + 1) - K^] 


+ 


(12-17) 






where 1 1 and Ic are the moments of inertia of the molecule as a function 
of the vibrational coordinate, while 7^ and 7? are the values for the 
molecule in the equilibrium condition. The change STF contributes only 
a small amount to A, and &s is quite negligible; so both these quantities 
will be neglected here. If (12-lG) is expanded, assuming dV is small, and 
the new value of .1 is inserted into (12-1), the change in inversion fre¬ 
quency 1 / is 


^ SV[2t.{V - W)]-i ds 
h Jo 


(12-18) 


Expression (12-18) must be numerically integrated, after inserting 6V 
from (12-17) and allowing for the dependence of I a and Ic on the param¬ 
eter s. In addition, various possible paths for the motion of the hydro¬ 
gens with respect to the nitrogen may be assumed. Sheng, Barker, and 
Dennison [110] choose a path intermediate between that obtained by 
considering the hydrogens as a rigid triangle and the path for the N—H 


Tablic 12-2. Values of the Fine-stuuctuke Coefficients for Ammonia 
V = Vo — a[J(J -hi) — A’2] + bK^ 4- hif^her powers in J and K 



Isotope 


lU 



Ground 

state 

Excited 

state 

Ground 

state 

Ground 

state 

Excited 

state 

Experimental value, Me 

a 

151.5 

4860 

141.9 

7.16 



b 

59.9 

1800 

55.8 

2.88 


Calculated value 

a 

102 

4680 


3.61 

267 

Manning potential, Me 

b 

55.5 

1980 


2.60 

187 

Calculated value 

a 

180 

^ • 

186 



Newton-Thomas potential, Me 

b 

27 

• • 9 9 

6 




bond fixed in length during the inversion. The expression resulting from 
(12-18) is of the form (12-15) expected qualitatively. Calculated values 
of the coefficients a and b in (12-15) are compared in Table 12-2 with the 
experimentally determined constants. 

Newton and Thomas [306] have calculated the fine structure of the 
inversion spectrum of and by introducing the centrifugal 

terms somewhat earlier in the calculation. These terms can be con¬ 
veniently combined with their form of the potential (12-10) so that 
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rotational effects are included in the calculation of inversion frequencies 

ah initio. Their values for the fine-structure constants are also given in 
Table 12-2. 

Although the agreement between theory and experiment in Tables 
12-1 and 12-2 is reasonably good, it is clear that none of the potentials 
assumed is capable of giving the behavior of the inversion spectrum for all 
isotopes and vibrational states to an accuracy better than about 10 per 
cent. Hadley and Dennison [15/] have tried some modifications in the 
potentials assumed here, but with no marked improvement in the results. 
It appears that probably a treatment which is not restricted to one dimen¬ 
sion as are all those so far used will be necessary in order to obtain much 
improvement in the theoretical results. The relative success of a one¬ 
dimensional treatment comes from the fact that there is one normal mode 
of vibration which is primarily involved in its inversion. However, other 
normal modes of vibration are of some importance in affecting inversion. 

About 65 lines of the NH 3 inversion spectrum which have so far been 
measured are listed in Table 12-3 with their approximate intensities 
at room temperature. In computing relative intensities, it has been 
assumed that expression (13-62) is correct for the half widths of the lines. 
The extensive spectrum is often useful in calibrating wavemeters, check¬ 
ing the performance of spectrometers, and as standard frequency refer¬ 
ences in measuring accurately other spectra. Use of the NH3 spectrum 
in testing has the disadvantage, however, that NH3 tends to persist in 
the spectrometer absorption cell sometimes long after it is wanted. 

The expression (12-15) is too much simplified to fit accurately all the 
lines of Table 12-3. A more complete expansion of the type indicated by 
(12-15), but including higher powers of J{J + 1) and can be made 
to fit the experimental frequencies reasonably well. A number of 
expansions of this general type have been given [141], [155], [172], [236], 
[317], [410]. One example [317] containing five terms in J and K is 

= 23,787 - 151.3./(y + 1) + 2li.0K^ + 0.5503JHJ + 1)' 

- 1.531./(y -b 1)K^ 4- 1.055/C^ (12-19) 

This fits the low J and K values best and gives deviations for some of the 
larger values of 25 to 50 Me. The exponential dependence of (12-1) on 
the potential suggested to Costain that an exponential of various powers 
of J(J + 1) and K'^ might fit the frequencies [564], His expansion 

i; = 23,785.88 exp [-6.36996 X W-^J(J + 1) + 8.88986 X IQ-^A^ 

+ 8.6922 X 10-V2(y 4 - 1 )^ - 1.7845 X 4- 

4- 5.3075 X 10-^/C4 Me (12-20) 

fits the lines in Table 12-3 with a mean deviation of 1.3 Me and should 
hence predict other unmeasured lines with some accuracy. 

There is a certain group of lines, those for which A = 3, which shows 
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Table 12-3. Observed Inversion Lines 


Rotational state 



12 

11 

13 
10 

14 


Frequency, Me | Intensity, cm 



16.798.3 

16.841.3 

17.291.6 

17.378.1 
18,017.6 

18.127.2 

18.162.6 
18,178.0 
18,285.6 
18,313.9 


8.7 X 10“« 

3.5 X 10-« 
1.0 X 10-* 

1.5 X 10-» 

4.3 X 10-0 

4.7 X 10-« 

4.8 X 10-8 
1.1 X 10-8 

9.4 X 10-8 

4.5 X 10-7 


6 

9 

15 
8 

16 


10 

6 

11 

4 

5 
12 

4 


1 

6 

12 

5 

13 




18.391.6 
18,499.5 
18,535.1 

18.808.7 

18.842.9 

18.884.9 
19,218.52 
19,757.56 
19,838.4 
20,371.48 

20,719.20 

20,735.46 

20,804.80 

20,852.51 

20,994.62 

21,070.73 

21,134.37 

21,285.30 

21,391.55 

21,703.34 


4.2 X 10-8 
3.4 X 10-8 

3.6 X 10-7 

2.8 X 10-8 

6.6 X 10-8 

2.6 X 10-8 
4.0 X 10-8 

1.1 X 10-8 

1.8 X 10-8 

5.6 X 10-8 

1.0 X 10-8 

3.3 X 10-8 

7.4 X 10-8 

1.9 X 10-8 

9.9 X 10-8 

2.0 X 10-8 
4.0 X 10-8 
2.3 X 10-8 

5.2 X 10-8 
1.1 X 10-8 


13 
3 

14 
5 



11 

1 

12 

4 

3 


21,818.1 

22,234.51 

22,355 

22,653.00 

22,688.24 

22,732.45 
22,834.10 
22,924.91 
23,004 
23,098.78 


6.0 X 10-7 

6.9 X 10-8 
2.2 X 10-8 
2.2 X 10-8 
4.4 X 10-8 

1.7 X 10-8 
2.0 X 10-8 

2.9 X 10-8 

4.8 X 10-7 
1.1 X 10-8 


15 

2 
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Table 12-3. Observed Inversion Lines (Continued) 


Rotational state 

Frequency, Me 

Intensity, cm“i 

J 

K 

8 

7 

23.232.20 

9.9 X 10“^ 

9 

8 

23,657.46 

6.5 X lO-'^ 

1 

1 

23.694.48 

1.9 X 10-4 

2 

2 

23.722.61 

3.2 X 10-4 

16 

14 

23.777.4 

1 9 X 10-7 

3 

3 

23.870.11 

79 X 10-4 

4 

4 

24.139.39 

4.3 X 10-4 

10 

9 

24,205.25 

7.8 X 10~6 

5 

5 

24,532.94 

4.0 X 10-4 

17 

15 

24.680 1 

I 1 X 10-7 

11 j 

10 

24.881.90 

2 2 X H)-^ 

G 

6 

25,056.04 

6.9 X 10-4 

12 

11 

25.695.23 

1-3 X 10-^ 

7 

7 

25,715 14 

2.7 X 10-4 

8 

8 

26.518.91 

2.0 X 10-4 

13 

12 

26.655.00 

1.3 X 10-6 

9 

9 

27.478,00 

2.8 X 10-4 

14 

13 

27.772 52 

3.0 X 10-6 

10 

10 

28.604.73 

9.0 X 10-6 

15 

14 

29,061.14 

1.4 X 10-6 

11 

11 

29.914.66 

5.5 X 10-6 

12 

12 

31,424.97 

6.2 X 10-6 

13 

13 

33,156.95 

1.7 X 10-6 

14 

14 

35.134.44 

8.7 X 10-6 

15 

15 

37.385.18 

8.3 X 10-6 

16 

16 

39.941 54 

1.9 X 10-6 


peculiar and systematic deviations from expressions (12-19) or (12-20) 
[198], [236]. The magnitude of this deviation increases rapidly with J 
and is alternately positive or negative according to whether J is odd or 
even, as may be seen from Table 12-4. The deviations for high J values 
are very much greater than the average error in expression (12-20) of 1.3 
Me, and have consequently not been averaged into this error. 

H. H. Nielsen and Dennison [223] have shown that the deviations of 
lines for which /C = 3 are due to still another rotation-vibration inter¬ 
action of high order and hence small magnitude. It may be thought of 
as a splitting of the K degeneracy, Le., of the two levels corresponding 
to K = ±,Z. As explained in Chap. 3, the statistics and spin of the 
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hydrogen nuclei make only one of these levels possible in NHj, so one 
displaced line is seen rather than two separated lines. From the discus¬ 
sion in Chap. 3, it may be remembered that the type of wave function 
that is allowed by the nuclear properties depends on the oddness or 
evenness of J and on the inversion level. Hence in the lowest inversion 
level for odd J the higher-frequency K doublet occurs, whereas for even 
J only the lower frequency doublet appears. In the upper inversion 
level the situation is reversed. A transition, therefore, gives one line 
shifted to higher frequency for even J by an amount equal to the K 

doubling, and shifted to a lower frequency for odd J. 

Symmetry considerations can show quite generally that no A-type 
doubling or further splitting due to rotation-vibration interactions can 

Table 12-1. Deviations of Ammonia Lines with K = '6 from Normal 
Inversion Frequencies as Given by Formula (12-20) 

Calculated shift for NH 3 is according to expression (12-21). 


J 

MI 3 

NDs 

Calculated 
shifts [223J, 
Me 

Calcuhitcd 
shift, Me 

Measured 
shift [504], 
Me 

3 

- 0.25 

- 0.21 

±0.03 

4 

1.7G 

1.7G 

±0.24 

5 

- 7.0G 

- 7.03 

±0.95 

6 

21 18 

21.18 

±2.85 

7 

-52.9 

-52.39 

±7.14 


occur for levels where K. is not 3- multiple of 3 (c/. [66]). In nddition, 
although levels with X = 6 or 9 can, in principle, be split, the effect of 
vibration-rotation interaction in splitting these levels is very much smaller 
than their effect on the levels with X = 3. Even when X = 3, the dis¬ 
turbance of the levels by vibration-rotation interaction is a very small 
perturbation; Nielsen and Dennison [223] have shown that it is propor¬ 
tional to the fourth power of the ratio of rotational to vibrational energy: 
They obtain a value for the splitting of the two degenerate levels and 
hence for the shift in frequency of the observed lines 

Av = 3.50 X 10-V(J + \)[J{J + 1) - 2][J{J + 1) - 6] Me (12-21) 

The constant in (12-21) can be evaluated to about 10 per cent accuracy 
from known rotational and vibrational constants of the NH3 molecule, 
but its precise value is picked to fit the data of Table 12-4 [564]. This 
table shows that expression (12-21) agrees quite well with the observed 
deviations of lines with X = 3. 

In the case of ND3, the nuclear spin of D is unity and both the X 
doublets are allowed. These have not yet been observed, but the calcu** 
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lated deviation of each member from normal frequency is given in Table 
12-4. 

12-6. Asymmetric Forms of Ammonia. In addition to the symmetric 
forms of ammonia NH 3 and ND 3 , the asymmetric rotors NH 2 D and 
NHD 2 occur and have inversion spectra. However, in these cases the 
inversion spectrum tends to be mixed up with rotational energies. 
Examination of the transitions allowed for ^Hs in Fig. 3-9 shows that 
rotational transitions occur only at the same time as an inversion (or 
vibiational) transition. In addition, an inversion transition occurs only 
with a rotational transition, since upper and lower inversion levels have 
different lotational wav'e functions. In the case of NH 3 , the molecular 
symmetry gives the two different rotational wave functions the same 
rotation energy. However, it can be shown to be always true that only 
transitions with a change of both rotational and inversion states occur, 
and in the cases of NH 2 D and XHD 2 the rotational transition con¬ 
tributes to the frequency of the observed lines because of their asymme¬ 
try [(> 02 ]. 

If the energy difference due to the rotational transition JV <—/r is 
small, then a pair of lines is observed of fi'etjuency ± pjrj'r', where j^^is 
the inversion fretiuency and the rotational fre(|nency. If the inver¬ 

sion frecjnency is much smaller than that due to the rotational frecjiiency, 
the observed spectrum has a pair of lines of frequencies vjrj'r- ± Vi. In 
the extreme and very common case of an unobservably small inversion 
frecjuency, this last doublet becomes the single observed rotational fre¬ 
quency vjrj’r-- A number of lines of both the above types have been 
found in partially deuterated ammonia, and from these rotational con¬ 
stants and inversion fre(iuencies have been obtained [602]. The rota¬ 
tional constants are consistent with the structural parameters of NH 3 
usually assumed [130] after some allowance is made for centrifugal 
distortion. 

The inversion frequencies of the asymmetric forms of ammonia cannot 
be treated as easily as those for NH3 and ND3. In the vibration which 
inverts the asymmetric forms, the N does not move strictly perpendicu¬ 
larly to the plane of the hydrogens. However, an approximate calcula¬ 
tion of the inversion freciuencies of these molecules, assuming the same 
motion and potential for the inversion as in the symmetric cases, gives 
surprisingly good agreement with the observed frequencies as shown in 
Table 12-5. The inversion frequencies for the ground states are in very 
close agreement, although the excited state frequencies show a sizable 
discrepancy. 

It is also more difficult to calculate the fine structure, or rotation- 
vibration interaction, in the asymmetric ammonias because both the 
vibrational and the rotational motions are rather complex. Weiss and 
Strandberg [662] have obtained a reasonably good empirical approxima- 



THE AMMONIA SPECTRUM AND HINDERED MOTIONS 315 

tion to the fine structure, however, by assuming it to be of the form 

= ,0 - a[J{J + 1) - (P?).vl + h{Pl).. (12-22) 

where (P?)»v is the average square of the angular momentum in units of 
h/2‘K parallel to the principal axis of largest moment of inertia. This 
axis differs by only about 10 ° from the symmetry^’ axis perpendicular 
to the plane of the hydrogens. {PD^v is the analog of the quantity K- 
in expression (12-15) for the symmetric ammonias. The more intense 
microwave transitions in NH 2 D and NHD 2 involve very little change in 
(P 2 )^v and no change in J, again in analogy with the symmetric cases 
where A/C = 0 and AJ = 0. Hence {PI)., and J can be assumed the 


Table 12-5. Constants of the Inveksion Spectrum of NH 2 D and NHD 2 

(From Weiss and Strandberg [602]) 



NII^D 

NHD 2 

Observed 

Calculated 

Observed 

Calculated 

Inversion frequency of ground 


1 



state, Me. 


12,100 

1 

5,111 

5,160 

Fine-structure constant of a 

■m 

1 

8.1 


ground state, Me b 



26 


Inversion frequency of first ex¬ 

HHH 




cited state, Me. 


405,000 

295,000 

204.000 


same for upper and lower states of the transition. Empirical values for 
a and b of expression (12-22) for NH 2 D and NHD 2 are listed in Table 
12-5. 

The quantity (PI)., is just (a%),yJ(J -|- 1), where is the cosine of 
the angle between the total angular momentum J and the molecular axis 
c of largest principal moment of inertia, (afjav can be evaluated as in 
Chap. 6 [cf.j for example, expression (6-16)]. 

12-6. Hindered Torsional Motions in Symmetric Rotors. Another 
common type of hindered motion is the rotation of one part of a molecule 
with respect to the remainder, which, when hindering is large, becomes 
a torsional oscillation. An example is the relative rotation of CH3 and 
CF3 about the symmetry axis of the molecule H3C — CF3. Hindered 
torsional motion can also occur in an asymmetric rotor, as in CH3OH, 
where the OH bond may rotate with respect to the CH3 group. 

Consider first a symmetric top such as H3CCF3 having an ‘internal” 
torsional motion of one end of the molecule with respect to the other end. 
In either one of the two extreme cases where the CH3 rotates perfectly 
freely about the molecular axis, or where it interacts strongly with the 
CF 3 group so that it can scarcely rotate at all with respect to this group, 
the energy levels are relatively simple. We shall examine these two 
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extreme cases first before proceeding to the more complex intermediate 
case where tunneling effects are prominent. 

If the two parts of the molecule are bound together tightly, the energy 
may be obtained in a straightforward way as the sum of the rotational 
energy of a symmetric top and various molecular vibrational energies. 
We shall consider only the torsional vibration. The reduced moment of 
inertia for the CH 3 twisting with respect to CF3 is 



/ 1/2 

^ 1+^2 


or 


IJ2 

I 


where I\ is the moment of inertia for CII3 about the symmetry axis, 1 2 is 
that for CFa, and I — Ii / 2 . The potential energy has three minima 
corresponding to the three equivalent positions 120° apart of the CH3 
with respect to CF3, and there is a very high potential hump between 
each minimum—so high that tunneling from one minimum to another is 
negligibly small. In one of the minima, the potential energy can then 
be written V = where « = xi X 2 is the difference in the angular 

position xi of CII3 about the symmetry axis and the angle X 2 of CF3. 
The force, or rather torque, constant is k. The frequency of torsional 
oscillation is then 

1 ITT 

“ ~ 2w\ [J 2 


and the energy of torsional and rotational motions is simply 

W - hB[J{J + 1) - /C-] + hCK'^ + hi^{v + I) (12-23) 


where B and C are the usual rotation constants {C — /^/SttV) and v is 
the vibrational quantum number for the torsional motion. Each tor¬ 
sional vibrational level is triply degenerate since there are three equiv¬ 
alent positions in which the oscillation may occur. 

In the other extreme case, CH 3 and CF 3 can rotate freely about the 
molecular axis. Let the angular momentum about the axis for CH3 be 
rriih and that of CF3 be m 2 h so that the total angular momentum about the 
symmetry axis is (mi H- 7n2)h = Kh. The usual quantum-mechanical 
conditions require that 7 ni, m 2 , and K be integers. The energy of rotation 
is 


W = hB[J{J + 1) - K'^] + 



{mohy 

2/2 


or 


W - hB[J{J + 1) - X^l + hCK^ + 




(12-24) 


The energies due to deviations from these ideal cases, or in the inter¬ 
mediate case when the barrier is of moderate height, remain to be calcu¬ 
lated, Connections between the energy levels for the two extreme cases 
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are shown in Fig. 12-5. It may be seen from this figure that some of the 
degenerate levels of the extreme cases split in the intermediate case of 
moderate potential barrier heights. The amount of splitting must be 
obtained from a solution of the wave equation which, of course, gives 
(12-23) or (12-24) in the two extreme cases. 


K-m 



Fig. 12-.5. Connections between energy levels with free internal rotation and those for 
torsional oscillation. Three potential minima are assumed, as in the molecule 
CHjCFa. Intermediate barrier heights, corresponding to neither very strong nor 
negligible interaction between the CII3 and CF 3 groups, can be seen to split certain 
levels. Numbers ( 1 ) and (2) indicate the number of levels of the same energy. 
{After Koehler and Dennison [99].) 

The kinetic energy due to rotation is 

T = + 1/2x1 (12-25) 

where and are the principal moments of inertia perpendicular to the 
axis and and the angular velocities. /i and h are the moments of 
inertia of the two parts of the molecule about which relative rotation 
occurs, and which is taken as the z direction with respect to the axis. xi 
and X2 are angles specifying the rotation of these two parts about this 
axis. If new variables are defined so that 


/iXi + /2X2 

X - -j- a = Xi — X 2 


(12-26) 


Then the energy is, from (12-25) 

W = + ^7^2 + 4 hjl ^2 + \Va{\ - cos Sa) (12-27a) 
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and the Hamiltonian is 


1 p2 1 p2 1 p2 1 r 

■^ = 27f~*~2 77"^2~f~^2 TTA i^o(l — cos 3a) (12-276) 

where the symbols involved have been defined above. It may be 
observed that x gives the angle of torsion within the molecule, and that 
16c = /ixi + 1 2 X 2 is the total angular momentum about the symmetry 
axis. 

Here the potential energy for torsional motion is assumed to be 
V = -^FoCl — cos 3a), corresponding to three potential minima with 
intervening barriers of height Fo. The shape of the potential barrier 
will not, of course, be given perfectly by the cos 3a variation but more 
generally should be written as a Fourier series 

F - 2 («, cos 3pa “h bp sin 3pa) 

p 

However, the energy levels of the molecule will not depend strongly on 
minor details of the potential. In addition, potential curves which have 
been calculated on the basis of simple assumptions about the origin of the 
hindering forces are in fact fitted extremely well by a cos 3a curve. 
There is some experimental evidence from the barrier in CH3NO2, to be 
discussed below, that the term proportional to cos 6a in this Fourier 
expansion is not more than a few per cent as large as that proportional to 
cos 3a. 

Properties of Quatitum States ivith Hindered Torsional Motion. It may 
be seen that the first three terms of (12-27) have just the same form as 
Eq. (3-2), which gives the energy of rotation for a rigid top. In this case, 
Jx = Jn so that the top is symmetric. C'onsetjuently the wave function 
describing the rotation and torsion of the molecule has the form [36], [99] 

i (12-28) 

where 9 and 0 are the usual Eulerian angles and ^'^0(^) is identical 
with expression (3-12a), the wave function for a rigid symmetric top 
satisfies the equation 

fff ^ (1 - COS 3a) g[« = 0 (12-29) 

Z1 \ l 2 ^ 

The energy is 

W = Wn + TF« = hBlJ(J + 1) - K^] + hCK^ + IF. (12-30) 

where Wr is the rotational energy of the molecule considered as a rigid 
symmetric top and TF^ the torsional energy. B and C are the usual 
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rotational constants with 


+ h) 

Hence, the only new problem is to solve (12-29), a form which is equiva¬ 
lent to Mathieu's equation, and hence to obtain IFa- Characteristics of 
the functions SW(a) have been discussed by Koehler and Dennison [99], 
whose treatment we shall follow. 

Solutions of equation (12-29) are known from FloqueCs theorem (see 
[65] and Tables Relating to Mathieu Functions^ Columbia University Press, 
New York, 1951) to be of the type 


gO?(a) = e-“F(a) (12-31) 

where F{a) is periodic with period 27r/3, that is, F{a) may be expanded 
in the form 

F{a) = ^ ape’'"“ (12-32) 

P 

where p is any integer. The constant a must be real in order to make 
the wave function finite everywhere. The other conditions imposed on 
the wave function by the physical situation it must describe are that 
it must be unchanged when either end of the molecule is rotated any 
number of complete rotations, that is, when 


Xi ^ Xi + 27 r/ii and X2 X2 + 27 r/i 2 (12-33) 

Making these substitutions into (12-27) and (12-31), 


o,.r A( ni/>-f-nt7'0 , -| 

e‘'^*e'"'^©(0)e‘<'“F(a) = e‘*-'xe‘"*0(9)e''’“F(a)e L / 

SO that 

K(ni/i + W2/2) , / N 

-y-h o-(ni — n^) = p (12-34) 

where p is an integer. 

Equation (12-34) can hold only if K is an integer (as would be expected 
since Kh is the total angular momentum around the symmetry axis) and if 


KI, 

<r = s - (12-35a) 

where s is any integer. 

There are only three types of solutions, which may be obtained with 
values of s = 0, 1, or 2; that is, with 



(12-356) 


For if a _ 3p + s _ Kh/I, where p is an integer, the exponent 3» may 
be taken as part of F(a) in (12-31), so that the solution is equivalent to 
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that with a = s — KTi/L (These three types of solutions have in 
previous treatments often been designated by a quantum number r, with 
r = 1,3, and 2, corresponding to s = 0, 1, and 2, respectively.) The solu¬ 
tions (12-31) are also periodic in K with a period 31/Ii, for if K - 3///i, 
O' = s — 3, which is equivalent to the solution with a = s. 

Actual solutions Wioi) must be obtained by using the expanded form 
(12-32) of Fia), substituting into the Eq. (12-29), and evaluating the 
coefficients (or from tabulations). This also gives the various allowed 
values of the “internal” energy associated with the angle a. There 
are an infinite number of allowed values of ]F«, but for reasonably high 
barriers the lower values are grouped in threes near the energies to be 
expected from the bound case with vibrational quantum numbers v = 0, 
1, 2, 3, . . . . The calculated values of these energies for a particular 
case where 


Vo = 770 cm“' p .. . = 24.8 cm^* ^ = 0.21 

87r^/i/2C / 

are plotted in Fig. 12-0. The lower energy levels correspond essentially 
to vibrational levels which are slightly split into three levels. The higher 
levels (e.g., with vibrational quantum number = 2 or 3) are still partly 
grouped by vibrational quantum numbers but are far enough above the 
hindering potential to correspond fairly closely to the levels of a free 
rotor which are plotted in the same figure for comparison. The internal 
energy of the free rotor is, from (12-24), 




2 


For a fixed value of rrii and varying K, this gives a parabola with a mini¬ 
mum energy at K = Irrii/Ii. The various parabolas in Fig. 12-6 cor¬ 
respond to different integral values of rrii. 

Figure 12-6 also illustrates the rapid decrease in the frequency of 
tunneling as the energy sinks farther below the top of the potential bar¬ 
rier. Both sets of levels v = \ and v = 0 are below the top of the barrier, 
and the spread in frequency in each set corresponds to the tunneling 
frequency. For y = 0, the tunneling frequency is very low, and it would 
be decreased further, of course, if the potential barrier Avere assumed to be 
higher. 

The three different types of levels, Avith s = 0, 1, or 2, are indicated 
by solid, short-dashed, or long-dashed curves, respectively, as are their 
counterparts in the free-rotor levels. The effect of a hindering potential 
is to separate groups of the free-rotor levels at the points Avhere levels of 
like types cross in Fig. 12-6. Each type of level may be seen to be 
periodic in K Avith a period as shoAvn above of 31/Ii, or approximately 14. 

There are many molecules having hindered torsional motions Avith 
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more or fewer equilibrium positions than the three which apply to our 
present example. The ethylene molecule H2CCH2 has only two equi¬ 
librium positions, while FsCSFs has twelve equilibrium positions of the 
CFs group with respect to the four off-axis fluorines bonded in the SFs 

Hindered Free 



Fia. 12-6. Comparison of enorgy levels of torsional motion of a molecule of the type 
HaCCFa with free rotation and with a hindering potential. The hindering potential 

is assumed to have a height Vo = 770 cm"*, = 24.8 cm-\ and j = 0.21. 

{Adapted from Koehler and Dennison [99J.) 

group (Fig. 12-7). The general structure of the energy levels is similar 

to that of the case discussed above, but the number of levels is, of course, 

changed. If there are n equilibrium positions the potential may be 
written 

(1 — cos na) 


F = Z? 
2 


(12-36) 
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There are then n levels in each vibrational group, which repeat as K 
increases with a period of n///i. 

A truly symmetric rotor has a dipole moment only along the symmetry 
axis, hence a microwave field is not able to change the angular momen¬ 
tum around the symmetry axis of any part of the symmetric molecule 
with hindered rotation discussed here. It can only induce transitions 
in the total angular momentum J^ so that the selection rules are A/ = 0, 
±1, A/C = Ami = Ay = 0. The frequencies observed are therefore just 
V = 2BJ , and one might suppose the above discussion of internal energies 
^ ^ which do not give spectra has been fruit- 

\ / less. This is not the case, however, be- 

\ / cause the same energy levels are good 

\p_ _ c/ approximations to those of the slightly 

/ \ asymmetric rotor with hindered torsional 

/ \ motion, where dipole transitions between 

H' these levels do occur. In addition, the 

effects of the torsional motions on the 
^ rotational constant B are often seen. 

12-7. Heights of Hindering Barriers. 

\ / in the simplest case of strongly hindered 

Y__ p torsion, where the levels are essentially 

/ those of a harmonic oscillator, their effect 

/ / on 5 is expressible in terms of a rotation- 

^ / vibration constant a and the vibrational 

p quantum number y, that is. 

Fig. 12-7. Stnirturo of ethylene ^ 

with two potential minima and 

CSFs with 12 minima. can be sure that the effect of torsional 

vibrational will be to push the two 
interfering parts of the molecule farther apart on the average, which 
will almost always give a positive sign to a. Very frequently also, the 
torsional motion is the lowest-frequency vibration in the molecule, so 
that one can identify the lines with y = 1,2, . . . as the strongest set of 
excited vibrational lines in the rotational spectrum with a positive value 
of or. A measurement of the relative intensities of the ground state 
rotational line and one or more of the excited states at a given tempera¬ 
ture allows a determination of the torsional frequency to, since the 
intensities are proportional to the Boltzmann factor A knowl¬ 

edge of the torsional frequency and the approximate moments of inertia 
involved in turn allows a determination of the barrier height, since 
approximately _ 

^ = (12-37) 


1 / kl 


where k is the torque constant at the position of the potential minimum 
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If the potential has n minima, and is of the form (12-36), then 

, (dW\ nWo 
^ ^ 

and from (12-37), 

Vo = (12-38) 

The barrier heights for a number of molecules determined by measure¬ 
ment of intensity ratios and use of (12-38) are listed in Table 12-6 with 
values of a for the torsional vibration. Table 12-6 also lists some barrier 

Table 12-6. Barrier Height and Rotation-vibration Constant a for 

Hindered Molecular Vibrations 

All barrier heights listed have been determined by microwave methods except for 
those in [130]. 


Molecule 

1 

Barrier height, 
cm“‘ 

Rotation- 
vibrational 
constant a, 
Me./sec. 

Reference 

CHbNOs 

4.20 


1980] 

CFaSF, 

220 

0.05 

[713] 

CH 3 CCI 3 

950 


[130] 

CHaSiFj 

410 

4.2 

[618] [641] 

CH 3 OH 

375 

• • ■ • « 

[561] [817] 

CH 3 SH 

400 


[978a] [949al 

CHaSiH, 

558 

30 

[604] 

CHaSnlla 

» ♦ 4 # 

1 

10.8 

[603] 

CHaCFa 

1200 

• ■ • ■ ■ 

[618] 

CHaCHs 

960 


[130] 

(CH3)20 

1000 


[130] 

CH 3 CHF 2 

1200 


[978] 

CH 3 NH 2 

685 


[976] 

H 202 

113 


i [960] 


heights which have been more precisely determined from spectroscopic 
observations, and some obtained by thermodynamic techniques. Usu¬ 
ally the intensity ratios have not been determined more accurately than 
± 10 per cent, so that there are sizable uncertainties in To. However, 
this method is one of the best available for barrier-height determinations, 
since the torsional frequencies do not often give detectable effects in 
either vibrational or Raman spectra (cf. [130], p. 496), and a determina¬ 
tion from thermodynamic measurements, which has sometimes been used 
is often tedious and inaccurate (cf. [130], p. 520). ’ 

Of course (12-38) assumes the particular form (12-36) for the potential. 
However, as pointed out above, calculations of potential shapes with 
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reasonable assumptions about the interactions give curves very close in 
shape to (12-36), so that actual potential curves are not likely to differ 
greatly from it. Expression (12-38) also assumes that the excited 
vibrational states whose relative intensities are measured lie sufficiently 
close to the bottom of the potential for a harmonic-oscillator approxima¬ 
tion to apply. If this is not true, then the intensity ratios of successive 
excited states will not be constant, nor will a be constant. In one or two 
cases so far measured, such deviations seem to have been observed. 

The separation between the three levels in an individual vibrational 
state may be sufficient to produce slightly different values of the rotation- 
vibration constant a. For example, hide and Coles [604] report that in 
excited torsional vibrational states the 7 = 1^0 transition of CIESiHs 
splits into two lines representing slightly different values of a, and that 
the J = 1 <— 0, /C = 1 transitions split into three components, corre¬ 
sponding to expectations from Fig. 12-6 (see also [948a]). 

12-8. Hindered Torsional Motions in Asymmetric Rotors. Consider 
now the case where one of the two parts of the molecule with hindered 
torsional motion is not a symmetric rotor. Let the hindered motion 
involve rotation of the part which is a rigid symmetric rotor about its axis 
and with respect to a second part of the molecule which comprises a rigid 
asymmetric rotor. Also let the asymmetric rotor have a plane of sym¬ 
metry which irududes the axis of the symmetric rotor. Such a model is 
of course not completely general, but it includes a wide variety of interest¬ 
ing cases such as CH3CH, CH 3 NO 2 , CH 3 XH 2 , and CF3CH2CI. Our 
treatment will follow closely that of Hecht and Dennison [934a], which in 
turn relies heavily on a discussion by Burkhard and Dennison [561]. 

The kinetic energy due to rotation of such a molecule is 

T = + ^/2xi “ D<^,xi (12-39) 

where, as in Eq. (12-25), h is the principal moment of inertia of the 
entire molecule about an axis perpendicular to the plane of symmetry and 
to the axis of hindered motion which is the z direction, and ly is the 
moment of inertia about an axis perpendicular to x and z. The corre¬ 
sponding angular velocities are and oj^. Ii and 1 2 are the moments of 
inertia of the two parts of the molecule about the axis or z direction, 

Xi is the angle specifying the rotation of the asymmetric part about the 
axis and X 2 is the similar angle for the symmetric part. Since I\ is not 
necessarily a principal moment of inertia of the asymmetric rotor, the 
term —Dco^xi is needed in (12-39), where D is the product of inertia 

D = ^ rriiyiZi (12-40) 

X 

Here m,- is the mass of an atom of the asymmetric rotor and y,-, Zt the 
coordinates of this mass with respect to the center of gravity of the entire 
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molecule. No products of inertia involving the x axis occur in (12-39), 
because the yz plane is taken to be the plane of symmetry of the molecule 
so that these products of inertia are zero. 

Suitable rotations of axes and introduction of the variable a = xi “ X2 
as in (12-26) transform [934o] the Hamiltonian derived from (12-39) to 


"-[a 


+ 


y 


Ah ' an + D^)] 


{PI' + PI) 




ly I _ ly __ 


PI. 


+ 


l/'l_ h 

4 \h n + 


-I_p2 _|_ 

^ 2/2(/,/i - Z)2) Va -r VKC^) 


D 


{PI' - PI') cos 2 


/ 


a 


+ sin 2 


+ 


D 


2{Il + D^) 


{Py'Pz' + Pz'Py') COS 


(4-)-» 


(^)*« 


- {Pz’Pz' + Pz'Pz') sin 


“^(t) “ 



(12-41) 



where Px't Py', and P^' are components of the total angular momentum 
operator, pa is the momentum which is canonically conjugate to a or 


Xi ~ X2, / = f 1 + ^2, and 


/ 2 Y /2 v/j + 

l) lyl-IP 


The potential F(a) 


is assumed to have the form V{a) = (Fo/2)(l — cos na), where n is an 
integer. 

The part of the Hamiltonian indicated by (I) is identical in form with 
(12-276) for the completely symmetric hindered rotor and hence has 
solutions and energy values of the same type. In solutions of (12-41), 
however, the following quantities which occur in the symmetric-rotor 
cases will be replaced by their equivalents: 


^ is replaced by (^) 


- Z)2 


and 


I 2 vn + 

lyi - 


y 0 )' = ‘ 


+ Z)2 
Z)2 


Solutions of part (I) are 


1 


Z)2) 




(12-42a) 

(12-426) 

(12-42c) 


(12-43) 
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where x', <!>', and d' are Eulerian angles for the system corresponding 
to the transformed axes x', y’, and 2'. is a function of the form 

appiopriate to a particular value of K, a particular torsional- 
vibrational ciuantum number v, and a particular value of s. The quan¬ 
tum number s is defined as o- K{Ii/I)* in analogy with (12-35a). In 
the common case when the potential has three minima, s = 0, 1, or 2 
[c/. expression (12-356)]. The energies are given by 

= hB[J{J -f 1) - K^]+ hCK^ + lEJ”* (12-44) 
„here + 

p_h(l„+l ly \ 

Stt^ \iyi - /2 + U2j 

lYKvs ^ torsional or internal energy for the particular state desig¬ 
nated by the quantum numbers K, v, and s. 

The terms of the Hamiltonian (12-41) designated as (II) may be 
treated as perturbations of the solutions (12-43) for the symmetric case. 
Part (II) has no matrix elements diagonal in J, /v, y, s, and the off- 
diagonal elements are 


^^JKV 8 


hW{2K ± 1) VC-/ + A')(./ ± K -I- 1) 

lG7r2(/„2 + JJ-^) 

2w 

0 


(12-45) 


fJJ.K±2.v,s' = _ (jL_) 


■ViJ + K){j + K - !)(./ ± K -b !)(./ ± K + 2) 

c'(”'-^^'“EL.(a)E^-±2....'(a) da 

0 


(12-46) 


When the potential has three minima, FKvsioc) from (12-32) is a sum of 
terms of the type where j) is an integer. Hence the integral in 

(12-45) is different from zero only when 5' — s T I = and that in 
(12-46) is nonzero only when s' — 5 + 2 = 3p. Therefore, for 
K + ly s' — s = ± 1 or +2, and for /C—>/C±2, s'— s = ±2or+l 
(c/. [561]). These rules may also be expressed as As = A/C ± 3p, where 
p is an integer. 

In principle, energies W of all levels can be found from the secular 
equation of the determinantal form 

- o (12-47) 

where the matrix elements given by (12-44), (12-45), and 

(12-46). The symbol equals unity when K' == K, y' = v, and 

s' = Sj but otherwise it is zero. For such a calculation, however, the 
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functions Fkvb must be obtained and the integrals indicated in (12-45) 
and (12-46) carried out. This procedure is not practical except in indi¬ 
vidual cases, or when special conditions make simplifying approximations 
appropriate. However, before considering such approximations, we shall 
discuss the general nature of the solutions of the secular equation. 

When the hindering potential has three minima 


[7(0;) = ■jFo(l — cos 3a)] 


the levels for which /C = s ± 3p ± 1, where p is an integer, are always 
doubly degenerate. This degeneracy corresponds in the symmetric- 
rotor case to the degeneracy of the ±K states but is not removed by 


S=Z 




/ 


/ 


/ 


/ ( 2 ) 


( 6 ) 


\ ^ 
\ 


5=1 


( 2 ) 

\ 5 = 0 
( 2 ) 



5= 2 
( 2 ) 

/ 

■/= 1 , / 

^ 6 ) 

( 2 ) 

\ s = o 

( 2 ) ~ 






symmetric 

rigid rotor, 
very high 
borrier 


symmetric 
hindered rotor, 

intermediote 

barrier 


osymmetric 

hindered rotor, 

intermediote 

borrier, smoll 
osymmetry 


osymmetric 

hindered rotor, 
high barrier 


osymmetric 
hindered 
rotor, very 
high borrier 


Fio. 12-8. Behavior of energy levels of a hindered rotor with three potential minima 

and with various asymmetries and barrier heights. Numbers in parentheses under 

enerp levels represent the multiplicity of the level. (After Ivash and Dennison 
[8171.) 


asymmetry. However, for the states having K = s ± Zp, asymmetry 
does remove the K degeneracy and splits the two levels by an amount 
which increases with asymmetry and decreases rapidly with increasing 

values of K. The general behavior of these levels for various barrier 
heights and asymmetries is illustrated in Fig. 12-8. 

In the limit of a very high barrier, the molecule becomes a rigid asym¬ 
metric rotor. The energies become simply the energies of torsional 
oscillation in a single potential minimum, and the integrals in the matrix 
elements (12-45) and (12-46) both equal unity. 
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Whether or not a barrier is ''high” or "low” depends on the ratio 
of its height Vo to the kinetic energy associated with torsional momentum, 
or hence to the ratio 


where 





(12-48) 


For a barrier with V' > 200, the molecule may be treated as a rigid 
rotor for the lowest torsional-vibrational state. If V' < 100 the lowest 
torsional-vibratio!ial state will be appreciably split, and the rigid-rotor 
approximation is not accurate. When V' « 50, the lowest vibrational 
state is split by many megacycles and the third vibrational state lies 
near the top of the barrier. If V' is less than unity, the barrier is low 
enough for something like free rotation to exist in the lower torsional 
states. 

The High-harrier Case. Good approximations for the energies when 
V' > 50 have been worked out by Ilecht and Dennison [934o]. They 
obtain for the torsional or internal energy 
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(12-49) 


• « 


(12-50) 


and, for the ground vibrational state (v = 0), Ao is given to within a few 
per cent accuracy by 

Ao = 7.05(W)^ exp (-1.379 a/W) (12-51) 

A general expression for by use of the WKB approximation has also 
been obtained [934a]. The matrix elements (12-45) and (12-46) can be 
evaluated for the ground vibrational state of the high-barrier case from 
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the following values of the integrals which are involved: 







9 

8 






(12-52a) 


(12-526) 


These integrals are approximately independent of the value of s. Hecht 
and Dennison [034a] have given explicit expressions for the energies 
in the high-barrier case for states with J ~ \ and J = 2. 

Barriers of Intermediate Height, When the barrier is intermediate or 
loAv, that is, when To is not much greater than 11 ^ 1112/21 ^ the formulation 
and matrix elements discussed above may still be used. However, the 
approach of Burkhard and Dennison [561] may be advantageous in actual 
calculation of energy levels. They do not make the transformation of 
Eq. (12-39) required to eliminate the cross term Da>^xi but rather divide 
the Hamiltonian into two parts //o and //', where 


// = Ho + W 


{h + Iy)h - 

4/.(/,/i - D^) 


(PI + PI) + PI 

+ Pi + F(a) + H' 


(12-53) 


//o in this expression is identical in form with Eq. (12-276) for the com¬ 
pletely symmetric hindered rotor with the two equal moments of inertia 
replaced by 7^, where 


2/,(/,/i - D^) 

(7x + Iv)I\ — 7)2 


(12-54) 


Wave functions identical with Eq. (12-28) are therefore appropriate and 

matrix elements of 77 = 77o -f H' for these functions can be evaluated. 
They are 
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(12-56) 
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X V{r± K + 1)(J ±K+2) 1^ da (12-58) 


As for Eqs. (12-45) and (12-46), these matrix elements are nonzero only 
when AiS = A/v ± 3p, where p is an integer. Energy levels may be deter¬ 
mined from them by solution of a secular equation of the form (12-47), 
The previous treatment, which eliminated the cross term Dw^xi and 
gave (12-41), is of advantage in avoiding matrix elements between 
states of different vibrational quantum number v. These are especially 
troublesome only in the high-barrier case, where their elimination affords 
considerable simplification. 

The Low-barrier Case. When the barrier is very low, that is, when 

^2 

^0 — o/> / T r \* ' most appropriate starting point for approximations 

/ I \1 2) 


is free internal rotation. If Fo is assumed to equal zero, the part of the 
wave function for the internal motion, which is equivalent to (12-29), 
becomes 


Hence 


and 



+ wjn = 0 


Tl{ot) 



^±»[m,-A(/i//)»]a 


(12-59) 



2 \IjJ 




(12-60) 


To satisfy boundary conditions, as in (12-35£i), rui must be an integer. 
Fkv8{x) is just l/'\/27r where s + 3p = mi. It may be seen from 
(12-24) that mi is just the angular momentum in units of h of the asym¬ 
metric part of the molecule about the z' axis. From the similarity of 
the two parts of the molecule, mi — /C(/i//)* in (12-59) and (12-60) 
might have been replaced by m 2 — /C(/ 2 //)*, where m 2 ^ is the angular 
momentum of the symmetric part and mi -1- m 2 = K. The quantum 
numbers v and s may be replaced by the number mi or m 2 . The matrix 
elements (12-45) and (12-46) then become 
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VU + K){J + K - l)iJ ± K + 1){J ± /C + 2) (12-62) 


If the barrier is low, but not zero, then it may be considered a small 
perturbation. The largest effects of such a perturbation are to add a 
constant Fo/2 to W^, and to split pairs of levels which are close together 
and for which m differs by n, where n is the number of potential minima. 
This splitting is due to the existence of off-diagonal matrix elements of 


which are 


V(a) 



(1 — cos 7ia) 



(12-63) 


Matrix elements such as (12-63) are most important when there is a near 
degeneracy of the two levels which they connect. 

Other Cases. A number of other useful approximations can be obtained 
for various special cases. Wilson, Lin, and Lide [1,000a] have discussed 
the case of a hindered asymmetric rotor with the product of inertia D 
equal to zero. They use a similar but somewhat different approach 
from that adopted above and give useful approximations for cases of 
small asymmetry and of high and low barriers. 

Burkhard [782a] has formulated the rather general case of two asym¬ 
metric parts of a molecule with a potential hindering their relative motion, 
and with the sole limitation that the center of mass of one of these parts 
must lie on the axis of hindered rotation. He has written out the wave 
equation for this case and the matrix elements needed for a solution. 
Burkhard has also written down the wave equation and matrix elements 
for the still more general case of hindered rotation of two asymmetric 
parts with the center of gravity of neither part on the axis of rotation 
[908a]. However, this case is too unwieldy to be very useful unless sim¬ 
plifying approximations apply. 

12-9. Selection Rules. For hindered rotors, the usual selection rule 
AJ = 0, ±1 for the total angular momentum applies, as well as 

AM = 0, ± 1 

for the projection of J on a space-fixed axis. One other general rule 
can be stated for transitions of a hindered rotor of which one part is a 
symmetric top. It was pointed out in discussion of the matrix elements 
(12-45) and (12-46) that if the potential has three minima these matrix 
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elements connect only states for which 


A/C — As ± 3p 

where p is an integer. This rule breaks up the states into three types 
which may be divided as follows: 

K = s ±3p K = s ± 3p + I K = s ±3p - 1 (12-64) 

For a potential with n minima, the states may similarly be divided 
into n groups. There are also no electric dipole transitions between the 
different types of states specified by (12-64), so that one may write the 
selection rule AK = As ± 3p, or more generally 

AK = As ± np (12-65) 

where p is an integer and n is the number of potential minima. It 
should be noted that, if the rotor is asymmetric, it will involve a sum of 
symmetric-rotor states of various values of K so that K is not a well- 
defined quantity. However, from (12-64) a given state involves values 
of /C — s which differ only by ±3p, so that the selection rule (12-65) is 

meaningful. 

For the general asymmetric rotor, all transitions are allowed Avhich 
satisfy (12-65) and for which AJ = 0 or ± 1 and AM = 0 or ±1. How¬ 
ever, unless the rotor is very asymmetric, the stronger transitions are 
given by the somewhat more restrictive selection rules of a symmetric 

rotor, which will now be discussed. 

The electric dipole moment of a strictly symmetric rotor will always 
be parallel to the molecular axis. However, since we are also concerned 
with nearly symmetric tops, it will be assumed that the dipole moment 
may have a component perpendicular to the axis as well as one parallel 
to the axis. Selection rules are different for the two types of dipole 
moments, and intensities are in each case proportional to the square 

Table 12-7. Selection Rules for Symmetric or Nearly Symmetric 

Rotors with Hindered Rotation 

The rules AJ = 0, + 1 and AM = 0, ± 1 apply to all transitions. m.A is the angular 
momentum about the molecular axis of that part of the molecule which may have a 

dipole moment perpendicular to the axis. 
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of the component of the dipole moment involved. The selection rules 
are given in Table 12-7. The very-high-barrier case with the dipole 
moment parallel to the axis corresponds to the normal rigid symmetric 
rotor. In the case of free rotation with a dipole perpendicular to the 
axis, the angular momentum about the axis mji of only the as 3 'mmetric 
part of the molecule changes, since it alone would allow a perpendicular 
component of the dipole moment. 

12-10. Examples of Hindered Torsional Motion in Asymmetric Rotors. 
The case of hindered torsional motion which has received by far the most 
complete and detailed analysis is CH 3 OH. This is the molecule to which 
Koehler and Dennison [99] applied the symmetric-rotor approximation. 
However, little quantitative progress could be made until the advent of 
microwave spectroscopy allowed measurement of the CH 3 OH spectrum 
under high resolution. Burkhard and Dennison [561] first worked out 
the CH 3 OH hindered motion in detail, and quantitatively fitted the 
rather extensive microwave spectrum measured by Hughes, Good, and 
Coles [590] and by others. From this work the structure of CH 3 OH, 
the components of the dipole moment perpendicular and parallel to the 
CH 3 axis, and the barrier height listed in Table 12-6 was obtained. A 
similar but still more complete discussion of CH 3 OPI has been given by 
Ivash and Dennison [817]. 

The CH 3 OH lines of primary interest here make up an intense series 
beginning near 25,000 Me, extending to about 31,000 Me, and then 
returning toward lower frequencies. Thirty members of the series have 
been found. Stark effects of these lines show that the series corresponds 
to AJ = 0 transitions, that for the first line of the series / = 2, and that 
others involve successively higher values of J. The frequencies of the 
first dozen members of this series (for the common isotopic species of 
CH 3 OH) are fairly accurately given [561] by 

= 24,948.13 - 2.96567(7 + 1) + 0.1125872(7 -|- 1 )^ - 0.4094 

X 10-V3(7 + ly - 0.3168 X 10-«7^(7 + 1)^ Me (12-66) 

Burkhard and Dennison [561] showed that the only explanation of the 
origin of this series consistent with reasonable parameters for the CH3OH 
molecule is a transition of the type y = 0, AJ = 0, K = 2<—l,s = Q < 2 . 

The increase of rotational energy due to the transition K = 2 <— 1 is 
approximately 10 cm~‘, which is almost canceled by the decrease in 
internal energy of about 9 cm“* due to the transition 5 = 0 2 . The 

difference between these two quantities depends to some extent on 7 
which allows the series of lines for different values of 7. The lowest 
value of 7 for such a series equals, of course, the maximum value of 
K, which is 2 . This is in agreement with the results of Stark-effect 
measurements. 
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Ihe value of V' — ^^ 2 j/2I^l2 is approximately 13, so that 

the barrier is of intermediate height, and neither the high-barrier nor 
low-barrier approximations discussed above are accurate. Burkhard 

and Dennison [5G1] have, however, worked out approximate expressions 
for the torsional energy. 


An interesting example of a low barrier is afforded by CH3NO2, which 
has been studied by Tannenbaum, Johnson, Myers, and Gwinn [980]. 
CH3NO2 has a potential with 6 minima and a height of 4.2 cm-\ The 
(piantity AV/ 2 / 1/2 is approximatel 3 ^ 5.8 cm~^, so that V' = 0.72, and 
the low-barrier approximation is appropriate. Table 12-8 gives observed 
components of the J = 2 \ transition of this molecule and calculated 

freciuencies assuming either a zero barrier or a barrier of height Vo = 4.20 


Table i2-8. Structukb of the J = 2 ^ 1 Transition of CH3NO2, a 
Molecule with Hindered Torsion and a Low Barrier 
Frequencies are calculated assuming /y -f (' = It;, 4 I!). .8 — 0..82w2^ Me, 

B ~ C = 4,(>()(i.O Me. 

h/Siv^I\ = 13,277.5 Me, and /i/87r2/2 = 100,000 Me. (From Tannenbaum, Johnson, 
Myers, and Gwinn [080].) 


K 

till 

ni2 

Calculated froquoncio.«?, .Me 

Measured 

frequencies, 

Me 

To = 0 

Vo = 4.20 cm-' 

0 

0 

0 

30.010.7 

30.011.5 

30,035.0 

± 1 

±2 

+ I 

32,033.4 

32,034.1 

32,034.1 

±1 , 

0 

± 1 

33.042.5 

33,043 5 

33,043.5 

0 

+ 2 

+ 2 

32,050.8 

32,050.8 

32,050.2 

± 1 

+ 2 

±3 

33,174.4 

33.474.0 

33,470.5 

+1 

±2 

+ 3 

33,174.4 

31,076.2 

31.077.3 

± I 

±4 

+ 3 

32,401.0 

32,101.4 

32,180.7 

+ 1 

+ 4 

±3 

32,401 0 

33.080.8 

33,088.5 

0 

+ 4 

±4 

32,850.0 

32,850.0 

32.850.5 


cm“L Since NO 2 has no dipole moment perpendicular to the molecular 
axis, the torsional energy does not appear very directly in the transition 
frequencies, and hence the free-rotation approximation is fairly accurate. 
However, the potential does strongly affect the energy levels with 
m 2 = ±3 = ±n/2. These levels are split by an interaction of the type 
indicated by (12-63). 

In CH 3 NO 2 , the zero spin and Bose-Einstein statistics of O*® require 
that only levels with even mi are permitted. For, if two oxygens in the 
NO 2 group are interchanged, this is equivalent to a rotation about the 
axis of 180°, so that the wave function is changed by Since the O*® 

spins are zero and only a symmetric-spin wave function can be formed. 
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the spatial partial of the wave function must also be symmetric. This 
requires that — 1, or that mi is an even integer. 

The magnitude of Vo gives some interesting qualitative information 
about the nature of barriers in molecules with three potential minima. 
Consider the hypothetic molecule CH3NO, which would have three 
potential minima, with a potential of the general form 

F = ^ Fp cos 3pa (12-67) 

P 

Presumably the height of the barrier would be approximately the same 
as found in most molecules of this geometry, that is, Vi equals a few 
hundred wave numbers. If a second oxygen 180° away from the first 
is added to the molecule to produce CH3NO2, the potential is 

P = ^ Pp[cos 3pa + cos 3p(a + tt)] 

p 

= ^ 2 F 2 P cos 6pa (12-68) 

P 

Since experimentally 2 P 2 = 4.2 cm'^, we have a good indication that 
72 /Pi is only a few parts in 100; therefore, higher terms in a series such 
as (12-67) are probably not important. In view of this it is very sur¬ 
prising, however, that the 12-minima potential of CFaSFs is as large as is 
given in Table 12-6. 



CHAPTER 13 


SHAPES AND WIDTHS OF SPECTRAL LINES 


A truly isolated, undisturbed, and stationary molecular system would 
have the attractive feature of definite and fixed energy levels, but various 
types of unavoidable disturbances do in fact vary the energy levels, giv¬ 
ing a width to spectral lines and varying their average or center frequen¬ 
cies. The sources of spectral line broadening which need to be considered 
are: 


1. Natural line breadth 

2. Doppler effect 

3. Pressure broadening, z.c., disturbances due to interactions between 
molecules 

4. Saturation broadening 

5. Collisions between molctailes and the walls of a containing vessel. 


13-1. Natural Line Breadth. The natural line breadth may be inter¬ 
preted classically as due to radiation damping, or quantum-mechanically 
as a disturbance of the molecule by zero-point vibration of electromag¬ 
netic fields which are always present in free space. For a transition of 
frequency v from an excited state to the ground state of the system, zero- 
point electromagnetic fields give an absorption line a half width at half 
maximum intensity of 
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cycles/sec 


(13-1) 


where ju is the quantum-mechanical matrix element of the dipole moment 
—usually of the order of 1 debye unit, or 10“'^ esu. For radiation of 1 cm 
wavelength Av is, from Eq. (13-1), approximately 10~^ cycle/sec. For 
radio frequencies and ordinary temperatures, thermal radiation consists 
of stronger electromagnetic fields than the usual zero-point fields, since 
each mode of vibration of the field has a mean energy kT rather than 
This increases the value of Ay by a factor 2kT/hv, or approximately 
400 for room temperature, giving a ''natural’^ width of 4 X 10”^cycle/sec. 
This width is quite negligible in comparison with that caused by other 
types of broadening. 

The natural line breadth is often regarded as an unchangeable effect 
of disturbance of the system by electromagnetic fields, which are uni- 
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formly present in all space. However, in the radio-frequency range the 
zero-point electromagnetic fields need not be uniform because cavities or 
circuits may be as small as one wavelength. Thus in a cavity with 
perfectly reflecting walls only certain resonant frequencies can occur, and 
a particular frequency necessary to cause a particular microwave transi¬ 
tion may not occur. In this case no “spontaneous” emission of this 
frequency can occur, and the natural line breadth is zero. Similarly 
natural line breadths may be increased by the presence of resonant circuits 
which increase the local strength of zero-point electromagnetic vibrations. 

Radiation broadening is of importance for microwave spectroscopy 

when transitions between levels of excited electronic states are observed. 

Then the line width is large because it is proportional to rg, where uo is 

now the frequency of the transition to the ground electronic state. For 

instance, the 2p state of hydrogen, discussed in connection with the 

Lamb-Retherford experiment in Chap. 5, has a natural half width of 
50 Me. 

13-2. Doppler Effect. The Doppler effect occurs when a molecule is 
moving parallel to the direction of propagation of the radiation being 
absorbed, and gives a fretiuency shift of ± i^{v/vp), where r is the resonant 
frequency without Doppler shift, v the molecular velocity, and the 
velocity of phase propagation of the radiation. Although under Lme 
conditions may be larger than c (e.g., for propagation in a waveguide 
near cutoff), usually Vp » c, and the fractional frequency shifts are 
simply v/c. The probability that a molecule in a gas at temperature 7' 
has a velocity y in a particular direction is proportional to where 

m is the molecular mass. Hence the line intensity as a function of change 

e from the resonance frequency is e consequently 

symmetric and has a half width at half maximum of 


Ap 



2kT 


m 


= 3.581 XIO-’J 


T 

M 


' (13-2) 

where M is the molecular weight and No is Avogadro^s number. For 
an ammonia molecule at room temperature, Av/v = 1.5 x 10~® Dop- 
pier effect can be decreased to some extent by use of heavier molecules 
and lower temperatures, but a decrease in line width of more than a 
factor of 2 can hardly be expected because at low temperatures molecules 
have not sufficient vapor pressure (~ mm Hg) to absorb radiation 
A great decrease in Doppler width is obtained in some optical spectros¬ 
copy experiments by observing an atomic beam at right angles to its 

of modo,. 1238). This method i. not ,o e.e' to or t 

popular m microwave spectroscopy, but it has been used in two different 
ypes of microwave pectrometers [709], [925], [982], Newell and Dicke 
[622] have also developed a technique of selecting absorption only from 
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molecules in a certain narrow velocity range and thus decreasing the effect 
of Doppler broadening on the line width by a factor of 10 or more. 
Although these techniques sacrifice sensitivity to eliminate Doppler 
effect and obtain narrow lines, they should be useful for resolving very 
closely spaced lines in strong microwave spectra. 

13-3. Pressure Broadening. The most important source of broaden¬ 
ing in many microwave experiments is pressure broadening. It is also 
the most interesting because it provides information about how molecules 
behave in intermolecular collisions and hence about molecular force 
fields. This broadening arises from collisions between molecules. 

The spectral distribution of a molecular oscillation of finite lifetime 
was first considered by Lorentz [2]. For an oscillator whose amplitude 
decreases exponentially with time (a = the radiation distribu¬ 

tion corresponds to the well-known resonance-type curve with a half 
width in frecjuency of l/27rr. Exactly the same result is obtained for a 
group of oscillators, each of which oscillates with a constant amplitude 
but is abruptly stopped after time t, where the number oscillating for 
time t is given by Ut — The theory assumes that after a collision, 

when the oscillation is stopped, it starts again with a phase having no 
relationship to the phase before collision; f.e., ‘^strong” collisions are 
assumed. When applied to the case of rotating molecules, this assump¬ 
tion is efiuivalent to assuming that the orientation of the molecules after 
collision is random. 

A fairly complete qualitative description of pressure broadening in the 
microwave and radio-freciuency region can be obtained with the simple 
assumption that collisions are very brief, hut so strong that the behavior 
of the molecule after collision has no particular relationship to that 
before collision. We shall first explore the consequences of collisions 
of this type to obtain a general description of pressure broadening, and 
then return to examine in more detail what happens during a collision 
and the relation between pressure broadening and intermolecular forces. 

Debye ([12], Chap. 5) considered the case of the fixed dipole with no 
rotation or translation energy. After each collision the dipole is assumed 
to be not completely random in orientation, but oriented with respect to 
the electric field present at the moment in accordance with the Boltzmann 
distribution exp ( —E • yx/kT)^ where E is the electric field strength 
existing at the time, y is the dipole moment, and k and T are the Boltz¬ 
mann constant and the absolute temperature, respectively. If the field 
has oscillated many times before the molecule makes another collision, 
the dipole has no special orientation with respect to the field at the time 
of this next collision. During the next collision, however, it is again 
oriented with respect to the field present, again absorbing a small quan¬ 
tity of energy from the field during this orientation process. Such a 
process is repeated many times and thus absorbs energy although there 
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is no characteristic resonance peak. Debye calculated the theoretical 
expression for this type of absorption (cf. Van Vleck and Weisskopf 
[136] for some discussion and generaUzation). In this case, the absorp¬ 
tion per unit length is 


CO 4TrNfi^ cor 

c ~3kT I + coV2 


(13-3) 


where co is the angular frequency (2iru) of the incident radiation, r is 
the mean lifetime between collisions, N is the number of molecules per 
cubic centimeter, m is the dipole moment of a molecule, c is the velocity 
of light, k is the Boltzmann constant, and T is the absolute temperature. 

The Van Vleck-Weisskopf Line Shape, The Debye and Lorentz 
theories have been synthesized by Van Vleck and Weisskopf ([136]; see 
also H. Frohlich [154] for another derivation). Assuming that the mole¬ 
cule undergoes a violent collision the phase of its oscillation after such a 
collision will not be greatly dependent on its phase at the start of the 
collision. In this case there must be thermodynamic equilibrium 
between the molecule and the existing electric field immediately after 
each collision somewhat like the assumed ecjuilibrium distribution in the 
orientation of the fixed dipole mentioned above. Using this assumption 
rather than Lorentz’s assumption that the phase after a collision is 
arbitrary, an expression similar to Lorentz’s formula may be obtained 
which is consistent with the Debye case. 

Since the rotation of a molecule can always be resolved into two 
perpendicular vibrations, it is sufficient to consider a linear vibrator. 
To determine the absorption and the dielectric constant associated with a 
vibrating charge in a classical way, one needs only to solve the equation 
of motion of the oscillator in the field subject to the right boundary 
conditions. The equation is of the type 


X + cojx 


e_E 

m 


cos <jii 


(13-4) 


where wo = 27r times the natural molecular frequency 

o) = 27r times the frequency of oscillation of the field E 

Before solving Eq. (13-4) we shall show how the absorption and dielectric 

constant may be obtained from the solution for x. The dielectric con- 
stant is defined as usual 


K - ^ . P 

a: - = 1+ 4^ - (13.5) 

where P is the polarization per unit volume. After x has been averaged 
over all molecules, it will be of the form 


X aE cos (fit -j- hE sin w/ 


(13-6) 
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The real part of the polarization is P = naEe cos w/, so that 

K = I + 4ivnae (13-6a) 

where n is the number of such oscillators per unit volume. 

1 o obtain the fractional absorption of power per unit distance, con¬ 
sider a cube of unit volume with the radiation traveling through it 

perpendicular to one of the faces. The radiation absorbed during a time 
T will be 

n f e,tE cos dt 


The total radiation energy passing into the cube will be c{E‘^/S 7 r)l\ where 
c is the \'olocitv of light, so that the fractional absorption per unit distance 
or the absorption coefficient will be 


neE [ X cos cot dt 
Jo 

c(E\/~87r)T 

Remembering again the form of x and integrating over a long period of 
time the absorption coefficient is seen to be 


4Trnchco 

y = - 

c 


(13~7) 


We return to a solution of the ef|uation of motion. For ease of solu¬ 
tion we use a complex (luantity for cos cot in the eciuation of motion 
so that X will be the real part of the solution, which is of the form 


eEe’^^^ 

')n{coQ — co^) 


+ + C2e 


—10)0^ 


(13-8) 


where Ci and ci depend on the initial values of x and x. The average 
initial value of x and x can be found from the energy 


II = ~ (.r)^ + ^ (coqx)^ — exE cos cot 


thus 


Xo — 


and similarly 


dx dx _ Ee cos cot 


mcol 


xo = io = 0 


(13-9) 

(13-10) 

(13-11) 


For some time of interest t the constants C\ and C 2 will be functions of t\y 
the time of last collision of the molecule. We must average then over 
all values of ^i. The distribution of collisions in time can be written 
according to kinetic theory 


n{t\) = i dt 

T 


(13-12) 
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where r is the mean time between collisions, where n{t^) is the probability 
that a molecule which made a collision at time ti will make another at 
time t. Our expression for x must be averaged over this distribution. 
After performing the average one can find the in-phase and the quadra¬ 
ture terms of the real part of x to be 


a — 


w(u)^ 


0 


1 - 


0,2) 

CO 


2co5r 


COo + CO 


+ 


CJ — COo 


h = 


eco 


2mcoor 


‘>,.2-2 ' (l/,-)2 -j- (ojo + co )2 

1 1 


+ 


(l/r)2 + (coo - co)2 • (l/r)2 -H (coo + co)^ 


Correspondingly, from Ecj. (13-6a) the dielectric constant is 


K + 


ne 


7r7n{pl — 


1 - 


2pl{27rTy 


Vo + V 


+ 


L(l/27r7)2 -|- (t/0 — v^ 

V — Vo 


(l/27rr)2 {vo + vy_ 


and the absorption coefficient from Eq. (13-7) is 


(13-13) 

(13-14) 


(13-15) 



7ie2|;2 l/27rr l/27rr 

'f^cvl (p — Po)- -f (l/27rr)2 (*; + pq)'^ -f- (]/27rr)2 


cm~i (13-16) 


This is the complete expression for a classical oscillator. They must be 
modified to some extent, however, for the (luantum-mechanical case. 
In such e(iuations it is found that c^/m in a classical expression corre¬ 
sponds to (87r2/3/i)|yi,7|2t/o in the corresponding (luantum-mechanical 
expression. This may be seen by comparing Eq. (19) on p. 38 with 
Eq. (19) on p. 180 of Heitler's The Quantum Theory of Radiation [936]. 
Here ya is the matrix element of the dipole moment, or may be called the 
dipole moment for the transition from state i to state These substitu¬ 
tions give the proper transition to the ciuantum-mechanical expression. 
It should be noted that is an average of the square of the matrix 
element for a transition from the lower state i to the upper stated. It is 
defined, as in Eq. (1-7G), by 


= 2 \n.{JMJ'M')\'^ + \n,{JMJ'M')Y + \y^.{JMJ>M')\'^ 

AI' 


W© hftv© Assumed so fAr tliAt^ oscillAtors Arc Absorbing energy only And 
not emitting energy. From the quantum-mechanical viewpoint there 
must be o.scillators in the upper state of the transition as well as those 
m the lower state, and it can be shown that the electromagnetic field 
induces the oscillators in the upper state to emit with the same probability 
that the oscillators in the lower state absorb. Our net absorption is then 
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proportional to the difference in the number of oscillators in the upper 
and lower state, which is 


An = (1 - (13-17) 

where n is the number of molecules per unit volume in the lower state. 

In the radio-frequency region « kT, so that this can be well approxi¬ 
mated by 

A ^^*^0 

(13-18) 


In addition to these two states there may be many other molecular 
states which are occupied by molecules of our material. We may repre- 
seiit b}^ / the traction of the total which is in the lower of the two states 
of inteiest, so that n in the above eciuations may be replaced by vV/, where 

N is the total number of molecules per unit volume. Making this substi¬ 
tution we obtain the final expression 


y = 


SttW/ 


y-ij 


o o 


1/2 


TTT 


+ 


1 /27rr 


(y - + (l /27rr)“’ (u -h -f- (1 /27rr)2 


cm-» (13-19) 


this can be shown to reduce to the Debye case when uo is 0, for then y 
becomes 

Sir.Vffx- w'-T , 

y = 1 ^-ii— cm ^ (13-20) 


3c^7’ 1 -t- a^V- 


In that case also / = i and 


47r/V^t“ ojV 

~^r i +“cuV 


cm ‘ 


(13-21) 


which is identical with 


expression (13-3) derived directly from the Debye 


theory. 

At low pressures (i.e., where l/27rr « Po)y the first term in Eq. (13-19) 
is the predominant one. The intensity at the line center is then pro¬ 
portional to N, where N is the number of molecules per unit volume and 
T is the mean time between molecular collisions. But the time between 
collisions is inversely proportional to the pressure, so that N is inde¬ 
pendent of pressure. Thus the intensity at the peak of a microwave line 
is independent of pressure over a wider range of pressures. Moreover 
the line width is proportional to l/27rr, and therefore to the pressure. 

The first term of Eq. (13-19) was given in Chap. 1 without proof as 
Eq. (1-49). It is the most commonly used expression because it does 
fit the observed microwave line intensities and widths well at low and 
medium pressures. Karplus and Schwinger [297] have given a quantum- 
mechanical derivation of the Van Vleck-Weisskopf formula for the shape 
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and intensity of a microwave spectral line. The assumptions are the 
same, i.e.^ collisions so strong that the Boltzmann energy distribution is 
restored after each collision, and that the duration of a collision is short 
enough that the field does not change appreciably during the collision. 
It is not necessary that Av be less than and the theory would appear 
to apply even at quite high pressures. 

Van Vleck and Margenau [424] have also examined the Van Vleck- 
Weisskopf theory. They evaluated separately the work done between 
collisions and that done impulsively by sudden changes of position of the 
molecule in the electric field at collisions. 

The dielectric constant K and absorption coefficient y are both given 
for a particular line shape by (13-15) and (13-16). There are general 
relations between the dielectric constant and absorption coefficient for 
any system [8a], [135a], of which these equations are a special case. The 
general expressions are known as the Kramers-Kronig relations, and may 
be written 



13-4. Absolute or Integrated Line Intensity. The Van Vleck-Weiss- 
kopf equation (13-19) in the region of yo can be approximated 



SttW/ I |2 2 

SckT (p - voy + (Ai.)-^ 


(13-22) 


if Ap « pQ. This is the form of a typical resonance absorption of half 
width A*' = l/ 27 rr. If one integrates over the absorption line, assuming 
Ap « j/Q, the integral jy dp becomes 

(13-23) 


which is often called the absolute or integrated line intensity. 

The approximation Av <^pq is good in the infrared and optical regions, 
but not always good in the microwave region. In fact, sometimes 
Ai^ > pq at high pressures. Absolute or integrated line intensity may be 
more appropriately defined as 



It may be noted that the first term of the expression in brackets in Eq. 
(13-19) corresponds to a resonant absorption at frequency j/q, and the 
second term to a resonant absorption at frequency — j/q. Integrating 
the sum of the two terms from 0 to oo is equivalent to integrating either 
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one from — co to + cc . Hence 


00 




00 


0 
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3ckT 


l/^u 


1/2 


TTT 


— 00 + (l/27rr)^ 


, SttW/, „ 


This is independent of r and hence of the line width Av. The invariance 
of the absolute intensity with perturbations such as collisions is connected 
with the principle of “spectroscopic stability.” This principle is usually 
applied to a spectroscopic line split by Zeeman, Stark, or other effects 
into a line structure. It states that the sum of intensities of all fine- 
structure components of a line is ecpial to the intensity of the unsplit 
line which would occur if the cause of fine structure were removed, or if 
the fine structure were not resolved. 

13-5. Comparison of the Van Vleck-Weisskopf Line Shape with Experi¬ 
ment. The following general features of collision or pressure broadening 
have been demonstrated from microwave measurements and are predicted 
from the Van Vleck-Weisskopf theoretical shape [Eq. (13-19)]. 

1. The half width At/ is proportional to pressure over a wide range of 
low pressures. 

2. 1 he peak absorption intensity is independent of pressure over a wide 
range of low pressures. 

3. J he apparent resonant freciuency Po is constant over a wide range 
of low pressures. 

4. At low pressure the line shape is fitted very accurately by a simple 
resonant expression. 

5. At moderate pressures (1 atm) the absorption-line shape is very 
asymmetric and given ((ualitatively by K(i. (13-19). 

6. At high frecpiencies (p » pq) the absorption is constant and has the 
value 


7 

3cA’7V 


(13-25) 


The theoretical line shapes for several values of Ap are shown in Fig. 13-1. 
It should be noted that properties 1 to 4 are characteristic of impact 
theories in general, and only 5 and 6 distinguish the Van Adeck-Weisskopf 
formulation. 

The observed shape of a line in the inversion spectrum of ammonia is 
compared at pressures near 1 mm Pig with a Lorentz resonance line 
shape in Fig. 13-2. The A^an Adeck-AVeisskopf line shape reduces to this 
Lorentz shape at these low pressures, since A*/ « pq. 

At a pressure of 0.27 mm, the fit is good. When the pressure is raised 
to 0.83 mm, both the frequency and the intensity of the peak absorption 
remain unchanged, as predicted, and the line shape fits the theory, except 
on the low-frequency side where there is overlapping with the edge of a 
neighboring line [172]. Bleaney and Penrose [180] have shown that Ap/p 



SHAPES AND WIDTHS OF SPECTRAL LINES 


345 


is a constant from 0.5 mm up to 10 cm pressure while others have shown 
that this holds down to about 10~^ mm Hg. Below this pressure other 
causes of broadening become important. 

A more complete test of theoretical line shapes and discrimination 
between the Lorentz shape and its modification by Van Vleck and Weiss- 
kopf must be made at higher pressures. Only when the lines are so broad 



V 


Fig. 13-1. Theoretical shape of pressure-broadened line. (After Van Vleck and 
Weisskopf [136].) 
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Fig. 13-2. Effect of pressure broadening on the NHg 3,3 absorption line. (From 
Townes [172].) 

that Ax is comparable with xo do the effects of the x^ factor and the 
“negative frequency resonance” term in (13-19) become apparent. The 
shape of a microwave line between 15,000 and 35,000 Me for water vapor 
in air is compared in Fig. 13-3 vfith theoretical line shapes. Here 
Ax « xo, and it is evident that the Van Vleck-Weisskopf line shape is 




346 


MICHOWAVE SPECTROSCOPY 


different from the Lorentz theory and more nearly correct. However 
there is a deviation from the Van \'leck-Weisskopf line shape on the 
high-freciuency side of the water line. 



Fig. 13-3. Absorption by water vapor in air (10 g of 1I..O per cubic meter). {From 
Becker and Autlcr (1371.) 



Fig. 13-4. Absorption in NII 3 at 1 atm pressure. {From Bleaney and Loubser (439) 
and Nethercoi, Klein, Lonbser, and Townes (734).) 

The microwave spectrum of ammonia at a pressure of 1 atm is shown 
in Fig. 13-4 [439], [734]. Since at this pressure the width of any one line 
is considerably greater than the over-all spacing of the individual lines, 
the spectrum should fit a Van Vleck-Weisskopf curve fairly well with a 
single value of uo and of Ap = l/27rr. Qualitatively the spectrum does 
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have the predicted shape. In particular the flat *‘tail,” or region of 
constant absorption at high frequencies, is observed. However, a close 
comparison shows many deviations from the Van Vleck-Weisskopf line 
shape. If the line shape is fitted near the peak of the line, the theo¬ 
retically expected absorption in the flat region should be considerably 
larger than the observed value. Birnbaum and Maryott [780] have 
sho\vn that at pressures of 5 to 30 cm of Hg, the low-frequency tail of the 
ammonia absorption is about 40 per cent larger than that given by the 
Van Vleck-Weisskopf shape. Too large an observed intensity is, of 
course, necessary on the low-frequency side of the line to compensate for 
too small an intensity on the high-frequency side if the integrated inten¬ 
sity (13-24) is to remain constant. Furthermore, the magnitude of 
used for the theoretical fit in Fig. 13-4 is only 14,000 Me, whereas from 
measurements of line widths at lower pressures, and assuming Lv/p is con¬ 
stant, it would be expected to be 22,000 Me. The fact that Ai^/p is less 
at atmospheric pressure than at low pressure indicates that collisions of 
more than two molecules at a time have become important, a circum¬ 
stance not allowed for by Van Vleck and Weisskopf. 

Still another complication is that the best fits of the experimental 
absorption curves to the Van Vleck-Weisskopf shape require a decrease 
in 1^0 with pressures as high as 1 atm. At 2 atm pressure and higher, vq 
must be taken as zero [255], [321], [338], For ND 3 , which has a lower 
inversion frequency than NH3, the shift in vq has been found [779] to 
occur at a proportionally lower pressure. This is in accord with the 
theory of Margenau [394] and Anderson [341]. They show that when the 
average energy of interaction between molecules is comparable with the in¬ 
version energy, the wave functions are sufficiently disturbed to shift the 
microwave absorption to lower frequencies. Such effects should occur 
for all gases of sufficient density, since the microwave absorption must 
approach that given by Debye (13-20) for the liquid state. The density 
at which such shifts occur can be expected to depend on the strength of 
the intermolecular interactions and to be approximately proportional to 
the frequency of the microwave transition. 

13-6. Pressure Broadening and Intermolecular Forces, Even if a 
Lorentz-type theory were developed which fits the line shapes exactly, 
it would still not be completely satisfactory because the quantity Av or 
Av/p is taken as an empirical parameter. A more complete theory 
should evaluate Av in terms of intermolecular forces or some known 
molecular properties. One might expect that the time between collisions, 
r, and hence Av could be obtained from classical kinetic theory and 
measurements of collision diameters from viscosity or from van der Waals' 
equation of state. However, observed line widths are in most cases 
greater than those obtained by such methods, so that collision diameters 
for broadening of microwave lines are sometimes several times larger 
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than diameters calculated from kinetic theory (see table of values in 
[4/3]) Ihis may be expected since kinetic-theory diameters are deter¬ 
mined by the requirement that molecules come close enough for inter- 
molecular forces to cause a transfer of most of the kinetic energy kT. 
Microwave lines on the other hand are disturbed by more distant col- 
lisions which transfer considerably less energy since hv <3C kT. 

A complete treatment of pressure broadening and evaluation of Ar 
IS so complex that a variety of different types of treatments and approxi¬ 
mations have been developed to account for the Avide range of phenomena 
encountered. Some approximations are suitable in the optical and infra¬ 
red regions, others in the microAvave region. 

One is forced into making simplifying assumptions and approximations. 
Plowever, no one approximate theory can be used for the Avide range of 
phenomena encountered. Many of the earlier theories use approxima¬ 
tions which are appropriate for optical and infrared frequencies, but not 
for the very different microAvave frequencies. In addition some theories 
are nicely applicable to some types of intermolecular forces but must 
give Avay to other approximations for other types of forces. 

All intermolecular forces are usually called van der Waals forces. This 


name includes a number of short-range interactions [93] Avhich depend 
in various Avays on the relative angles of orientation of the tAvo interacting 
molecules and the distance v betAA^een them. The most important types 
are listed in table 13-1. ^ ote that each different type of force depends 

on the distance in a different Avay except types 4, 5, and G Avhich are 
vaiiations on the same basic type ot interaction betAA'een a dipole and 
induced dipole. hen the longer-rangc forces (dependent on loAA'er 
inverse poAvers of r) are present they are generally more important than 
the shorter-range forces in producing collisions simply because of the 
larger radius of effectiveness. For this reason it is often possible to 
attribute the major responsibility for pressure broadening to one or tAVo 
types of interaction rather than all types AA'hich are knoAvn to be present. 
One of the reasons for studying pressure broadening is the information 
about the occurrence and relative importance of the various types of van 
der Waals forces Avhich may be obtained. 

13-7. Comparison of Methods of Treating Pressure Broadening. The 
pressure-broadening problem can be formulated in general terms Avithout 
approximations. In arriving at useful numerical results, hoAvever, simpli¬ 
fying approximations must ahvays be introduced. Jablonski [130a], [161] 
has pointed out that an entire volume of gas may be considered as one 
system Avith bands of energy levels betAA'een Avhich transitions occur. 
Interactions betAveen molecules are just part of the Hamiltonian of the 
complete system whose energy levels need to be determined. The mathe¬ 
matical difficulty of obtaining energy levels and transition intensities 
of the entire collection of molecules treated as one system is so great, 
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Table 13-1, Types of van deh Waals Forces Important to 

Pressure Broadening 



2. Quadrupole-dipole. r-* Dipole and quadrupole fixed 

in orientation 

3. Quadrupole-quadrupole. . . . Interaction between two 

quadrupoles 

4. Keesom alignment. /■'« Two dipoles not fixed in 

orientation. One dipole in¬ 
duces an alignment of the 
other and hence a second- 

I 

order dipole-dipole interac¬ 
tion 

5. Dipole-induced dipole. r ® Molecular dipole which per¬ 

turbs electronic wave func¬ 
tion of second molecule thus 
inducing and interacting with 
a dipole moment. Same as 
type 4 but induced dipole due 
to perturbation of electron 
state 

6. London dispersion. r ® Electrons in molecule or atom 

inducing electronic dipole 
moment. Same as type 4 
but both dipoles due to elec¬ 
tronic motions rather than 
being fixed molecular dipoles 

7. Quadrupole—induced dipole . r~^ Dipole moment of first mole¬ 

cule induces dipole moment 
in second molecule which 
reacts back on quadrupole 
moment of first molecule 

8. Exchange forces. Exponential or very Strong, usually repulsive, 

high power of 1/r forces due to direct interac¬ 

tion of electronic distribu¬ 
tions in two molecules 


however, that his approach has been used only in approximations which 
give essentially the same results obtained by the Kuhn-London statis¬ 
tical theory discussed below. 

All other treatments of pressure broadening can be classified as collision 
or statistical theories. Collision theories assume that, during most of 
the time a molecule is sufficiently far from other molecules, it may be 
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oonsidered free. Occasionally it comes close enough to one or more other 
molecules for the intermolecular fields to perturb its energy levels appreci¬ 
ably. After collision the molecule may be in the same state as before 
the encounter, with only a change in phase of its wave function, or a 
transition to another state ma 3 '' have been induced by the collision. Both 
types of collision contribute to pressure broadening. Collision theories 
usually assume that the radiation takes place only while the molecule is 
undisturbed by intermolecular interactions, the collisions being so brief 
and infrequent that they serve only to interrupt or change the phase of the 
normal process of radiation. Statistical theories, on the other hand, 
consider that molecules are always under the influence of intermolecular 
interactions, even though these may be weak, and that the frequency 
radiated depends on the amount of interaction occurring during radia¬ 
tion, The intensity emitted at a particular freciuency v depends simply 
on the probability that a molecule is perturbed by other molecules just 
the correct amount to make its frequency v. Statistical theories hence 
always involve finding the probabilities of molecules being within a range 
R and R + A/? apart with various possible angles of orientation and 
hence of their levels being perturbed by various amounts. Collision 
theories, on the other hand, recpiire calculation of the probability of 
various types of collisions, the changes in molecular states which occur 
during these collisions, and a Foui’ier analysis of the molecular radiation 
which has intermittent disturbances due to collisions. 

Either the collision or statistical approach can give fairly complete 
and accurate theories i-f they are developed sufficiently far. Plowever, 
collision theories usually neglect radiation during a collision and hence 
become poor approximations at pressures of a few atmospheres where 
molecules are always close together and collisions are freciuent. Statis¬ 
tical theories cannot very well take into account the changes of interac¬ 
tions with time due to molecular motion and hence are good only when 
molecular velocities are so low that the rate of change of intermolecular 
interactions may be neglected. We shall see below that this limitation 
prevents the statistical approach from being very accurate in the micro- 
wave range, although it can be used as a guide and rough approximation. 

Let us examine now the effect of collisions on microwave radiation, 
assuming that pressures are low enough so that only collisions between 
two molecules are important. Using classical language, assume the first 
molecule is oscillating or rotating so that it radiates a frequency of 
interest and that it collides with a second molecule. During the col¬ 
lision its oscillation is somewhat modified in frequency because of the 
interaction, but if the oscillation continues without loss in energy, the 
molecule emerges from the collision oscillating as before, but with a 
change in phase due to the changes in frequency during the collision. 
Such a collision is called adiabatic since no energy has been lost from the 
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oscillation of interest during collision. The radiated wave is as intense 
as before the collision, but new frequencies have been introduced because 
the change in phase due to the collision can be represented as a Fourier 
distribution of frequencies. Quantum-mechanically, this change of fre¬ 
quency during collision corresponds to a change in energy separation 
between the ground and excited states due to intermolecular interactions, 
and the change in phase is a change in relative phases of the ground and 
excited-state wave functions. The molecule could also appreciably 
change its energy of oscillation during collision, ^.c., make a transition 
from the excited to the ground state as a result of the collision or vice 
versa. Such a collision is diahatic.* In this case the radiation emitted, 
if any, after collision will have no particular relation to that emitted 
before the disturbance. 

In order for a change in phase as large as 1 radian to occur during an 
adiabatic collision, 

27re< >1 or « > ~ (13-2G) 


where e is an average change in fre(|uency during the collision and t is the 
duration of the collision. A rough measure of e from the energy of the 
interaction W is 



(13-27) 


The time of collision is given approximately by 


t = - (13-28) 

where R is the distance between molecules re(iuired to produce an appreci¬ 
able interaction, and v is the thermal velocity of the molecule. Since 
R is a few angstroms and v near 10^ cm/sec, t is approximately 10~‘^ sec. 
Hence l/27r/ is greater than any microwave frequency p, and from (13-26), 
(13-27), and (13-28), 

W > hp (13-29) 

This shows that the energy of interaction required to give an appreciable 
change in phase during collision is greater than enough to cause a transi¬ 
tion between the ground and excited states. Furthermore this energy 
fluctuates in a time short compared with the period of oscillation l/i/, and 
hence the fluctuation has frequency components which can easily pro¬ 
duce transitions. Another requirement for transitions to occur is that 
the kinetic energy of the molecules be sufficiently high to provide the 

* Adiabatic means without a transfer of energy. To describe the case where energy 

IS transferred we use diabatic rather than the more usual but clumsy double negative 
nonadiabatic. 
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necessary energy, or 


kT > hv 


(13-30) 


This condition is, of course, fulfilled for microwave frequencies. For 
these reasons, adiabatic collisions which have an appreciable effect in 
broadening a microwave line are rather rare; transitions occur in almost 
all significant collisions. That this is true can be shown from experi¬ 
mental measurements of saturation discussed below, as well as from 
comparison of observed line shapes with those predicted by various 
theories. 


When energy levels are so far separated that transitions occur in the 
infi-ai'ed or optical region, the situation is very different. There \/t is 
greater than the radiated frecpiency v\ and hence for a change of phase 
of appioximately 1 radian 

IF < hv' (13-31) 


In addition the interactions fluctuate too slowly to excite frequencies 
as high as those of interest, and the kinetic energy is usually insufficient 
to cause these higher-fiequency transitions {kT < hv'). Thus, in con¬ 
trast to the microwave region, adiabatic collisions are the common type 
of importance to pressure l)roadening of optical or infrared lines. It is 
for this reason that most of the early theories of pressure broadening, 
which were developed for the optical and infrared region, are not very 
good when applied to pressure l)roadening of microwave lines. Further¬ 
more, such theories can be expected to be inadequate whenever fine 
structure is resolved which is so small that diabatic collisions producing 
transitions between the fine structure levels commonly occur. 


Since statistical theories of pressure broadening have not been devel¬ 
oped to take into account the variations of intermoleciilar interactions 
with time, they suffer the same difficulty as collision theories which 
allow only adiabatic collisions. In fact the two can be shown to be 
equivalent for slow collisions or for frequencies far removed from the line 
center [104], [472], [494]. However, these types of approximations are in 
some cases simpler than a theory of diabatic collisions, which should be 
more accurate for microwave lines, and hence are still of value. 

The statistical method was introduced by Kuhn and London [50], [51] 
in a very simple form. Let the transition frequency be vq and its change 
due to intermolecular interactions be of the form 


. - .0 = ^ ( 13 - 32 ) 

where B and n are constants and r is the distance between two molecules. 
If only two molecules are considered, the probability that the inter¬ 
molecular distance will lie between r and r + dr is 

dP = At^ dr 


(13-33) 
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where ^ is a constant. Then the fraction of the radiation intensity with 
frequency between v and v + dv is, from (13-32) and (13-33), 



^53/n 


n{v — 


(13-34) 


This simple form of the statistical theoiy gives an infinite relative 
intensity at = pq because there is an infinite probability of two mole¬ 
cules being separated by an infinite distance. Finite molecular densities 
must be taken into account to remove this divergence. In addition, 
expression (13-34) gives a shift of frequency only to one side of the 
resonance frequency and hence a very as 3 mimetric line. Such asym¬ 
metric lines are observed in some optical spectra, but this type of asym¬ 
metry never occurs in the microwave region because of the prominence 
of diabatic collisions. However, the tail of a microwave line can be 
approximately fitted by an expression of the type (13-34). The tail is 
sometimes fitted to the tail of a resonance-shaped curve, and from this a 
half width of the resonance can be obtained. 

Margenau has given a much more sophisticated statistical theory of 

the pressure broadening of the ammonia inversion spectrum [393] in 

case collisions between more than two molecules are negligible. The 

energy of interaction of the dipole moments of two symmetric tons is 
[82] 


V(JKJ'K'\) 


KK' 


J{J -h + 1) 


€X 


(13-35) 


where J, K and J', K' are the quantum numbers of the two molecules, 
each of which has a dipole moment fx. X is an index replacing the indi¬ 
vidual M's of the molecules, which are not good quantum numbers 
during close approaches because the separate angular momenta about 
the intermolecular axis are not conserved. €x is a numerical factor for 

each X state. The frequency of the line absorbed by one of the molecules 
(J,K) is then 


p 



(13-36) 


where vo is the unperturbed resonance frequency and 

p _ KK' 

~ h 7(7 -f -h ]) (13-37) 

In passing from one inversion state to the other the dipole changes its 

orientation so that the system of two molecules changes from state X 

to state V. By averaging over all possible types of collisions, or hence 

oyer all X, X', K', and J', and using the same basic statistical approach 
discussed above, Margenau obtains 



Mc/mm Hg at 20°C 


(13-38) 
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where Av is the half width of the line at half maximum intensity and p 
is the pressure in millimeters of mercury. This theory gives line widths 
of the right order of magnitude and varying in roughly the right way 
with K and J, as shown by the comparison with experimental line widths 
in Table 13-3 (page 362). However, a systematic deviation between the 
theoretical and experimental results can be seen in this table. 

Collision theories for the optical and infrared region have been given 
by Lindholm [131] and Foley [153]. They consider the phase shifts 
produced during collisions, and assume that diabatic collisions are unim¬ 
portant, so that their approximations are not good for pressure broaden¬ 
ing of microwave lines, although they apply well in the higher-frequency 
infrared and optical regions. This type of theory considers the approach 
of a perturbing molecule during a collision to change the energies of both 
ground and excited states of the emitting molecule, the difference between 
their changes being W{t). This changes the frequency of the emitting 
molecule by W{t)/h, and if the change in freciuency persists for a time di, 
there is a phase change of [27rW{t)/h] dt over what would have occurred 
for normal oscillation without a collision. The total phase shift due to 
the collision may be obtained by integrating over the duration of the 
collision as 

P, = 2^ J” - (13-3!)) 

The straight-line paths of the colliding molecules are assumed to be 
unaffected by the collision. 

Pi is a function of the impact parameter b (distance of closest ap¬ 
proach), being large when b is small. If b is so small that the phase shift 
is very large, then the phase after collision has no very close connection 
with that before collision, and the collision can be considered strong, pro¬ 
ducing a complete and arbitrary interruption of the emitted wave train. 
Weisskopf, who originated this type of calculation [44], assumes that a 
phase shift larger than 1 radian is equivalent to a complete interruption 
of the radiation, and obtains an approximate collision diameter as the 
value of b for this particular phase shift, considering a collision to occur 
only for b less than this value. 

The strong collisions, giving large phase shifts, produce a symmetrical 
line broadening of the Lorentz type with no shift in the central frequency. 
By taking into account the phase shifts produced by all types of col¬ 
lisions, including the weaker ones, and making a Fourier analysis of t e 
resulting wave trains, Foley and Lindholm showed, however, that ^ 
is often an appreciable shift of the central line frequency due to phase 
shifts during collisions. Thus if W{t)/h corresponds to a decrease in 
frequency during a distant collision, the line will be both broadene an 
shifted slightly to lower frequencies by the distant or weak co isions. 
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These distant collisions are much less important than closer collisions 
if the potential drops off very rapidly with r, that is, when V = B/r^\ if 
n is large. The phase-shift approximation therefore gives an absorption 
line of the form 


^ _ A _ 

^ (t' — I'o it o -h 


(13-40) 


where the change in the center of the line a Av is proportional to the line 
width and dependent on the force law as shown in Table 13-2. When 
n is 3, no frequency shift is observed because only “ resonanttype inter¬ 
actions give n = 3 (c/. Table 13-1), and they give a symmetrical splitting 
of energy levels. Although this type of frequency shift is often observed 
in infrared or optical spectra, no such freciuency shifts have yet been 
found in the microwave region. They are in most cases certainly less 
than 0.05 Av. This is because adiabatic collisions are of little importance 
in broadening microwave lines. However, some collisions of this type 
occur, and they undoubtedly produce small frequency shifts which may 
be found with refined techniciues. 


Table lS-2. Hatio a ov Shift in Frequency to Line Breadth Ap on 

Phase-.shift Theory 

Potontial of interaction of two niolcculcs is assumed to be of the form V = B/r^ 


n 

3 

4 

5 

1 

G 

7 

00 

a 

0 

0.8(U> 

0.500 

0.3G3 

0.289 

0 

1 

1 


13-8. Impact Theory - Anderson’s Treatment. Anderson has given a 
more complete treatment of pressure broadening of the collision type 
which allows adequately for diabatic collisions, z.e., those which induce 
transitions [342], [343]. Where the computations involved are not too 
complex, Anderson’s theory may be very satisfactorily applied to pres¬ 
sure broadening in the microwave region. In some cases this approach, 
combined with experimental measurements, can be used to determine 
the magnitude of certain intermolecular interactions. However, there 
are always minor contributions to collision effects which involve compu¬ 
tations that are prohibitively complex, and in many cases even the major 
sources of pressure broadening still involve such difficulties. 

Anderson makes some assumptions usual to collision theories; 

1. Colliding molecules follow definite classical paths. In very close 
collisions this is a poor assumption, but the errors introduced are unim¬ 
portant since any path giving a close collision involves complete interrup¬ 
tion of the radiation, and details of the path are unnecessary. Collisions 
near the limit of the effective collision radius are the ones which must be 
accurately treated, and the quantum-mechanical wave packet for each 
molecule may in almost all cases be considered sufficiently small compared 
with this distance to make the classical path a very good approximation. 
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2. The duration of a collision is small compared with the time betw^een 
collisions. This is always true at sufficiently low pressures, and is true 
for most molecules if the pressure is below about 1 atm. 

A line shape similar to that of Van Vleck and Weisskopf is obtained, but 
with the possibility^ of a shift in the central frequency, 



SttW/i 

3ckf " 


Au 

— uo — (I 



_ _ A;/ _ 

{p Po -h o, A*/)2 + {ApY 


(13-41) 


However, the frequency change a Av is not so prominent as in the phase- 
shift theory or (13-40), and is usually negligible for microwave lines. 

The number of collisions per second is given by iVt'o- 2 , where 0-2 is an 
effective cross section, v the molecular velocity, and N the number of 
molecules per unit volume. Hence 



(13-42) 


Similarly, the fre(iuency shift is 


AT 

« A. = ^ <r, 


(13-43) 


wliero (Ti is tho pffoclivc fro.ss .section for fre(inency .shifts. These cross 
sections may Ire written 


L 


(Ib 


(13-44) 


where b is the impact parameter, or distance of closest approach of the 
molecules, so that 2irb db is proportional to the probability of a collision 
with impact parameter and S{b) is a weight factor which indicates 
whether or not a collision of this type is effective in disturbing the molecu¬ 
lar radiation. S{b) is unity when b is small since every such collision is 
effective in broadening the spectrum and for larger b the most important 

parts of S are given by 


I 

l.M 


2.7. -h 1 


+ 


\(fM\P\l)\ 
2.J, -t- 1 


(13-45) 


where i,M represent all the ciuantum numbers of the initial state, and 
/ .1/ those of the final state of the radiating transition. Ji and Jf are the 
angular momenta of initial and final states. Z represents the quantum 
numbers of any state to which transitions are induced by the pertur ing 
intermolecular interaction. The matrix elements {i,M\P\l) are 




f [a|Fi(Z)|Z)] exp i2-wivaht) dt 


(13-46) 
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where Viit) is the perturbing interaction, and 1^06 is the frequency of a 
transition between states a and h. The sum over M divided by 2J + 1 
involved in (13-45) is simply an average over the 2J I different pos¬ 
sible values of the magnetic quantum numbers M. 

From (13-45), SiQ)) may be interpreted as the probability that the 

collision at a distance h produces a transition, averaged over the ground 
and excited states, and over the various possible orientations of the 
angular momentum. This is because | {iM\P\l)\^ is just the quantity which 
gives the transition probability (cf. [153]). It has been suggested [536] 
that a simplifying assumption might be applied to Anderson’s theory by 
considering an effective collision to take place for any b small enough 


y 



to make this probability ( 82 ) larger than This gives approximately 
the same result as an integration of (13-44) over all collision parameters. 
However, for force laws of the form l/r" this approximation gives little 

simplification. 

The expression for frequency shift similar to (13-45) is 




2Ji -\- 1 


{fM\p\m~ 

2J/ + 1 _ 


(13-47) 


which is zero for most of the common interactions because the matrix 
elements in the sum are zero. 

The relative positions of the two colliding molecules and the path over 
which the time integral in (13-46) is made is indicated by Fig. 13-5. The 
path of the second molecule with respect to the first is assumed to be a 
straight line since only the closer collisions which always interrupt the 
radiation will involve appreciable curvature of the path. Then 


r{ty = 62 -h vH^ 


(13-48) 


For an interaction energy which varies as 1/r" with the distance between 
molecules, [alFi(0l5] is the form K/[r{t)]^. Letting x = vt/b and 
k — {2Trb/v)pabj (13-46) becomes 


{a\P\b) ^ 


2wK /■" 

hb’^~^v j - 00 


c*** dx 


(1 + x 2)"/2 


(13-49) 
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When k ^ 0, the collision might be called “fast,” and the P matrix 
element tends to be large if the interaction energy K/b^ is large. This 
value does not decrease much for values of k up to 1, but then falls off 
rapidly, being very small for k as large as 4 or 5. 

The parameter k is roughly'- the ratio of the time b/v required for the 
collision to be completed to the time l/oj required for the radiation to 
change phase. For a collision parameter b as large as 10 A, and v a 
typical thermal velocity of 10^ cm/sec, b/v ^ q-j^^g *g 

siderably smaller than 1/co for 1 cm wavelength radiation, which is 

1/co = 3 X 10->b 

One may see from (13-49) two criteria for a transition to occur during 
collision: first the interaction energy must be large, and secondly the 
collision must be “fast,” i.c., the time variation of the interaction must 
involve frecpiencies as high as the transition frequency Vab- For micro- 
wave transitions, k is almost always less than unity, so that diabatic 
collisions occur, and the exponential in (13-49) may he ignored. How¬ 
ever, for optical freciuencies the exponential could not be ignored, and the 
integral in (13-49) would take on a very different character. 

Letting A: = 0, *S '2 i« of the form 

^2 = (13-50) 

where b is the impact parameter and A is a quantity depending on vari¬ 
ous properties of the molecules and the (|uantum states involved. With 
some approximations which introduce errors of 10 per cent or less, the 
cross section and half width Au may then be found from (13-42), (13-44), 
and (13-50) as 

The problem is then reduced to finding A, or evaluating the sum in 
(13-45). Since a particular molecule of interest may collide with mole¬ 
cules in a variety of states, each having a different effective cross section, 
Aua must be obtained for each different type of molecule with which 
collisions may occur, and weighed according to the fractional abundance 
fa of each type. Then 

c = A. = (13-52) 

a a 

In some cases the sum in (13-45) is very difficult to obtain, especially 
when both colliding molecules may make a variety of transitions. It 
has been worked out, however, for the important cases of dipole-dipole, 
dipole-induced dipole, and quadrupole-induced dipole interactions 
(types 1, 5, and 7 of Table 13-1). 
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The interaction energy of two dipole moments and ^2 separated by a 
distance r is 





3(vi ■ t )( h 2 - r) 


(13-53) 


For two interacting symmetric-top molecules, this energy is of the first 
order and proportional to l/r'\ This is because a symmetric-top mole¬ 
cule has a component of the dipole moment along the angular momentum 
J, which is fixed in orientation. For a linear molecule, no component 
of the dipole moment is fixed in direction, and the energy (13-53) aver¬ 
ages to zero in the first order unless two interacting molecules happen to 
be rotating at essentially the same rate. Even two molecules like 
ammonia, which invert at microwave frequencies and thus reverse the 
direction of their dipole moments, give a first-order dipole-dipole inter¬ 
action. Averaging over a long period of time would give no first-order 
interaction because unless the two ammonia molecules are in the same 
rotational state they invert at different frequencies and would change 
relative orientation with time. However, over the short duration of a 
collision, they may be considered to invert synchronously and remain 
with the same relative orientation. The matrix elements needed to 
evaluate these first-order interactions produced by dipole-dipole inter¬ 
actions [Vi given by (13-53)] turn out to be just those given by Table 
(4-4) for dipole radiation. After the time integration indicated by 
(13-46) is done, the matrix elements inserted and summed according to 
(13-45), one obtains [342], [343] 


8 


S2(b) = ^ 


o *> 

M 1 M 2 


K\Kl 


9 5V(/l/27r)2 J,(J, -h + 1) 


(13-54) 


where Ki, Ji, J 2 are the usual angular-momentum quantum numbers 
for molecules 1 and 2, respectively, which are involved in the collision. 
V is the relative velocity of the two molecules. 

Letting the molecule with index 1 be the one emitting microwave 
radiation of interest, and summing over all other colliding molecules, 
from (13-51), (13-52), and (13-54), 



4ir \/2 N\fiiKi\ Y 

3/1 + 1 ) 


_ IM2/C2 _ 

\/J 2 + 1 ) 


f 


(13-55) 


where is the fraction of molecules having dipole moment M 2 and 

quantum numbers K^y J 2 and N is the number of molecules per unit 
volume. The cross section a may be easily obtained from Av by (13-42) 
if some average velocity v is assumed. Sometimes an effective diameter 
is calculated for collisions, which is given by 



(13-56) 



360 


MICROWAVE SPECTROSCOPY 


Another case where the dipole moments of two molecules interact 
strongly, or in first-order perturbation approximation, is the case of 
“rotational resonance.” Two molecules in rotational resonance may be 
considered classically to be rotating at the same rate so that the inter¬ 
action between their dipole moments when averaged over time is not 
zero. Quantum-mechanically, rotational resonance requires two iden¬ 
tical molecules with angular momenta differing by one unit (/i = Ja ± 1). 
Using the interaction (13-53), this gives [342], [343], for collisions with 

J 2 ~ JI 1 , 



8 






{J\ - K\){Jl ~ AD 


9 5V(/i/27r)2J2(2./, + i)(2./i - 1) 


47r 's/'Z N 

Sh 


(■/? - Kl) 
- 1 


J (./f - 


-1.x, 


K 


(13-57) 

(13-58) 


When J 2 = J\ the number .1 \ in (13-58) need only be replaced by 
J\ + 1. The notation is the same as in Eqs. (13-54) and (13-55). 

“Rotational-resonance” interactions can occur with either symmetric 
tops or linear molecules {K = 0) and tend to be large when the dipole 
moments and 112 are large and the fraction / of molecules in the proper 
state is not too small. However, for most rotational lines of molecules 
falling in the microwave region, / ^ hv/kT^ or [cf. (1-56)], and the 
rotational-resonance effects are usually small. The case of ammonia is 
somewhat unusual since its microwave lines show large effects due to 
rotational resonance. This is because the ammonia lines in the micro- 
wave region are due to inversion rather than rotational transitions, and 
the molecule is so light that for some rotational states/ is as large as 
Other molecules do show a quasi resonance, because collisions are so short 
that the freciuency cannot be established accurately. If a collision lasts 
10”^^ sec, all levels within about 10** cycles are near enough to behave as 
resonant. 


Other types of interactions which have been treated by Anderson^s 
method involve a dipole moment induced by the distortion of the dis¬ 
tribution of electrons on one molecule, which we shall label 1, by the 
molecular dipole moment of a second molecule labeled 2. The induced 
dipole moment on molecule 1 may interact back on the dipole moment of 
molecule 2, with an energy proportional to 1/r® (type 5 of Table 13-1). 
Because of certain symmetry relations, this type of interaction usually 
contributes a negligible amount to pressure broadening [342], [343], [428]. 

The induced dipole moment of molecule 1 of the last paragraph may 
also interact with the electric quadrupole moment of molecule 2 (type 7, 
Table 13-1). If molecule 2 is symmetric, the interaction energy is then 


cos^ e (13-59) 
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where ai = polarizability of molecule 1 

M 2 , Q 2 = dipole and quadrupole moments, respectively, of molecule 2 
r = radius between the two molecules 
6 = angle between r and the axis of molecule 2 
Anderson has obtained [428] 


St. — 


3 /iSTT^aiMs^^aV 
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•P{J + 1) 


7 J{J + 1)J 63 J\J + 1)^ 


(13-60) 


which is of the form given by (13-50) 


so that from (13-51) 



O’ = 1.27rA* 


Leslie [602] has given a treatment of pressure broadening similar to that 
of Anderson but has eliminated the assumption of a classical path and 
used a Boltzmann distribution of velocities throughout rather than assum¬ 
ing an average molecular velocity. Although such a treatment is 
naturally more complicated because of elimination of these two simplify¬ 
ing assumptions, Leslie has obtained results similar to those discussed 
above. 

13-9. Comparison of Theories with Experiment. After the above 
lengthy discussion of theoretical evaluation of line widths, the reader 
might expect extensive confirming comparisons between theory and 
experiment. Unfortunately, successful comparisons are rather limited, 
and many attempts to fit particular calculations to observations have 
been inconclusive. One of the reasons for this is that there are few 
cases in which only one of the wide variety of possible interactions pre¬ 
dominates, and even the rough magnitudes of some of the molecular 
constants required by theory are unknown. In addition, there has 
been much conflicting experimental data. The one outstanding excep¬ 
tion to these uncertainties is dipole-dipole broadening in NH3, which is 
so far the only microwave case for which extensive quantitative agree¬ 
ment between theory and experiment seems to have been achieved. 

The NH 3 J = 3, /C = 3 inversion line in pure NH 3 at a pressure of 
1 mm Hg and 0°C has a measured half width at half maximum of 30 ± 1 
Me.* The half width calculated from expression (13-54) is 31 Me for the 

* This value is an average of the results of Bleaney and Penrose [179] and of Townes 

[172]. Both the directly measured line widths and those calculated from the measured 

intensities were averaged. A dipole moment of 1.468 debye units [562] was used. 

The reported widths were reduced to 0°C assuming the width is inversely proportional 
to temperature. 
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same conditions. Rotational-resonance terms (13-57) are zero for this 
line because J = K. The agreement between theory and experiment is 
well within the accuracy of the theoretical approximations and the experi¬ 
mental uncertainties. 

The variation of the NH3 line-breadth parameter Av with J and K 
is shown in Table 13-3 and compared with predictions of several types 
of theories. It may be seen that Anderson^s approach, using broadening 


Table lS-3. Comparison between Experimental and Theoretical Line 

Widths for Ammonia Self-broadening 
I^xperimontnl values apply to a temperature of 20°C. 


Line 

1 


Line breadth, Mc/mm 

Hg 


J 

1 

1 

K 

Experi¬ 

mental, 

FMeaney 

and 

Pf'iirose 

[1791 

Anderson 

[3421 

Anderson 

(neglecting 

rotational 

resonance) 

[342] 

» 

1 

Bleano}^ 

and 

Penrose 

[2571 

Margenau 

[3931 

Mizu- 

shima 

[619] 

2 

1 

u> 

10 
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10 

14 
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, 1 

14 

14 
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10 

9 

3 
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19 
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20 
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10 

3 
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27 

27 

27 

29 

23 

4 

4 

1 27 

28 

28 

28 

30 

24 

5 

1 

11 

1 1 

0 

10 

' 0 

0 

5 

2 

10 

15 

11 

15 

12 

11 

5 

3 

20 

20 

17 

20 

19 

10 

5 

5 

28 

29 

29 

28 

31 

24 

6 

3 

19 

17 

14 

19 

15 

13 

6 

4 

22 

21 

19 

22 

21 

17 

6 

0 

28 

29 

29 

28 

31 

24 

7 

5 

25 

22 

21 

23 

23 

18 

7 

6 

23 

20 

25 

20 

27 

22 

8 

7 

25 

20 

20 

20 

28 

22 

10 

9 

25 

27 

27 

27 

29 

23 

11 

9 

1 

17 

25 

, 25 

1 

25 

1 

27 

21 


of type (13-54) and allowing for rotational resonance (13-57), gives rather 
good agreement with experimental results. Omitting the rotational- 
resonance type of interaction (column 5 of Table 13-3) gives poor agree¬ 
ment when K < J. The values in Table 13-3 are measured by Bleaney 
and Penrose [257], and all the results of Anderson’s theory have been 
multiplied by a constant factor to give exact agreement between this 

theory and the experimental value for the 3,3 line. 

The closest fit to the experimental data is a formula given by B eaney 

and Penrose (column 6, Table 13-3) 
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K2 

_J{J + 1), 


(13-61) 


where is the half width in megacycles for a pressure of 1 mm Hg. The 
form of this expression is derived on the assumption that a collision 
occurs when two molecules approach closely enough for the interaction 
of their dipoles to reach some critical value W. However, since any 
effect of the perturbation depends on its duration, the criterion for a 
collision should be that the product of the interaction energy W and the 
duration of the collision reaches some critical value. With this modifica¬ 
tion, Bleaney and Penrose^s approach becomes similar to the statistical 
theory and gives an expression of the form oc K/^J{J + 1). This 
is the type of variation found by Margenau from a statistical type 
of theory (column 7, Table 13-3). It does not fit so well as (13-61). 
Bleaney and Penrose^s formula must be regarded essentially as empirical 
since their assumption in deriving it is quite artificial. Moreover, as 
may be seen from the discussion below, it gives the wrong temperature 
dependence of line width. Mizushima^s calculation of line breadths 
(Table 13-3) is based on an adiabatic type of collision theory. The 
similarity between the results of Bleaney and Penrose, Mizushima, 
Margenau, and Anderson shows that approximate agreement with experi¬ 
ment can be obtained under a variety of assumptions. However, the line 
widths calculated by Anderson are clearly more accurate than those 
given by Margenau or Mizushima in the cases where rotational resonance 
is of importance. 

Broadening of ammonia lines by foreign gases is treated in exactly the 
same manner as self-broadening if the perturbing molecule is a symmetric 
top with a reasonably large dipole moment {e,g., CH3CI or CHCI3) and 
similarly good agreement is obtained ([536], Table 1). Line breadths 
and effective collision diameters for pressure broadening of NH3 by a 
number of gases are given in Table 13-4. These collision diameters are 
in many cases larger than the collision diameters given by kinetic theory, 
which are listed in Table 13-4 for comparison. This is because for pres¬ 
sure broadening the long-range and weak interactions can be important, 
whereas in processes of significance to kinetic theory the shorter-range 
stronger interactions are necessary. In the cases where the collision 
diameter for broadening is large, one can expect to obtain a relatively 
simple theory of the collision since the many short-range forces can be 
neglected. In the case of self-broadening in NH3, for example, the col¬ 
lision diameter is more than three times as large as the kinetic theory 
diameter, or the cross section about ten times as large. The importance 
of long-range dipole-dipole forces in the case of NH3 self-broadening is 
the reason it can be treated so successfully with a theory that neglects 
other types of interactions. 
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Smith and Howard [536] have shown that the large effective collision 
diameters between NHs and N 2 , CO 2 , COS, and CS 2 are very probably 
due to interaction between the NH3 dipole moment and the molecular 
quadrupole moments of these molecules [536]. This type of interaction 
has not yet been treated accurately, but if broadening of the NH3 


Table 13-4. Collision Diameters and Line-width Parameters for 
Broadening of the NH 3 3,3 Line by Various Gases* 
is the half width at half maximum intensity for a small amount of NH 3 in 1 mm 
IIk pressvire of the colliding molecule. Collision diameters computed from kinetic 
theory are included for comparison. 


Colliding 

molecide 

Dipole moment, 
debye units, 
or 10 “*® esu 

1 

A*'. Me 

1 

1 

ICffective 

collision 

1 diameter 

b., 

angstroms 

1 

Kinetic theory 
collision 
diameter b, 
angstroms 

NH 3 

1.47 

27 

13.8 

4.43 

He 

0 

1.3 

2.4 

3.31 

A 

i 0 

1.7 

3.7 ! 

4.04 

IG 

0 

3.0 

3.1 

3.59 

N. 

0 

3.8 

5.5 

4.09 

O 2 

0 

2.3 

4.3 

4.02 

CO 2 

0 

6.8 

7.6 

4.46 

COS 

0.720 

6.5 

7.6 


CS 2 

0 

6.5 

7 . 7 


HCN 

2.96 

13 

10.0 


CICN 

2.80 

16 

11.9 


CH 3 CI 

1.87 

15 

11.3 

5.14 

CH 2 CI 2 

1.59 

12 

10.3 


CHCI.3 

0.95 

20 

13.7 


CCb 

0 

5.5 i 

7.2 


S02 

1.7 

12 

10.4 



* W. V. Smith and R. Howard [536], Where other measurements have been pub¬ 
lished [658], [627] the results have been averaged with those of Smith and owar 
The numbers presumably all apply to room temperature. 


3,3 line is due to the quadrupole moment Q of a foreign 
approximately 

IQl = 5.3 X low. 



molecule, then 


(13-62a) 


(c/. [536]). Here M^ and are the molecular weights of the 
molecules. The quadrupole moment of a symmetric molecule is defin 

"" Q = - r^) dv (13-626) 


where p is the charge density at a point in the molecule 

are measured from the center of mass and . is in the direction of the 
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molecular-symmetry axis. This definition is that commonly used in 
molecular theory but differs by a factor of the electron charge from that 
used for nuclear quadrupole moments. 

Table 13-3 gives the molecular quadrupole moments for some molecules 
which have been measured by their effectiveness in broadening the 
ammonia 3,3 line [536], [586]. 

The values in the table are those measured directly for the normal 
rotating molecule. On the other hand, theoretical calculations [using 
(13-62)] of molecular quadrupole moments for a known or postulated 
molecular structure assume that the molecule is at rest. The effective 
quadrupole moment for a classically rotating linear molecule, averaged 
over the rotation, is one-half of that for the stationary molecule. This 

Table 13-5. Molecular Quadrupole Moments 

Q' is the effective quadrupole moment for rotating molecules. For a linear mole¬ 
cule, Q' = Qf2, where Q is defined by (13-025). 


Molecule 

b X 10®, cm, 
kinetic theory 

b X 10®, cm, 
from NH3 3,3 
line broadening 

Molecular Q\ 
10"26 esu 

N 2 

4.09 

6.0 

1.5 

O 2 

4.02 

4.18 

<0.55 

NO 

3.90 

5.64 

1.4 

CO 

3.96 

5.97 

1.6 

CO2 

4.46 

7.59 

3.1 

COS 

• • • • 

7.56 

2.9 

CS2 

• ■ • • 

7.72 

3.1 

N20 

4.35 i 

9.1 

4.4 

HCN 


10.0 

7.7 

CICN 

• • • • 

11.9 

11.5 

C2H2 

• * « • 

8.79 

5.3 

C2H4 

4.79 

6.67 

2.3 

C2Hfl 

4.80 

5.64 

<1.3 


classical average is usually adequate in pressure-broadening studies, since 
the most abundant states of the perturbing molecules are usually those 
with high J values for which the classical approximation is good. Some¬ 
times, particularly in molecular theory, the molecular quadrupole moment 
is defined as half the value given here. 

Estimates of molecular quadrupole moments using what is known 
about molecular structures and bonding are consistent with the measured 
values [582]. 

For collisions between NH 3 and H 2 , He, or A, interactions of the 
quadrupole-induced dipole type discussed above [cf. (13-60)] may be 
of importance. The rather large dipole moment of NH3 may induce a 
dipole moment in a He or A atom, and this induced dipole moment 
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reacts back on the fiuadrupole moment of the NHa molecule. It is per¬ 
haps surprising that such an interaction is more important than the 
reaction of the induced dipole back on the NH.i dipole. This is because 
the symmetry of the dipole induced dipole interaction is such that it 
produces no in\'ersion transitions and hence a small disturbance of the 
inversion spectrum [428]. d'he (juadrupole-induced dipole interaction 
has such a symmetry that it can cause inversion transitions and is there¬ 
fore of more importaiH*e. rnfortunately the (juadrupole moment of NH.^ 
is not accurately known. Estimates of this quadrupole moment and 
application of expiessions (13-59) and (13-60) show that the collision 
diameters for broadening of the Xll:j 3,3 line by the gases H 2 , He, A, and O 
are of approximately the magnitude to be expected from this type of 
intcra<*tion [428]. However, these collision diameters are not larger than 
the kinetic theory diameters (c/. Table 13-4), so other short-range inter¬ 
actions such as type 8 of Table 13-1 may also be of importance. 

13-10. Self-broadening of Linear Molecules. Self-broadening of 
linear molecules in the infrared region has received considerable atten¬ 
tion, and dipole-dipole interactions of the Keesom alignment type have 
been rather completely worked out for adiabatic collisions, which pre¬ 
dominate in the infrared region. Rotational-resonance-type interactions 
are also of importance for the infrared spectra of these molecules and 
have been fairly completely treated [93], [153]. 

For microwave transitions adiabatic* collision approximations are not 
very satisfactory. It might be thought that rotational resonance is 
unimportant because at room temperature the most abundant molecular 
states have high J values (./ « 30), whereas only molecules with low J 
values give microwave transitions. Hence an encounter between a 
molecule absorbing microwaves and anothei’ molecule differing by one 
unit in J is a rare event and contributes little to the line breadth. How¬ 
ever, the short duration of collisions between molecules (10"*- sec) makes 
the recpiirements for rotational resonance much less stringent. That is, 
during a collision lasting r sec, the energy levels are uncertain by about 


h/2 


TTT ~ 5 cm 


-1 


Thus all levels within this distance are effectively in 


resonance with the transition being studied. For OCS, where B = 0.2 
cm-‘, the first five ./ levels are effective in rotational-resonance broaden¬ 
ing of the lowest rotational level. The number of molecules with energies 
near enough to cause resonance broadening increases as ./ increases. 

The.se qualitative expectations are confirmed by the measurements o 
Johnson and Slager [706] on OCS line widths. It is found that line 
widths increase with increasing ./, which is to be expected as t le num e 
of molecules within the resonance interval is greater for those with hig ei 
values of ./. The relative increase with ./ is greater at lower temperatures 
where the peak of the population distribution is shifted toward lowj . 

By considering interactions between a given rotational state and a 
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other rotational states which may be considered resonant, Smith, Lack- 
ner, and Volkov [to be published] have calculated collision diameters for 
OCS and BrCN in good agreement with experimental observations. 
Thus for the J = 3 <— 2 transition of BrCN, the theoretical collision 
diameter is 19.3 A while the experimental value is 19.0 A. Recent meas¬ 
urements on OCS by R. S. Anderson [to be published] give similarly good 
agreement. 

No complete treatment of broadening of microwave lines by either 
dipole-ciuadrupole or Keesom alignment forces is available. However, 
Keesom alignment forces have been approximately treated by adiabatic 
theories [153], [303], [398], [499], [619]. 

Keesom alignment interactions are difficult to evaluate from Anderson's 
theory because of the particular matrix elements involved. While the 
mean of the diagonal elements of the stiuare of the interaction matrix is 
desired, some idea of the magnitude of these effects may be obtained 
from the ordinary linear average of the energy which is more easily com¬ 
puted [93]. It is 




J 1 + 1) + »/ 2(«/ 2+1) 


___ 

37i/*^ {J \ J 2 ) {J \ J 2 + 2)(./i — J 2 — l)(^i ~ 


c/2+1) 

(13-63) 


where g is the permanent dipole moment, B the rotational constant, Ji 
and J 2 the rotational (|uantum numbers of the two colliding molecules, 
and r the distance between them. The most important collisions involve 
large (luantum numbers J 2 for tlie colliding molecules, or J 2 » J For 
this case 


where Ej^ is the rotational energy of the colliding molecule, which may be 
approximated as kT, or 



(13-64) 


An average value for the dipole-quadrupole interaction is [536] 

(ir.„).v = § + (13-65) 

In many typical collisions the energies of interaction and W^q are 
comparable in magnitude. However, for small dipole moments and 
distant collisions the longer-range dipole-quadrupole interactions may 
predominate. Thus for the collision diameter of OCS, 6. = 7.6 A and 
Q ~ 0-6 X 10 cm^, the dipole moment must be as large as 2 debyes 
for Wja to equal IFj,. Since the dipole moment of OCS is only 0.7 debye, 
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the dipole-quadrupole interactions may be expected to dominate. For 
dipole moments as large as 2 or 3 debyes, the dipole-dipole Keesom align¬ 
ment interactions usually are most important. While dipole moments 
are readily measurable, quadrupole moments have so far only been 
estimated roughly from the molecular structure [382] or deduced from 
ammonia pressure broadening. Smith and Howard [536] have estimated 
the quadrupole moments of several molecules in this way from their 
effectiveness in broadening the NH^ 3,3 line and have used the resulting 
values to calculate dipole-quadrupole self-broadening in these gases. 
They obtained fair agreement with experiment. 

13-11. Oxygen Line Breadths. The oxygen spectrum is unusual in 
that it arises from a molecule having a zero electric dipole moment. It 
might therefore be expected to have unusually narrow lines, and this is 
indeed the case. Because of its importance to atmospheric transmission, 
breadths of oxygen lines in pure oxygen and in air have been studied 
since the early days of microwave spectroscopy [139], [244], [301], [416], 
[576]. Half widths of the microwave oxygen lines are about 2 Me per 
mm of Hg and are approximately independent of the rotational quantum 
numbers [667], [669], [770]. This, plus theoretical estimates of the mag¬ 
nitudes of various interactions, indicate that the width of these lines is 
mainly caused by the same short-range repulsive forces responsible for 
kinetic energy transfer [770]. Even though they decrease very rapidly 
with distance, they are probably large enough to cause rotational transi¬ 
tions (which involve little energy) at a distance 1^ times the kinetic 
theory radius, and so to cause the observed line widths. 

13-12. Temperature Dependence of Line Widths. An elementary 
model of the collision process might be two colliding “hard'' molecules 
of definite boundaries, so that the collision cross section is independent 
of the velocity of collision. Then since the number of molecules at a 
given pressure is inversely proportional to the temperature, and the 
velocity is proportional to the square root of the temperature, 


Ap nva cc 


1 




In contrast to expectations from this model, experimentally the ammonia 
line width of fixed pressure is approximately proportional to l/T [536] 
so the collision cross section cannot be independent of velocity. Some 
such variation is to be expected from a more refined collision theory. A 
slow molecule spends more time near the radiator and so causes more dis¬ 
turbance than one which passes quickly. 

The dependence of the collision cross section on velocity for an 
molecular potential proportional to 1/r" may be readily obtained. or 
such a potential, a measure of the disturbance is the matrix e emen 
(a\P\b) whose square is the probability of a collision-induced transition. 


SHAPES AND WIDTHS OF SPECTRAL LINES 


369 


From (13-49), 


(a\P\b) = 


const 

b^-^v 


(13-66) 


For a collision just strong enough to be effective in line broadening or to 
give a critical value of (u|P|6), the collision parameter b is the effective 
collision diameter be. From (13-66) 

z , 1 

* V 


Hence the line-breadth parameter is 

Av nvbl oc 

Remembering that the average velocity is proportional to and n to 

T~\ 

Ap OC 7 -(n+l)/ 2 (n-l) ( 13 - 67 ) 

For n = 3 (the ammonia case), At' 7’^*; for n ^ 6, Au = 7'“*^ If T 
is increased by a factor of 2, At/ would change to 0.5 or 0.62, respectively, 
of its original value. Thus the temperature dependence of line width, 
when accurately measured, may give information about the force law 
between molecules. However, if it were to be so used, very precise line 
widths would be needed. 

Furthermore, the measured collision diameter varies with temperature 
whenever resonance collisions between molecules are important because 
the distribution of molecules among the rotational or other quantum 
states changes with temperature. For the J = 2 1 transition of OCS 

the line-width parameter Av varies as [921], so that, from Eq. 

(13-67), the collision diameter is approximately proportional to 7'“®-^. 
About half of this temperature variation of collision diameter has been 
shown to be due to the change in first-order (resonant) dipole interactions 
[921]. 

13-13. Effect of Temperature on Intensities. Temperature enters into 
the peak intensity of a microwave line [Eq. (19)] through Av, hT, N, and 
/, where / is the fraction of molecules in the lower state of the transition 
and N is the number of molecules per cubic centimeter. From the above 
discussion, at a given pressure Av varies with temperature as T~^ for a 
very short-range force law, and as for the longer-range force laws. 
Assuming Av ^ 7’“^, Eq. (1-77) shows that for a diatomic or linear mole¬ 
cule the variation of intensity with T is 

7n... “ ^2 (13-68) 

For a symmetric rotor, from (3-52), 


mftx 


GC 


1 
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In these expressions most of the variation with temperature is due to the 
change in the JSoitzmann distribution which populates lower rotational 
states more fully at lower temperatures. That portion of the variation 
which is caused by changes in population of the vibrational state has not 
been taken into account. Although population of vibrational states is 
also alTected b.y temperature, its variation can be neglected in the impor¬ 
tant case where the vibrational frequency is so high that almost all 
molecules are in the ground vibrational state. 

For linear and symmetric rotor molecules in the ground vibrational 
state, intensity is always increased by operating at as low a temperature 
as possible, consistent with a reasonable vapor pressure. For microwave 
transitions between high-energy rotational levels of asymmetric tops, or 
those involving excited \'ibrational states, a decrease in temperature may 
decrease the intensity or leave it relati^'ely unchanged. 

13-14. High Pressures. Pressures may be called high from the point 
of view of line breadths when collisions involving more than two molecules 
become frecpicnt enough to be important. In such cases the line width is 
no longer proportional to pressure, since the number of effective collisions 
undergone by one molecule is not simply proportional to the density of 
molecules. High ” pressure may occur as low as^ atm for molecules with 
large collision diameters. For example, at 1 atm the average distance 
between molecules is approximately 30 A, which is only twice the effec¬ 
tive collision diameter for NIL- *‘Low” pressure conditions may still 
apply at 1 atm to other gases such as O 2 which have very small collision 
diameters. Collision theories which assume two-body impacts only and 
a long interval of time between impacts are, of course, not strictly 
applicable to high-pressure conditions. Statistical types of theories may 
be more appropriate since the radiating molecule is almost continually 
perturbed. However, as yet no quantitative theory of line broadening 
at high pressures is available. 

The ammonia spectrum has been studied experimentally at pressures 


up to a few atmospheres by several observers [779], [257], [439], [321], 
[734]. It is found that the spectrum is fitted near the peak by a V^an 
Vleck-Weisskopf shape but that uo may be assumed to decrease with 
increasing pressure. For pressures equal to or greater than 2 atm Ar 
increases less than linearly with pressure and the best fit is obtained 
with Po = 0. This shift in pq is proportional to the scjuare of the pressure 
rather than its first power as might be expected from phase-shift theories. 
Diabatic collisions, of course, predict no shift at all. The observed shift 
in frequency has been explained qualitatively by Anderson [341] and 
by Margenau [393]. They point out that, with the small intermolecular 
distances which are common at high pressures, the perturbations are 
large enough to cause a change in molecular Avave functions and hence in 
selection rules. In a strong field the molecule is characterized by either 
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of the wave functions ^P+k or rather than by their weak-field combi¬ 
nations p = P+K ± P-K- In other words, the inversion is eliminated 
and the nitrogen is held on one side of the hydrogens by the electric field. 
The only allowed transitions are changes in orientation or of one unit 
in magnetic quantum number. These transitions involve much smaller 
frequencies than inversion. At 1 atm pressure, where this effect begins 
to appear experimentally, the interaction between dipole moments is 
greater than the inversion splitting so that the strong-field approxima¬ 
tion holds for about 50 per cent of the time. The importance of this 
effect and interpretation of the high-pressure line shape has, however, 
been questioned [504] on the basis of infrared measurements. 

13-16. Saturation Effects. The well-known Lambert’s law states that 
each layer of material of eepial thickness absorbs an equal fraction of 
radiation which traverses it. From Lambert’s law is derived the expo- 
nential decrease in intensity 

/ = /oe->" (13-69) 


where 7 is constant. In optical spectra departures from Lambert’s law 
are usually associated with polychromatic radiation, individual com¬ 
ponents of which are absorbed at different rates. In the microwave 
region, however, Lambert’s law breaks down even for monochromatic 
radiation because of saturation effects. The intensity of radiation can 
be made so large that absorbing molecules of a gas cannot get rid of the 
absorbed energy rapidly enough and 7 becomes dependent on I. 

Consider a molecular ground state in which there are no molecules pen- 
unit volume and an excited state containing rii molecules per unit volume, 
with a microwave transition possible between the two states. From the 
derivation of Eq. (13-19), it can be seen that 



1^(1/27rr) 
i^o)'^ + (l/27rr)^ 


(13-70) 


where the ‘‘negative frequency resonance” term of Eq. (13-19) has been 
omitted since it is quite unimportant under the low-pressure conditions 
which show saturation effects. 

If essentially no microwave radiation is present, then collisions main¬ 
tain an equilibrium between no and rii such that 


no = (13-71) 

If l/toi and I //10 are the probabilities per second that a molecule is trans¬ 
ferred from state 0 to state 1 or from state 1 to state 0 , respectively, by 
collision, then for equilibrium with no radiation 


toi 



(13-72) 
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If radiation of intensity / (in units of quanta per second per unit cross 
section of area) is absorbed with an absorption coefficient 7 , then a new 
equilibrium condition must be set up 


lU 

tax 


+ ly 


txo 


(13-73) 


Irom Eqs. (J3-71) and (13-72), I //01 = (1 — hv/kT)/ti(i, assuming 
hu/kT is small, so that Eq. (13-73) becomes 





(13-74) 


where t\Q has been replaced by I since the subscripts will no longer be 
needed. 

Combining I^]qs. (13-74) and (13-70), 


or 





l/27rr 

VisY + (l/27rr)2 


(13-75) 



(13-76) 


where 70 is the absorption coefficient when / is very small. When / is 
very large then 7 70 and the (|uantity in the parentheses in Eq. (13-76) 

approaches zero; so that for large radiation flux 


This equation written 


Tiohv 

~ Tkft 



(13-77) 


is simply equivalent to saying that the total number of (pianta absorbed 
per unit time must e(|ual the rate at which the energy of these quanta 
can be transformed into kinetic energy by collision. 

Solving Eq. (13-75) for 7 gives 



no 


. 2 

LiQl\^P- 


l/27rr 


{v - v,y + il/27rry + |M0iP^/(l/27r7-) 


(13-78) 


Thus, as a result of saturation, 7 is decreased at all frequencies. The 
most noticeable effects occur, of course, near the peak absorption p = po> 
The line shape is altered only in that the maximum intensity is decreased 



SHAPES AND WIDTHS OF SPECTRAL LINES 


373 


by the factor 


1 


1 + 


/ioi 'vlt 


3c/i 


27rr 


and the half width increased by the factor 


j 


1 + 


Stt’I ‘^vlt'ZwT 



3ch 


(13-79) 


Essentially the same result is given by a more sophisticated quantum- 
mechanical treatment [297], [322]. 

At high pressures, saturation is generally unobservable. It becomes 
noticeable when 

87r^|goi|^J'7^27r7- _ - 

3^A ^ 


Since both t and r are inversely proportional to the number of collisions 
per second, the radiation intensity I at which saturation occurs is pro¬ 
portional to the pressure squared. Experimentally, saturation is often 
noticed when the power flux is as high as one milliwatt per square centi¬ 
meter and the pressure low enough to give line widths less than 1 Ale 
[172]. It is not uncommon for saturation effects to set a lower limit 
on the width of microwave lines. In order to obtain very narrow lines, 
the radiation intensity must be kept low. 

In considering saturation, each Zeeman (or Stark) component of a 
line should be treated individually. Although individual components 
all have the same frequency, their matrix elements differ (cf. page 23) 
so that some components saturate more readily than others [295]. How¬ 
ever, saturation effects may be described approximately by taking some 
average matrix element |mio|^ for the entire transition. 

Aleasurement of saturation effects allows determination of l/t, the 
rate at which molecules make transitions due to collisions. In ammonia, 
it has been shown that within the accuracy of measurement each collision 
which is effective in producing line broadening is also effective in produc¬ 
ing a transition [172], [256], [294], [295]. This is the result to be expected 
from the earlier discussion of the predominance of diabatic collisions. 

Saturation effects may also be used to obtain an estimate of the matrix 

element |moi|^ in certain cases. The intensity of a line is influenced 

both by the dipole matrix elements |/ioi|=^ and by the number of molecules 

in the particular ground state from which transitions occur. Saturation 

effects may be seen from (13-78) or (13-79) not to depend on the number 

of molecules normally in the ground state, but they do depend on the 

matrix element. Thus the relative ease with which two different lines 

can be saturated affords some information about the relative sizes of their 
dipole matrix elements. 
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13-16. Broadening by Collisions with Walls. If a gas molecule strikes 
a wall of the cavity or waveguide in which it is contained, the process of 
absorption is interrupted. 

A good approximate treatment of the broadening effects of wall col¬ 
lision can be obtained by assuming that the line shape due to wall colli¬ 
sions is the same as that produced by intermoleeular collisions, i.e. 



7nmx(Av)^ 

{v — vqY + (Avy 


(13-80) 


Here the line-bi’eadth parameter is given by Av = l/27rr, where r is the 
mean time between collisions, r may be evaluated from kinetic theory.* 
The number of molecules hitting the surface of total area A in each 
second is 

n = iNvA (13-81) 


where N is the number of molecules per cubic centimeter of gas, v is the 
average molecular velocity = 4(/f7V27rJ/)i, R is the gas constant, T is 
the absolute temperature, and M is the molecular weight. Hence the 
number of collisions per second is 


But the total number of molecules in the absorption cell is NV, where 
V is the volume of the cell. Thus the average time between collisions 
for any molecule is 

N V 


so that 


At 300°K, 


T = 


Ap = 


NA{RT/27rM)^ 

A ( RT 
V VSttM/ 


T /27r4/Y' 

A \ RtJ 




1 


A*. = 1.00 X 10' y 


(13-83) 


(13-84) 


(13-85) 


As an example, for ammonia in a cell with a spacing of 4 mm between 
a Stark plate and the opposite face, and all other dimensions considerably 
larger, Ap = 12 kc. 

A more rigorous treatment of wall broadening has been given by 
Danos and Geschwind [788]. The line shape is shown to be close to the 
Lorentz shape and the line width is about 10 per cent greater than that 

given by the elementary treatment above. 

If both Doppler and collision widths are appreciable, the total hne- 

• See, for instance, iVI. Knudsen, Kinetic Theory of Gases, Methuen & Co., Ltd., 
London, and John Wiley & Sons, Inc., New York, 1050. 
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width parameter is given very nearly by* 

Ar ~ [(A|/i),.p„ler)^ + (Al^,:oUiaioii)^]^ (13-86) 

Wall-collision broadening is ordinarily much less than pressure broad¬ 
ening. AVhere necessary for high-resolution spectroscopy it can always 
be reduced as much as desired by using a sufficiently large absorption cell. 

13-17. Microwave Absorption in Nonpolar Gases. A nonpolar gas 
ordinarily does not absorb microwaves. However, if the gas molecules are 
sufficiently polarizable, some dipole moment may exist during collisions. 
At high pressures, the molecules are in collision for a large part of the 
time, so that an appreciable absorption occurs. Such a pressure- 
dependent absorption has been found in CO 2 by Birnbaum, Maryott, and 
Wacker [905]. The observed absorption was approximately proportional 
to the square of the pressure and reached 2.3 X 10“® at 3.3 cm wavelength 
for a pressure of 45 atm and a temperature of 25®C. 

* See numerical tabulation in M. Born, Opiik, pp. 480, 431^/., Springer-Verlag OHG, 
Berlin, 1933. 
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14-1. Introduction. Electromagnetic Fields and Waves. Although 
microwaves were produced by Hertz in the very earliest demonstration 
of electromagnetic waves, for many years waves of these short lengths 
were not much used. The interesting features of wavelengths compar¬ 
able with the dimensions of laboratory apparatus (1 to 1000 mm) were 
recognized but could not easily be studied because of the lack of suitable 
generators. 

With the development of klystron and magnetron oscillators and of 
waveguide techniques near the beginning of World War II, large-scale 
military applications of radar became possible. The attendant intensive 
development program saw the introduction or development of most of the 
microwave techniques currently used in spectroscopy. The status of the 
art at the end of the war is described most completely in the 28 volumes 
of the Massachusetts Institute of Technolog}^ Radiation Laboratory 
Series (McGraw-Hill Book Company, Inc., New York, 1947). A num¬ 
ber of shorter treatments of microwave theory and practice on various 
levels have appeared since the war. Many of these are listed at the end 
of the present chapter. 

Because the basic microwave techniques are described in detail else¬ 
where, they will be only outlined here except for those peculiar to micro- 
wave spectroscopy. References will for the most part be to books where 
fairly complete treatments are available rather than to original papers. 

Devices with dimensions comparable with the radiation wavelength 
cannot usually be treated by the lumped circuit-element approximation 
used in ordinary electrical-circuit theory. On the other hand, microwave 
devices are seldom large enough in comparison with the wavelength for 
the approximations of geometrical optics to be employed. Both limiting 
cases do occasionally occur, but most microwave apparatus has to be 
discussed in terms of electromagnetic wave theory. 

The behavior of the entire electromagnetic spectrum may be obtained 
from a study of MaxwelFs equations combined with additions from 
quantum mechanics which are necessary to understand interactions 
between radiation and matter. In Gaussian units (for comparison with 
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mks units see, for instance, [537]), MaxwelFs equations are 


V X H 

V X E 


1 ^ 
C C dt 
_ 1 ^ 

C dt 


V • B = 0 
T • D = 47rp 


(14-1) 

(14-2) 

(14-3) 

(14-4) 


where H = magnetic field 

B = magnetic induction 
E = electric field 
D = electric displacement 
i = electric current 
p = electric charge density 

V = the operator a(d/0x) + h{d/dy) + c{d/dz) 
a, b, and c are unit vectors along the x, y, and z axes, respectively. To 
these equations must be added relationships which have to do with the 
properties of matter: 

E = ri (14-5) 

B = pH (14-6) 

D = eE (14-7) 

where r = resistivity 

p = permeability and 
€ = dielectric constant 

From these seven equations the following important relations may be 
derived: 


Energy density of an electric field = cE’^/Stt 
E nergy density of a magnetic field = pH^/Stt 

c r E X B 

Energy flow from a volume bounded by a surface S = I - da 

47 r Js y 


The quantity 


cE X B 

47rp 


is called Poynting^s vector and usually can be 


regarded as the energy flux vector per unit surface, although it can be 
rigorously used only with integrations over a closed surface. For non¬ 
isotropic, ferromagnetic, or ferroelectric material, the relations (14-5), 
(14-6), and (14-7) are replaced by more complicated expressions. In 
addition, when one proceeds to a detailed study of interactions between 
microwaves and matter, a number of interesting cases appear in which 
r, M, and e may no longer be usefully regarded as constants. However, 
in developing the general characteristics of microwave propagation, we 
shall accept r, p, and e as constant properties of bulk matter. 

If there are no free charges in a material (p = 0), by taking the curl of 
Eq. (14-1) or Eq. (14-2) and using Eqs. (14-3), (14-4), (14-5), (14-6), and 
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(14-7), one obtains the wave equations 


V^E = — -i- — 

cV dt c'^ dt'^ 

^2g ^ ^ jixe 

cV a^ dP 


(14-8) 

(14-9) 


A solution of Ec}. (14-8) for the electric field E is a satisfactory solution 
of Maxweirs equations if it is paired with the proper solution of Eq. 
(14-9) for the magnetic field, if it satisfies Eq. (14-4), and if the appropri¬ 
ate boundary conditions are satisfied. The proper solution for B may 
be obtained from E by using Eq. (14-2), 

Focusing attention on solutions of Eqs. (14-8) or (14-9) which involve 
a wave of definite frequency u = co/27r traveling along the z axis, we 
substitute the form E = into Eq, (14-8), where j = V^. 

The wave equation (14-8) is satisfied if 



(14-10) 


4 his solution is given in the complex notation commonly employed in 
electrical theory. The actual physical quantities are the real parts of 
these expressions. 

If the propagation constant y is positive and real, the wave progresses 
in the positive z direction without damping or diminution. If y is nega¬ 
tive, the direction of propagation is in the negative z direction. If 
y = Joe 0 is complex, then E = represents an exponen¬ 

tially increasing or exponentially decreasing wave. To prevent violation 
of the principle of conservation of energy, the wave must usually decrease 
as it progresses, so that a and 0 must have opposite signs. An exceptional 
case occurs inside the traveling-wave amplifier or oscillator tube where 
energy is supplied to the wave as it advances. 

If the wave is in a good dielectric material (resistivity t very large), 
the propagation constant y ~ ± (oj/c) is real, giving an undamped 

wave in a medium with index of refraction a/mc- 

If the wave is propagated in a good conductor (resistivity t small), 
then usually 47r/r » eco, and the first term under the radical of Eq. (14-10) 


can be neglected so that y — ± \ (1 ~ j)- Such a propagation 

C T 

constant corresponds to a very strongly damped wave since E decreases 
by 1/e in a distance 



(14-11) 


Because of the large damping, such a wave is usually appreciable only 
at the surface of a conductor, and 6 is called the skin depth since it gives 
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the amount of penetration of the wave into the material. For a good 
conductor and microwave frequencies 5 = 10“^ cm or less. 

14-2. Waveguides. We shall now proceed to show by means of these 
relations that electromagnetic waves of suitable length are propagated 
in a hollow rectangular metal pipe or “waveguide.” Figure 14-1 shows 
the coordinate system. In these coordinates the boundary conditions 

are 

Fx = 0 at 2 / = 0 and at ?/ = 6 (14-12) 

Ey = 0 at X = 0 and at .x = a (14-13) 

of the walls are perfect conductors. 



Fig. 14-1. Hectangular hollow metal pipe waveguide. 

For a perfect dielectric (infinite resistivity) inside the waveguide t = ^ 
and the wave equation (14-8) becomes 


V2E = 


(14-14) 


Assume a solution of this wave equation, subject to the boundary con¬ 
ditions, of the form of a traveling wave with no longitudinal electric-field 
component. 


Ex ~ — Eq cos kxX sin kyy 

Ey = Eo sin kxX cos kyy 

= 0 


(14-15) 


These satisfy the wave equation provided that 


kl + kl^y^ = 





4 

(14-16) 


where Xo is the wavelength in the free dielectric without walls. 
From the boundary conditions at x = a and at y = b 



mir 



mr 


a 


b 


(14-17) 
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where m and n are integers. Then 



For waves whose Xo is sufficiently small, y is real and propagation 
occurs. Longer waves are not propagated through the guide, for y is 
imaginary when 70 is greater than a critical “cutoff” value designated 
Xoc. The cutoff wavelength is given by 


1 




(14-19) 


The length of the wave in the guide X^ is related to the propagation 
constant by 


X^ = — = _ _ = (14-20) 

y VI - (wXo/2a)2 - (;^Xo/26)2 Vl - (Xo/Xo.)2 

Xo approaches infinity when Xo approaches the cutoff wavelength. For 
shorter wavelengths, Xy decreases and eventually approaches Xo when 
both are much smaller than Xoc- 

It is interesting at this point to compare the behavior of low-frequency 
electromagnetic waves and of light in a hollow tube with that of micro- 
waves. A low-frequency wave requires two insulated conductors for 
propagation. It cannot go down a single-conductor waveguide because 
its wavelength is beyond cutoff. Microwaves can be propagated down a 
waveguide, but the propagation is usually strongly affected by the 
boundary conditions required by the walls; z.e., the microwaves are some¬ 
what constrained in being made to “fit into” a waveguide. For optical 
wavelengths, however, the walls have relatively little effect since the 
fields vary rapidly with distance, and boundary conditions in a tube of 
ordinary dimensions are easily met. A tube of 1 cm dimension is almost 

equivalent to free space for light waves. 

As mentioned above, Eq. (14-20) shows that, for Xo just slightly smaller 
than the cutoff wavelength, 7 is very small and hence the apparent wave¬ 
length measured along the 2 axis is very large. Since the phase velocity 
equals w/ 7 , the phase velocity may become very large and is always 
greater than c /the velocity of light in the free medium. Of course, 
the group velocity must obey the principles of relativity and cannot 
exceed c/a/^. The group velocity may be shown in the usual way t(^e 
= (c/\//^)(Xo/Xff). The group velocity is always less than 
approaching this value when Xo « a, or for very short wavelengths. 

The modes which have been discussed are those for which Ez = 0, that 
is, the electric field is purely transverse, and are designated lEmn mo es 
(transverse electric). Equation (14-15) gives the components of E, and 
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the components of H may be obtained from Eq. (14-15) and Eq. (14-2) 


as 


Hx = — — Eq sin kxX cos k^y 

/xa> 

cos kxX sin kyy 

^xoikx 

^ cjU^l + ^i,) pQg (.Qg ],^y giWi-yz) 

fiOjkx 


(14-21) 


where K = W 7 r/a, k, = nyr/b, kl + kl + = /iecoVc•^ and m and n are 

integers. 

For any given rectangular waveguide having a > h, the low'est fre¬ 
quency, or longest Xo, mode of the TF type which can be propagated is 
the one for which m = 1, n = 0. It is known as the TEio mode, or the 
dominant mode, and is almost the only one used for microwave trans- 

mission and spectroscopy. 

The complete set of field ecpiations for the dominant mode may be 
written 


E, - 0 

Ey = Eo sin k,x 

E, = 0 


// = Eo sin k^ 

HO) 

Hy = 0 (14-22) 

//^ = Eq cos kxX 

flO) 


Except near cutoff, //. is considerably smaller than //,, and the wave 
may be visualized as an electric and a magnetic vector both approxi¬ 
mately perpendicular to the direction of propagation and traveling down 
the waveguide in phase. Actually Hz is by no means negligible. 

An instructive viewpoint is provided by realizing that the fields in the 
dominant mode given above are the same as those due to two plane 
waves reflected successively from the walls of the waveguide so that each 
zigzags its way down the guide in the z direction. The velocity with 
which power is propagated down the waveguide is slowed up an amount 
appropriate to the zigzag motion of the hypothetical plane waves. 

14—2 shows the instantaneous electric field and wall currents 
in a rectangular waveguide carrying a 4Eio wave. Magnetic fields, 
which can also be obtained from the wave equations, are shown by broken 
lines. Wall currents are perpendicular at every point to the magnetic 

field. 

Other modes satisfying the wave equation and boundary conditions 
exist, including some with a purely transverse magnetic field. The latter 
are designatedKI'M waves, with the particular mode indicated by sub¬ 
scripts analogous to those used for TE modes. Their cutoff wavelength 
is also given by Eq. (14-20), but m and n must be greater than zero, so 
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that no TM mode has a cutoff wavelength as long as that of the dominant 
TE mode. 

Circular-cylinder waveguides also can propagate microwaves in vari¬ 
ous modes governed by the boundary condition that the electric field 
at the wall must be perpendicular to the wall. Both TE and TM modes 
exist and are designated by those letters Avith added subscripts. The first 
subscript is the number of maxima of the field in a 180° angle measured 



Fig. 14-2, Kleotric and maKactic fields and wall currents in a rectangular waveguide 
(TEijo mode). {After Pollard and Slurievant [S08].) 

in a plane perpendicular to the axis of the cylinder. The second sub¬ 
script is the number of maxima between the center and the wall of the 
Avaveguide. The fields of some of the circular modes are shown in Fig. 
14 - 3 , along Avith their cutoff Avavelengths. As in the rectangular Avave- 
guide, Xy is related to Xo and Xor by Eq. ( 14 - 20 ), i.e., 

^ _ X^r_ 

1 - (Xo/^Or)^ 

While each of these modes has uses, most microAvave spectrographs 
employ the TEoi mode in a rectangular guide. This mode has the advan¬ 
tage that, if the size of the pipe relative to the w^avelength is properly 
chosen, no other mode can be propagated. In addition, no current floAVS 
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across the center of the broad face, so that a longitudinal slot may be cut 
there without disturbing the fields. Finally, the electric field is always 
perpendicular to the broad face, so that a metal plate parallel to that 
face may be put inside the guide without disturbing the fields. 


mode ^^^ = 3.41^7 TVl/oi mode A^^ = 2.e\o 



TiTgi mode Aoc~^06a mode /<i?c- = l.64i7 


-Electric field 

-Mognetic field 

Fig. 14-3. Fields in circular waveguides. 

14-3. Attenuation. Waveguide walls made of copper, brass, or silver 
approximate perfect conductors well enough that the field distributions 
discussed above are good approximations. However, since currents flow 
in the walls it is evident that some loss of power will accompany propaga¬ 
tion of the wave. These losses give a small imaginary contribution to 
the propagation constant y which may be fairly accurately determined 
by assuming that the fields in the waveguide are those appropriate to the 
perfectly conducting waveguide and computing the ohmic losses due to 
current flow. 

The boundary conditions at the surface of a perfect conductor require 
that H must be parallel to the surface. Considering any small area of a 
waveguide wall over which the oscillating magnetic field has essentially 
constant amplitude, the solution of Eq. (14-9) inside the conducting 
wall (analogous to the solution discussed for E in conducting material) is 




(14-23) 
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where 6 = c~T/27rfjicx} is the skin depth. For copper 5 = 3.8 X 
cm, where 5 and X are in centimeters. Axes have been oriented so that 
the origin is at the surface, y is in the direction of H over the small element 
of area having H essentially constant, and the positive z axis extends 
perpendicularly into the wall. 

From Eq. (14-1), since dD/dt == 0 in the conductor, 


t = ~ V X H or (1 4- ( 14 . 24 ) 

-Itt 47rd 

The power loss due to ohmic resistance per unit volume is (fj)ftvr or ^n*T, 
where in is the real part of Eq. (14-24). Integrating over 2 from 0 to 00 , 
the power loss per unit area is obtained as 


Power loss/area = 


zV* 


dz = 


772 ^ U2 

8 


(14-25) 


where v is the frequency. The last expression for power loss has a simple 
interpretation. The total energy per unit area built up in the magnetic 
field inside the metal on every half cycle is approximately 
since jillly/Sir is the energy density at the metal surface and 5 is approxi¬ 
mately the depth of penetration of the field. If all this energy associated 
with the magnetic field in the metal were dissipated in the metal on every 
half cycle, then the rate of power loss per unit area would be 



which is approximately the same as Etj. (14-25). Thus the energy of the 
electromagnetic field penetrating the metal may be considered lost on 
every half cycle. 

If the behavior of some field component of a microwave is described by 


E = EoC^ where a and 0 are real, the constant ^ is sometimes 

called the attenuation constant. Its unit is nepers per unit length. 
More commonly the cjuantity a is called the attenuation constant, since 
the power or energy associated with the wave depends on the square of 
field strength, or as P = Poe'®". The attenuation constant a for power is 
given in units of inverse length, such as cm“*. It can be calculated by 
computing the power flow through a waveguide and the power loss per 

unit length. Thus 




(14-26) 



MICROWAVE CIRCUIT ELEMENTS AND TECHNIQUES 


385 


where i/s, is the component of H at the surface of the waveguide, is 
the surface of the waveguide walls of unit length, Sz is the cross-sectional 
surface of the waveguide (perpendicular to the direction of power flow). 

Evaluation of a for the TEio mode gives, for a silver waveguide at 
wavelengths well below the cutoff wavelength 


3.384 X lO-^* ((a/26)(2a/Xo)3 + (2aAo)-* 

1 [(2aAo)^ - l]i 


cm-i (14-27) 


where a is the long dimension and b is the short dimension of the wave¬ 
guide, both being measured in centimeters. Xo is the free-space wave¬ 
length (in centimeters) of the radiation. To obtain the power loss in 
decibels per centimeter, the a given by Eq. (14-27) should be multiplied 
by 4.343. 

For metals other than silver, the attenuation is similar to that given by 
(14-27), but is proportional to the square root of the resistivity. For 
copper waveguide, the attenuation given by Eq. (14-27) is to be multi¬ 
plied by 1.05; for gold the factor is 1.26 and for brass it is 2.08. 

At the cutoff frequency, the attenuation given by this expression is 
infinite, and for slightly higher frequencies the attenuation falls rapidly. 
The large attenuation near the cutoff wavelength is to be expected from 
the equivalence of the wave to two plane waves zigzagging across the 
waveguide. Near cutoff the plane waves are reflected back and forth 
between the walls many times while moving down the waveguide one 
wavelength. There is consequently opportunity for considerable loss of 
power. The attenuation passes through a minimum at higher frequen¬ 
cies and then rises approximately proportionally to the frequency. For 
typical “A-band” copper waveguide, having inside dimensions 0.420 by 
0.170 in., Eq. (14-25) gives for Xo = 1.25 cm, a = 1.1 X 10“^ cm~^, or 0.48 
db/meter. The actual measured attenuation is likely to be between 
20 and 100 per cent greater because of surface imperfections ([312], pp. 
117, 191). Similar expressions may be given for other modes and other 
types of waveguides, most of which give attenuation of the same order of 
magnitude, and with analogous frequency dependence. An exceptional 
case is the TEoi mode in a circular waveguide for which the attenuation 
decreases without limit as the frequency increases. If, in going to higher 
frequencies, the size of the waveguide is changed in proportion to the 
wavelength, the attenuation increases as or Xq ^ If the size of guide 
is not changed, the attenuation increases for smaller wavelength only as 
Xq^ a waveguide larger than that required to avoid cutoff is often used 
in the millimeter-wavelength region because of its lower attenuation. 
For wavelengths beyond cutoff (Xo > Xoc), the attenuation is given by 

a = 54.6[1AL — lASJ* db/unit length and the impedance is reac¬ 
tive. Waveguides beyond cutoff are sometimes used as standards of 
attenuation. 
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14-4. Reflections in Waveguides. Reflection occurs whenever a wave 
in a guide encounters any irregularity. The irregularity may be a 
change in guide size, a bend or twist, or an obstacle. A treatment of 
reflection at irregularities is very complicated for the general waveguide 
case because the obstacle is likely to introduce higher modes into the 
reflected and transmitted waves. Very great simplifications are pos¬ 
sible, hoAvever, when only one mode can be propagated at the wave¬ 
length considered. Then a reflected wave can be propagated only in 
the same mode as the incident wav'e, as in the case of a low-frequency 
transmission line. The analogj'^ between a single-mode waveguide and a 
transmi.ssion line is very far-reaching and is quite useful because of the 
familiarit}^ of transmission-line theory and behavior. 

A transmission line for electrical impulses usually consists of two 
parallel conductors with current flowing along each conductor. Current 
also floAvs between the two conductors either because of current paths 
purposel,y inti oduced or because of the inevitable interconductor capaci¬ 
tance and leakage resistance. Let the series impedance of the line per 
unit length be 7', and the shunt impedance per unit length be S. Then 
(rf. [117], Cdiap. 1) the instantaneous current at any point distant z 
along the line is giv'en by 


i = z’o exp joii ± V T/S z 


(14-28) 


where represents the current at 2 = 0. The potential difference V 
between the conductors at any point is obtained by multiplying their 
shunt impedance per unit length by the current flowing through this 
impedance. The latter is —di/dz since the shunt current is that which 
is lost from the main line. Therefore 


F = + \/77S’ i 


(14-29) 


The characteristic impedance of the transmission line is defined as 
Z = V/i. If the wave travels toward positive z {i = 

Z = \/TS, and if the wave is traveling toward negative z the impedance 
appears to be Z = — y/TS. Actually the impedance is usually taken 
as positive for both directions and V = Zi for the wave advancing in the 
z direction, V = —Zi for the reversed wave. 

If the transmission line is not lossy, then T is usually purely induc¬ 
tive and may be written T — ./wL, while S is purely capacitive and is 
S = l/JcoC. Hence Z ~ -y^/L/C and 


• 7 * = 




where y — y/LC is the propagation constant. Expressed in this form, 
it is clear that propagation of electromagnetic waves along a transmission 
line has much in common with the propagation of microwaves in a wave¬ 
guide or in free space. 
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Instead of propagation on an infinitely long uniform transmission line, 
consider now the behavior of a current wave at a junction between two 
transmission lines of impedance Zo and Zi as indicated in Fig. 14-4. At 
the junction itself the current and voltage can be computed from the point 
of view of either transmission line, which must of course give equivalent 
results. Thus the current is either the algebraic sum of an incident 
current wave and the reflected wave ir or etjuals the transmitted wave 
it. Hence when 2 = 0 , 


i 




(14-31) 


ir 


and 


i,Zo “h frZo — qZ I (14-32) 


0 




Fig. 14-4. Currents at a junction of 
transmission lines of impedance Zo 
and Z\. 


where the subscripts i, r, and t denote, 
respectively, the incident, reflected, 
and transmitted currents. It is im¬ 
portant to remember that in Fa\. (14-32) for a wave traveling to the right 
in Fig. 14-4, V = zZ, but for one traveling to the left, V = —iZ. Solving 
Eqs. (14-31) and (14-32) for it and v when 2 = 0, 


It 




(14-33) 

(14-34) 


At any point z to the left of the junction a new impedance may be defined 
as the ratio of voltage to current 




— sinh 772 + (Zi/Zo) cosh 772 
cosh 772 — (Zi/Zo) sinh 772 


(14-35) 


It is to be noted that, for points to the left of 2 = 0, 2 is a negative quan¬ 
tity. If Zi = Zo, from Eq. (14-34) it is seen that there is no reflected 
wave. This condition is usually desirable because it gives a maximum 
power transfer and because it avoids standing waves on the transmission 
line. 

If the transmission line to the right of 2 = 0 consists simply of a short 
circuit (Zi = 0) and 7 is real, then from Eq. (14-35), Z = — Z 07 tan 72 , so 
that the impedance changes from zero to infinity when 2 varies from 
0 to —Tr/2y. Thus the short circuit at 2 = 0 produces what appears to 
be an open-circuited line at 2 = ~~7r/2y (or -X/4), and the impedance 
varies periodically with 2 between the extremes of zero and infinity. If, 
however, there is some loss in the transmission line to the left of 2 = 0 , 
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7 is partly imaginary (7 = ja /2 + /?), and some distance from the junc¬ 
tion z = 0 the periodic impedance variation decreases in magnitude and 
Z approaches a constant value Zo. 

The impedance concept is particularly useful for transmission lines 
because Eq. (14-35) permits calculation of the effects of a discontinuity 
at any point on the line, provided that the propagation constant 7 is 
known. That is, any discontinuity can be expressed as an equivalent 
impedance at that place, or by Eq. (14-35) at any other place on the line. 

For microwave transmission in waveguides these impedance concepts 
and formulas are still useful. Since there is only one conductor and 
since different current densities flow over the various waveguide surfaces, 
both voltage and current are difficult to define. Although no unique 
definition of impedance can be made, it is customary to define the imped¬ 
ance as the ratio of electric to magnetic field strengths (E/H) at some 
point in the guide. It is not strictly necessary to define the character¬ 
istic impedance. Zo can be taken as an arbitrary constant, and other 
impedances, such as those due to obstacles in the guide, can be expressed 
in terms of Zo because Eq. (14-35) involves only ratios Z/Zo and Zi/Zo. 
Discontinuity in the guide propagation due to a sudden change of dielec¬ 
tric properties is easily interpreted as a sudden change in impedance, and 
the reflected-wave characteristics arc given by Eq. (14-34). 

However, if the waveguide suddenly changes dimensions, the reflected 
wave is not so easily obtained sirice it depends on the particular geometry 
at the discontinuity. Near the discontinuity the fields are complicated 
and can be represented as a combination of higher-order propagation 
modes with the fundamental modes. However, if the higher-order 
modes cannot be propagated, a wavelength or two from the discontinuity 
on the incident side one finds only an incident and a reflected wave in the 
dominant mode. As in a transmission line, these waves can be expressed 
in terms of an effective impedance at the position of the discontinuity 
which replaces the discontinuity for the calculation of the fields in the 
waveguide. Near the discontinuity higher modes are present and this 
approach cannot be used. It makes difficulty also if two discontinuities 
occur within a half wavelength or so, for then the higher-order waves 
from one discontinuity can reach the other before being completely 
attenuated. If several modes can be propagated, a different disconti¬ 
nuity impedance and propagation constant must be given for each mode, 
so the concept loses much of its usefulness. Moreover, a reflection can 
introduce a mode which was not present in the original wave. 

In many cases it is desirable to minimize reflections at the junctions 
of transmission lines by making the terminating impedance for the first 
line equal to its characteristic impedance. This may be done at low 
frequencies by a simple transformer involving mutual inductance between 
two coils. A quarter wavelength of transmission line of characteristic 
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impedance Z' between the two lines of characteristic impedances Zo and 
Zi can also act as a matching transformer. Thus if the junction betAveen 
Z' and Zi is at 2 = 0 and Z' extends one-quarter wavelength in the nega¬ 
tive z direction the impedance of the combination is, from Eq. (14-35), 
Z = {Z'y/Zi. If it is desired to make Z equal Zo so that the transmis¬ 
sion lines may be joined Avith no reflections, then Z' = \/ZiZo. Reflec¬ 
tion can be eliminated by a number of other types of “transformers.^' 
Generally it is necessary to haA'^e tAvo independent variables such as, in 
this case, the length and characteristic impedance of the auxiliary trans¬ 
mission line. 

In many cases another approach based on simple ideas of AvaA'-e inter¬ 
ference and diffraction can be used to investigate microAvave behavior at a 
discontinuity. For example, the quarter-AvaA'^e transformer discussed 
above may be vicAved as setting up tAvo reflected AvaA'^es. These AA-^aves 
are of equal magnitude because the ratios of characteristic impedance at 
the tAA^o reflecting discontinuities are equal. They are just opposite in 
phase and hence cancel because the path length for one is one-half Avave- 
length (tAvo quarter AvaA^elengths) longer than for the other. The prin¬ 
ciple is the same as that used for making nonreflecting glass, Avhere a 
quarter Avavclength of surface material AAnth index of refraction inter¬ 
mediate betAA'cen air and glass produces tAvo canceling reflections, or 
“matches impedances.” 

In many cases it is desirable to have a transformer produce little reflec¬ 
tion over a Avide range of frequencies. The quarter-AA^ave transformer 
and many other impedance matching devices depend someAA'hat critically 
on the ratio of certain distance parameters to the Avavelength and hence 
are not useful over a very AAnde frequency range. lioAA^ever, any change 
in AA'aveguide dimensions or impedance Avhich is so gradual that only a 
small fractional change occurs over one AA'avelength affords a good trans¬ 
former from one impedance to another and shoAvs approximately the 
same characteristics over a AA'ide frequency range. A gradual change of 
impedance such as a long taper from one dimension of Avaveguide to 
another can easily be seen to produce very little reflection of poAver 
because for any reflecting point in the taper an essentially similar reflect¬ 
ing point can be found one-quarter Avavelength farther doAvn the taper 
and the reflected Avaves from these tAvo Avill cancel. 

Still another important method of reducing reflection is by means of 
attenuation. Equation (14-35) shoAA's that the impedance approaches the 
characteristic impedance as z decreases if there is attenuation in the 
transmission line. This is because any reflected Avave decreases as a 
result of the attenuation. A short section of highly attenuating Avave¬ 
guide Avill give the same effect. Such a section is customarily inserted 
betAveen a klystron oscillator and a Avaveguide to minimize the effect of 
reflected Avaves in the guide on the operation of the klystron. 
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14-6. Cavity Resonators. A hollow space enclosed by metallic walls 
can support electromagnetic waves of some particular wavelengths in 
modes which fit the boundary conditions. Consider, for example, a sec¬ 
tion of rectangular waveguide which is closed at both ends by flat con¬ 
ducting plates (Fig. 14-5). The boundary conditions at the side walls 
are satisfied for any TE„,„ waves provided only that their wavelength is 
short enough for propagation. If the length of the waveguide is I and 
the wavelength in the guide is \g for a particular TE„,„ mode, the end 

boundary conditions require that Ej- 
and Ey vanish at 2 = 0 and z — 1. 
From Eq. (14-15) this will be satisfied 
if or yl = irp, where 

is an integer. Since y = 27r/\gy 



Fi(i. 11-5. Rectiuigular cavity reso¬ 
nator. 



(14-36) 


This relation is just what would he expected for a wave of length 
which is reflected with a 180° change of phase at the end of the guide 
so that a standing wave is produced. For nodes at 2 = 0 and 2 = Z, the 
guide must contain an integral number of halt wavelengths. 

From Eqs. (14-30) and (14-20), the values of Xo for which the cavity 
is resonant may be obtained. 


so that 


I = Phi = _ _ _ 

2 2 VI ~ (wXo/2a)2 - {n\o/2by 


(14-37) 



(14-38) 


From this relation, the wavelength Xo at which the cavity is resonant may 

be determined if its dimensions are known. 

Rectangular cavities are not much used as resonators although a sec¬ 
tion of waveguide with partial reflections at each end behaves somewhat 

like a resonator. 

Circular cylindrical cavities are more often used because they can 
easily be accurately machined and are suitable for wavelength measure 
ments. As for a rectangular cavity, the resonance condition is that the 
length of the cavity be an integral multiple of Xy/2. For cithei a 1 01 

TM mode in a circular waveguide, the free-space resonant wavelength 

is given by 

2 _ 
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where D = the diameter and L the length of the cavity 

m = the number of half-period variations of Er with respect to B 
(of Hr for TM modes) 

n = the number of half-period variations of Ee with respect to r 
(of He for TM modes) 

p = the number of half-period variations of Er with respect to z 
(of Hr for TM modes) 

Xmn = the nth root of </'„(x) = 0 for the TE modes or of Jm{x) = 0 
for the TM modes; the J's are Bessel functions 
Table 14-1 gives the values of some of the roots. For modes with p = 0 
the field does not vary in the z direction and so the resonant wavelength 
does not depend on the length of the cavity, but only on its diameter. 
This can occur only for TM modes. For wavemeter applications, the 
TEoip mode is commonly used. 


Tablk 14-1. Hoots of Jruix) axd J,n{x) 


TIO nuxlc 

mu 

TM mode 

m n 

lip 

1.841 

Olp 

2.405 

21p 

8 054 

lip 

8.882 

Olp 

8.882 

! 2lp 

5.180 

:ilp 

4.201 

02p 

5 520 

41p 

5.818 

8 Ip 

0 880 

12p 

5 832 

I2p 

7.010 


A useful figure of merit for a resonator is the defined as 




electromagnetic energy 
energy lost per cycle 



(14-39) 


From this definition it follows that the energy in a freely oscillating 
resonator decays according to the eciuation 


W = 


(14-40) 


where W is the energy remaining after time t and IFo is the initial energy 
at ^ = 0. Q is also a measure of the sharpness of resonance, for the 
width in frequency Af of the resonance curve between points at which 
the response is one-half that at maximum is 


vq 



(14-41) 


where fo is the resonant frequency (c/. [121], p. 137). 

Q may be calculated from Eq. (14-39) by a procedure resembling that 
used to calculate attenuation (c/. [486], pp. 73-77). For instance, for a 
rectangular box with I = a, for the TEioi mode (E parallel to the h 
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dimension) 

where 8 is the skin depth and Xo the wavelength. Since for copper 
8 = 3.8 X \/X^ when 5 and Xo are in centimeters, a cubic resonator 
in this mode at X = 1 cm would have a Q value of 6200. This Q is much 
higher than those obtainable with coils and condensers at frequencies 
where the latter are appropriate, but still higher Q's can be obtained with 
other shapes or larger dimensions ([221], Chaps. 5 and 6). In general 
the Q is roughl}'^ proportional to the volume divided by the surface area 
because stored energy depends on the volume while losses occur only at 
the walls. An exceptional case is the TEoip mode of a circular cylinder 
at high frec|uencies. For this mode the side-wall losses decrease con¬ 
tinuously with increasing freciuency, and it may be used to obtain very 
high Q's. 

14-6. Coupling of Cavities to Waveguide. In practice a cavity must 
be coupled to a microwave system. Then, in addition to the losses at 
the walls, there will be some energy delivered from the cavity to the 
system, so that the energy loss is greater, and the Q less, than for a 
completely enclosed cavity. As before, Qe = 27r X (electromagnetic 
energy in the cavity)/(energy lost per cycle), where the denominator is 
the total energy lost and the subscript E denotes the “external” Q with 
a coupling connection. This may be expressed in terms of the “internal” 
unloaded Qy, involving only wall losses, and the “radiation” Qr involv¬ 
ing only losses from the cavity to the external circuit, for 

J_ = JL + (14-43) 

Qe Qu Qn 

The resonant frequency of the cavity may also be affected by the 
connection to the microwave circuit if the latter is reactive. However, 
the coupling is often not large enough to affect greatly either the Q 
or the resonant frequency ([221], Chap. 5), although in some applications 
these effects must be considered. 

Coupling to a cavity is usually accomplished by one or two holes in the 
cavity wall. At lower frequencies (3000 Me or less), coupling loops 
entering through a suitable hole provide a direct connection to a coaxial 
line. Usually the coupling is designed to excite preferentially some par¬ 
ticular mode by making the electric or magnetic lines of force at the 
coupling region coincide with those of the desired mode. For instance, 
the TEoip mode in a cylindrical cavity may be excited by two diamet¬ 
rically opposite holes in the end wall [178]. These holes coincide with 
holes in the narrow face of the waveguide approximately xy2 apart. T e 
only field existing at the narrow edge of a waveguide carrying the dom¬ 
inant mode is a longitudinal magnetic field. Through the coupling o es 
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this field is transmitted to the cavity with opposite phases for the two 
holes, and so matches the TEoip mode, but not other possible modes 
except the TEo 2 p mode. The latter may be avoided in a transmission- 
type resonator by taking the output from a coupling hole in the curved 
wall of the cylinder at a 45° angle to the input holes. Then an output is 
obtained only if the cavity is at or very near resonance for the desired 
mode. 

The TEoip mode has the advantage for wavemeter applications of a 
high Q, so that resonances are sharp. Moreover, there are no radial 
currents at the edges of the end plates, so that the latter need not make 
good contact with the walls. This is particularly useful in wavemeters 
where one end plate must be movable for tuning. 

Another mode which is often used for wavemeters is the TEup mode. 
This is the lowest-frequency mode for a given cavity, and so the diameter 
of the cavity may be chosen to permit only this mode over an appreciable 
band of wavelengths (around 25 per cent— cf. Table 14-1). However, 
this mode is polarized in that it has a plane of symmetry containing the 
axis of the cylinder (cf. Fig. 14-3) and can be resolved into similar modes 
in any pair of perpendicular directions. If the cylinder is slightly ellip¬ 
tical, these modes have different propagation constants and so give 
slightly different resonant frequencies. A horseshoe-shaped strap across 
the coupling hole perpendicular to the electric vector in the waveguide 
produces a large effective eccentricity so that these resonances are far 
apart and cross coupling is prevented. Only the mode with polarization 
parallel to the electric vector in the waveguide is excited.' 

Good effective contact between the walls and the plunger is obtained 
by a quarter-wave ‘'choke.” That is, the plunger is one-half wavelength 
long, and in the back is cut a groove one-quarter wavelength deep. The 
wavelength involved here is the free-space wavelength since either in the 
groove or in the space between the plunger and the walls waves travel 
in the coaxial TEu mode for which is very close to X. The effect of the 
groove is to produce a high impedance at the edge of the plunger for 
waves flowing toward the back of the plunger and so to confine the radia¬ 
tion to the region in front of the plunger. Any radiation which does 
reach the region behind the plunger and might cause spurious resonances 
is further reduced by some suitable absorbing material such as “poly- 
iron” ([221], p. 723). 

Resonant cavities may be used as either transmission or reaction wave¬ 
meters. For use as a transmission-type wavemeter, the cavity of Fig. 
14-6 is modified to use two coupling holes, diametrically opposed on the 
curved wall Xe/4 from the base. Then the transmission is almost zero 
until near resonance it rises to a large value. A typical wavemeter might 
transmit 25 per cent of the incident power at resonance. 

Alternatively, the wavemeter may be coupled to a hole in the side 
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of the waveguide. At the end of the waveguide is a crystal detector 
which matches the waveguide well enough to absorb most of the power 
reaching it. In the guide directly opposite the wavemeter is a post or 
‘'iris” diaphragm which is designed to cancel out as nearly as possible 
the reflections produced by the wavemeter when not in resonance. At 
resonance the Avavemeter absorbs some power and reflects more, so that 
the power reaching the detector is reduced. Sometimes the detector is 
also coupled to the side of the waveguide before the Avavemeter and 
dete(*ts a change in the reflected poAver. Depending on the relative 
phases of the AvaA^emeter reflection and other reflections in the system, the 
crystal current may either increase or decrease at resonance. In either 



Kig. 14-G. a typical wavcnietc'r for the 1.25-(’in region (MIT Radiation Laborator}’ 
type TFK-2). Rarrel diameter (inside) = 0.8750 ± 0.0002 in. Coupling hole 
diameter = 0.Ill in. 


case the detector used Avith a reaction Avavemeter may also he used to 
monitor the output of the microAAave oscillator, for a signal is obtained 
as long as the AA’avemeter is not at resonance. 

A loaded Q of the order of 3500 may be expected from a Avavemeter 
in the 1-cm region, such as that shoAvn in Fig. 14-6. As the plunger is 
moved by the micrometer scrcAv tAVO or three resonances separated by 
'Kg/2 are reached, and from Kg the Avavelength X is readily calculated. In 
practice, if many AA'aA'^elcngth readings are to be made, a conA'ersion table 
from Kg to Avavelength or frequency is Avorth the trouble required to make 

it. 

14-7. Directional Couplers. It is often desirable to monitor the 
poAA^er deliA^ered by a microAvaA^e generator to a AvaA^eguide system. Foi 
this purpose a directional coupler is very useful, for it permits a sampling 
of the poAver from the oscillator Avithout any of the reflected Avaves from 

the system reaching the monitor detector. 

The easiest type of directional coupler to understand is analogous to 
directional antennas. Tavo holes approximately Kg/4: apart are cut in 
the narroAV edge of a Avaveguide Avhich is to carry AvaA^es in the dominan 
mode. The holes match similar holes in the narroAV edge of anot er 
Avaveguide (Fig. 14-7). Then a wave traveling from left to right in 
waveguide (1) will reach hole B one-quarter of a period later than hole 
A wave in the same direction starting at the same time and passing 
through hole A will reach hole B at the same time and the two aviU rein¬ 
force to produce a combined Avave in Ava\'eguide (2) in the same irec ion. 
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On the other hand, a wave going through (1) to hole B and then back 
to A will arrive at A one-half wavelength behind a wave which passes 
directly through A and so be canceled by the wave from A. Thus a wave 
traveling from left to right in waveguide (1) will produce only a wave in 
the same direction in waveguide (2). A i*eflected wave traveling from 
right to left in (1) will produce only a wave traveling from right to left 
in (2), which will be absorbed by a suitable termination of the left end of 
(2). A wedge-shaped strip of lossy dielectric can be made to absorb this 
wave without serious reflection. 

A detector at the right end of (2) then receives only waves from the 
oscillator, and none of the reflected power. It is thus suitable for moni¬ 
toring the oscillator output power. A cavity wavemeter connected at 



Fig. 14-7. Two-hole directional coupler. 


this point is assured of a reliable power input regardless of reflections 
and in turn causes a minimum disturbance to the rest of the microwave 
circuit. For wavemeter connection a directional coupler which trans¬ 
mits from 1 to 10 per cent of the incident power into (2) is useful (“a 
20 -db” or ‘‘a 10-db^^ coupler). 

Other types of directional couplers have been used which are merely 
variants of that described. For instance, the coupling holes may be in 
the broad face of the waveguide as long as they are far enough from the 
center line or wide enough to provide sufficient radiation. It should be 
mentioned that for either type the holes are usually large enough so that 
they cannot be treated exactly as points, and so their optimum spacing 
may not be exactly Xy/4. In any case the spacing is not excessively 
critical so that the coupler is useful over a considerable wavelength 
band. However, better directivity (forward wave to back wave ampli¬ 
tude ratio) over a wide wavelength band can be obtained by using more 
than two coupling holes, with neighboring holes \g/A apart [222]. The 
diameters of the holes are chosen so that ar, the amplitude of the wave 
originating at the rth hole, is given by 

^ 7V (n- r )! (14-44) 

where n -f 1 is the number of holes. That is, the amplitudes are pro- 
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portional to the binomial-expansion coefficients. Then the amplitude 
of the reflected wave is proportional to cos" {2ird/\g)y where d is the 
distance between successive holes. The reflected wave is zero for \g = 4d 
regardless of the number of holes, but the larger n is, the more slowly the 
reflected wave increases when \g deviates from 4d. Many other varieties 
of directional coupler have been used, and several are described in [221], 
Chap. 14. 

Another waveguide device related to the directional coupler is the 
**magic T” shown in Fig. 14-8. Its operation may be understood from 
the fact that the plane bisecting arms C and Z) is a plane of symmetry. 



Fig. 14-8. Waveguide “magic T." 


Thus a wave entering through branch 
D in the principal mode has its electric 
vector symmetric about that plane. 
However, a wave which can be prop¬ 
agated in C must have an electric 
vector which is antisymmetric with 
regard to the symmetry plane. Thus 
a wave entering from either C ov D 
will excite waves in A and 15, either 
symmetrically or antisymmetrically, 
but waves will not pass directly from 
C to D. Similarly waves from A or B 
can excite waves in C or Z), but the 
amplitude in C will be proportional to 
the difference, and in D to the sum, of 
the amplitudes of the waves entering 
through C and Z>. 

In a typical application as a direc¬ 
tional coupler, the wave from the 
oscillator enters through A, and the 
waveguide system is connected to C. 
D has a power-monitoring crystal de¬ 


tector or wavemeter, and B has a matched load such as a tapered lossy 
plastic strip designed to prevent reflections. Power is then transmitted 
to C and Z), but reflected power from C cannot enter D. A monitor in D 
measures only the power delivered by the oscillator to the load, regar 


less of reflections. 

Another important application of the magic T is to balanced sys ems 
analogous to bridge circuits in ordinary electrical measurements. se 
is made of the fact that arm C gives a signal depending on the difference 
of the signals in A and B. It can then be used to show departures trom 


balance in arras A and B. 

To prevent reflections by the magic T itself, it is usually necessary 
match it to the waveguides by ''irises” or diaphragms in the wavegui 
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positioned so as to reflect a wave of phase opposite to, and amplitude 
equal to, the reflection from the magic T. 

14-8. Attenuators. Most waveguide systems contain at least one 
attenuator. Sometimes an attenuator is used to reduce power input to 
the system, e.g., to prevent power saturation in a spectroscope absorption 
cell. Equally often, the attenuator is inserted principally to prevent 
reflections in the waveguide system from reaching the oscillator and 
affecting its operation. 

It is always desirable, and sometimes very important, that standing 
waves be kept low to avoid variations in power at the detector as the 
frequency is varied. Attenuation in the system helps to reduce standing 
waves since reflected waves must 
pass an attenuator twice in each 
back-and-forth trip through the 
waveguide. 

Most commonly attenuation is 
obtained by inserting a strip of lossy 
material such as bakelite coated 
with carbon (with surface resistance 
of a few hundred ohms per square) 
into the guide through a longitudi¬ 
nal slit in the center of the broad 
face. The strip is a few wave¬ 
lengths long and is tapered to prevent reflections from the ends. Often it 
is pivoted at one end, and the attenuation is controlled by lowering the 
other end into the guide (see Fig. 14-9). 

A fixed attenuator can be constructed in many ways. One of the 
simplest is to attach a strip of lossy dielectric to the narrow wall of the 
waveguide. In order that the attenuator will not itself introduce 
reflections its ends should be tapered. With carefully made attenuators 
of this type, it is possible to reduce the variation in transmitted power 
due to reflections to as low as about 1 per cent. 

When the attenuation must be known absolutely, a short section of 
waveguide which is too small to propagate the wavelength produced by 
the oscillator may be used. The attenuation can then be calculated from 
the dimensions of the guide and the free-space wavelength (c/. page 385). 

14-9. Joints in Waveguide Systems. Waveguide sections and devices 
are commonly joined by attaching suitable flanges and bolting them 
together. The flanges need only be large enough so that they can be 
conveniently bolted, but they must be soldered carefully flush with the 
ends of the waveguide. Especially if the guide is to transmit wave¬ 
lengths short enough so that higher modes could be propagated, it is 
important to obtain good alignment of the two guides and locating pins 
may be provided for this purpose. 



Fig. 14-9. Waveguide attenuator. 
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In a flat-flange joint, the longitudinal current components are carried 
by the capacitance between the flanges even if the contact between them 
is poor. However, there is a small voltage drop across the joint, and if 
the guide is to carry high power, as from a magnetron, arcing may occur 
at the joint, or there may be a small leakage of power. For these appli¬ 
cations “choke” flanges are useful. A choke-flange joint is shown in 
Fig. 14-10. It differs from a flat-flange joint in that a groove X/4 deep 
is cut in one flange. The inner and outer walls of this groove act as 
conductors of a quarter-wave coaxial line, short-circuited at one end and 



Fu 5. 14-10. C'hoko-nangc wavojjuidc joint. 


thus having a \'ery large impedance at the open end. This large imped¬ 
ance makes diflicult a radial flow of i)ower between the flanges. If, more¬ 
over, the distance from the groove to the waveguide is roughly another 
quarter wavelength, then the impedance at the waveguide wall is very 
small. This permits the wall currents to flow without large potential 
drops. 

Since the dimensions of a choke flange depend on the wavelength, it is 
frequency-seiisitive and so not well suited to ec|uipment recjuired to 
operate over large frecpiency ranges. 

If leakage from flanges must be minimized, the completed joint may 
be wrapped in steel wool. If this is not done, waves radiated from the 
joint may be reflected from objects in the room and reenter the wave¬ 
guide to cause a small change iti the signal which varies as people move 
in the room. This precaution is usually needed only for spectrographs 
which do not employ modulation because they are sensitive to any 
change in microwave power at the detector, no matter how slowly the 

change occurs. 

14-10. Waveguide Windows. It is often necessary to confine a gas to 
one section of a waveguide system. AX indows for this purpose must be 
vacuumtight and yet reflect or absorb very little microwave power. A 
suitable window may be constructed of 0.001-in.-thick mica sheet sealed 
by a flat gasket stamped from rubber or polyethylene sheet a few mils 
thick and sandwiched between flat flanges. “Dental-dam rubber 
obtained from dental supply houses is suitable for gaskets. A light 

coating of stopcock grease is used on the gasket. 

For higher-temperature operation or for spectroscopy on certain leac- 
tive compounds, the rubber gaskets may be replaced by solder, lea , or 
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gold, and thin quartz windows have been used. A design for mica 
windows with lead gaskets has been described [637]. If the flanges are 
made sufficiently sturdy and the area of contact with the mica sufficiently 
small so that considerable pressure can be applied to the mica A\andow, a 
good vacuum seal can be obtained without the use of a gasket. Mica 
windows may also be sealed permanently to metals. Such windows have 
been used in klystron tubes and might be applied to spectroscopy. 

14-11. Plungers. Often, as in a cavity wavemeter or in a matching 
section, a waveguide must be terminated by a movable short-circuiting 
plunger. If the mode is such that currents flow across the gap between 
the plunger and the walls, care must be taken to provide a dependable 
low-impedance path for them. Sometimes, particularly at lower micro- 
wave fre(iuencies, spring contacting fingers are sufficient. A good effec¬ 
tive contact may he obtained by using the principle of the choke flange, 

b 


Fig. 14-11. WaveKaidc choke plunger. 

as in Fig. 14-11, which shows a type of plunger often used in wavemeters. 
The inner and outer walls of the slot CD act as the conductors of a 
quarter-wave coaxial line short-circuited at C. Thus at D there is a 
high impedance which is transformed by the quarter-wave section BA 
to give a very low effective impedance at A. The lengths and Xjjj 
are not free-space wavelengths and are not equal because the coaxial 
lines involved are not excited in the principal mode but in the TEio mode 
for the appropriate coaxial waveguide ([312], Chap. 8). This type of 
device is of course designed for a particular wavelength but is fairly 
satisfactory over a wavelength range of 5 to 10 per cent. 

14-12. Other Types of Guided Waves. It is possible to confine micro- 
wave radiation to a restricted region without requiring that region to be 
part of a hollow-tube waveguide. For instance, a horn radiator can be 
used to beam radiation toward a similarly directional receiving horn. A 
glass or quartz absorption cell between the horns could have the advan¬ 
tage of bringing no metal in contact with the sample, which would be 
helpful for corrosive materials. 

If the radiation from the horns is polarized, thin metal plates can be 
placed in the path of the beam with their planes perpendicular to the 
electric vector without disturbing the fields. A low-frequency electric 
field can then be applied between the plates for Stark modulation. 
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When the horns are arranged to confine the radiation to the space 
between the plates, the plates constitute a parallel-plate waveguide. 
Alternatively the ordinary rectangular waveguide in the dominant mode 
may be imagined to have its width increased indefinitely. The electric 
field remains perpendicular to the broad faces and has a maximum value 
in the center, decreasing toward the now distant walls. If the extreme 
edges are then cut off at a point where the field is sufficiently small, the 
remaining portion behaves very much as the infinite-parallel-plate guide. 
The coupling horns serve to direct the waves from ordinary waveguides 
to the central region of the flat plate guide. 

The use of parallel-plate waveguides for microwave spectroscopy has 
been suggested by Gordy [278] and investigated by Baird, Fristrom, and 
Sirvctz [430]. It has the advantage that small spacings can be used, and 
a large uniform d-c field can be applied between the plates. Moreover, 
the insulating spacers may be kept entirely outside the region occupied 
by the microwave energy so that their dielectric-loss properties are unim¬ 
portant. For this reason, parallel-plate waveguides would appear to be 



Fk;. 11-12. Surface wave transmission lino. 


useful for operation at high temperatures where the insulators used to 
support Stark-effect electrodes inside ordinary waveguides give trouble. 
However, unless veiy large lioriis are used, the radiation tends to spread 
and produce rather bad frecjuency-sensitive reflections from obstacles 

outside the absorption cell. 

Some of the advantages of the free-space waveguide cell, without the 
need for extremely large horns to provide high directivity, might be 
gained by using a single-conductor surface wave transmission line [575a]. 
This consists of a single wire with a thin coating of dielectric. The wave 
is launched and received by coaxial cables having their outer conductors 

flared to form horns (Fig. 14-12). . 

14-13. Microwave Applications of Ferrites. The name * ferrite is 
applied to a group of materials which have high magnetic permeability 
and low electrical conductivity. Because of their low conduct^ity, 
microwaves can propagate through them without excessive loss. en 
a magnetic field is applied to a ferrite, the unpaired electron spins which 
produce the high permeability, precess. A broad resonance of t is pre 
cession is obtained at microw'ave frequencies in fields of a few t ousan 

00 j* <5*^ 0 

For fields lower than that needed to give resonance, a large Faraday 
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rotation of the plane of polarization is obtained. Figure 14-13 shows one 
way in which this rotation can be applied to provide variable attenuation. 

The incoming wave is plane-polarized, and in a circular waveguide 
section the ferrite rotates the plane of polarization. If the plane of 
polarization is rotated 45° in one direction, the wave is transmitted by 
the output waveguide, but if it is rotated 45° in the opposite direction, 
the output waveguide cannot transmit it. Thus a control over the ampli¬ 
tude of the transmitted wave is obtained by varying the current in the 

solenoid and with it the degree of rotation. 

If the magnetic field is adjusted to give 45° rotation for maximum trans¬ 
mission, then a reflected wave coming in the opposite direction is rotated 
a further 45° in the same sense. Thus the reflected wave emerges with 
its plane of polarization perpendicular to the short face of the input 
waveguide and so is not transmitted. The device therefore is a one-way 

■Ferrite 


1 



Resistor 

cords 


Electric vector 
of incoming wave 

Fio. 14-13. A variable attenuator and one-way transmission device (isolator) using a 
ferrite. (A/ler Jiowtn [860].) 

transmitter and can be used, for instance, to isolate a klystron fiom a long 
waveguide section in which reflections can occur. 

Other useful devices employing ferrites can be constructed and some of 
them will undoubtedly find applications in microwave spectroscopy 

[696a], [860]. 

14-14. Microwave Generators. More than any other one thing work 
in the microwave region is characterized by the electronic sources used 
for microwave generation. Heat sources used in the infrared region 
hardly produce usable amounts of energy for wavelengths beyond i mm. 
The typical microwave sources provide milliwatts of power in a fre¬ 
quency band less than 1 Me and sometimes less than Me. The 
temperature required of a hot body to produce a similar radiation would 
be approximately 10^^°C. 

Electronic generators have the advantage over heat sources that their 
radiation is entirely confined to a small portion of the spectrum. Hence 
even a small amount of power from an electronic generator may represent 
a very high effective temperature and be easily detectable. Moreover, 
this nearly monochromatic radiation makes possible the study of absorp¬ 
tion spectra by tuning the source rather than by making a selection from 
the radiation of a broad source, as by a prism or grating. 
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However, microwaves lie just in the region of the high-frequency limit 
for satisfactory operation of a normal electronic tube. This is because 
the electrons take a time which is an appreciable part of a cycle to pass 
between the electrodes. At microwave frequencies the field may actually 
alternate many times during the electron transit time unless the electrode 
spacing is extremely small. The time average of the field acting on the 
electron is then zero regardless of the field strength. Thus the grid in a 

conventional triode cannot control 
at a microwave frequency the flow 
of the electrons through the tube. 
Triodes have been made to oper¬ 
ate at 10,000 Me by the use of 
extremely small grid-to-cathode 
spacing (less than the thickness of 
the oxide coating on most cath¬ 
odes). Plowever, with such close 
spacing interelectI’ode capacitance 
is a serious difficulty. 

14-15. Klystrons. Most micro- 
wave generators allow for and 
make use of the electron transit 
time. The klystron [281] has two 
resonant cavities through which 
an electron beam passes. A radio- 
freciuency field in the first cavity 
bunches the electrons into groups 
which pass through the second 
cavity and induce radio-fre(iuency 
fields in it. More exactly, the 
first (ravity accelerates some elec¬ 
trons slightly and decelerates 
others, depeiuling on what portion 
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Fio. 14-14. Klystron oscillators. 


of the radio-frequency cycle they traverse. Alter a distance of some 
millimeters the fast electrons have caught up with the slower ones ahead 
and maximum bunching occurs. It is at this point that the second 
resonator is placed, for farther along the beam the accelerated electrons 
have passed the slow ones and the electrons are again debunched. I he 
two-cavity and reflex klystrons arc illustrated in Fig. 14-14. 

If some of the radio-freciuency energy from the second resonator is fe 
back to the buncher resonator in the right phase, as by a coaxial 
mission line of suitable length, the klystron becomes an oscillator. Ihe 
frequency of oscillation is determined primarily by the size of the 
t.e., by their resonant frequency. It can also be influenced shg t y y 
changing the electron velocity, but if the frequency is changed too muc 
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from the center of the cavity resonance by changing the electron velocity, 
oscillations are not maintained. 

The second cavity may be eliminated and the klystron considerably 
simplified if the electron beam is reversed by a suitable reflector electrode, 
negatively charged. After reflection, the beam retraverses the cavity, 
delivering to it more energy than originally received from the cavity if 
the beam velocity and reflector distance are right. 

“Reflex” klystrons of this type have been by far the most commonly 
used microwave oscillators for spectroscopy. They are available com¬ 
mercially for almost all fre(|uencies from below 3000 Me to about 60,000 
Me (Sperry Gyroscope Co., Great Neck, N.Y.; Raytheon Manufacturing 
Co,, Waltham, Mass.; \'arian Brothers, San Carlos, Calif.). Individual 
types of reflex klystrons reciuire accelerating voltages in the range from 
300 to 3000 volts. The reflector is operated at a negative voltage which 
is usually between zero and 300 volts. It is necessary to stabilize the 
power supplies, and this is especially true for the reflector voltage. Most 
general spectroscopic work reciuires a stability such that possible short 
period changes in voltage (such as ripple from the alternating current 
which has not been perfectly filtered after rectification) can cause a 
frequency change not greater than This means that for the 

type 2K33 the accelerating voltage must be held within O.I volt and the 
reflector voltage within 0.01 volt. In addition, for this type of stability 
it is often helpful to operate the klj'stron cathode heater on direct current 
either from batteries or from a rectifier. Typical klystron power supplies 
suitable for general-purpose microwave spectroscopy use a series regulator 
tube controlled by reference to a voltage-regulator tube with a single 
stage of amplification ([221], Sec. 2-13, and [519]). An additional stage 
of d-c amplification in the control circuit may be needed for higher 
stability, particularly with 2K50 tubes. 

The 2K33 family of tubes (Raytheon) has been most widely used 
because tubes are available for the entire wavelength region from 18,000 
to 60,000 Me with the same wiring connections and similar power require¬ 
ments for all the members of the group. They have a variety of type 
numbers and each type covers a frequency range of only about 10 per 
cent. The tubes are reflex klystrons with a cavity partly inside and 
partly outside the vacuum. The cavity involves a bellows arrangement 
so that it can be compressed and thereby tuned. While the nominal 
range of the type 2K33 is 22,000 to 25,000 Me, individual models some¬ 
times may he found to oscillate anywhere in the range from 18,000 to 
28,000 Me. If a tube is not on hand for a particular desired frequency, 
it is possible to extend the range of another tube by loosening the locking 
screws which limit the range of the cavity adjustment (c/. [519]). Too 
large a change of this type may, however, damage the tube. 

Another useful klystron type for the same region as the 2K33 is the 
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2K50. This is a smaller tube mechanically and somewhat more difficult 
to build. However, the completed tube is very convenient to use and 
requires only 300 volts on the accelerator and —150 volts on the reflector. 
Tuning is accomplished by changing the size of cavity thermally. One 
of the cavity supports is made the anode of an auxiliary triode. When 
this triode plate current is increased, this support is heated by electron 
bombardment and expands enough to tune the klystron cavity. The 
tube may be tuned in 2 or 3 sec over about 2000 Me by changing the 
tuner grid current. The tuner grid has a sensitivity of about 120 Mc/volt 
[225] so that its voltage must be accurately regulated. This is not very 
difficult in practice, because the voltage is low and little current is drawn. 
Batteries may be used if a suitable power supply is not available. More¬ 
over the tuner response is slow enough that the effect of power-supply 
ripple is greatly reduced. The 2K50 reflector regulation requirements 
are similar to those for the 2K33 family. This tube is now being manu¬ 
factured by Bendix Red Bank, Eatontown, N.J. 

The Varian klystrons {e.g., types X-12 and X-13) are available only 
for frequencies below 20,000 Me. However, they give somewhat more 
power than the preceding types and are therefore especially useful for 
driving crystal harmonic generators. 

If it is desired to sweep a 2K33 slowly through a frequency band wider 
than can be obtained by reflector voltage variation, a suitably geared 
motor can be attached to the screw which varies the cavity size. A fric¬ 
tion clutch must be included in the drive to allow slippage at the end of 
the tuning range and thus avoid damage to the tube. In thermally 
tuned klystrons, a wide frequency sweep is obtained by deriving the 
tuner grid voltage from a motor-driven potentiometer, preferably of the 
10-turn type {e.g.^ Helipot potentiometer). 

The sources of noise and extraneous modulation in the output of 
klystrons are varied, and their noise spectra are poorly known at fre¬ 
quencies near the oscillator frequency itself. However, the noise gen¬ 
erated by a klystron oscillator is not usually so large as that produced 
by the crystal detector. Occasionally an individual tube will produce 
exceptionally large noise, particularly near the end of a mode. In addi¬ 
tion, klystron noise is larger than that generated by a bolometer detector 
and is the factor limiting the ultimate sensitivity of spectrographs using 
thermal detectors. 

In case klystron noise has a harmful effect on a microwave measure¬ 
ment, it can usually be decreased by one of a number of techniques. 
Beyond 50 or 100 Me from the center frequency it is usually negligible^ 
so that noise from a local oscillator can be eliminated by using a suffi¬ 
ciently high intermediate frequency. Local oscillator noise can also be 
avoided by the use of a balanced mixer. Noise at low frequencies 
close to the frequency of klystron oscillation) may be eliminated by 
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dividing the emitted microwave into two parts, one part transversing, for 
example, an absorption cell before detection and the other part being 
separately detected. If the two detected signals are compared, variations 
due to oscillator noise may be eliminated and distinguished from effects 
of absorption in the cell (see [172]). A microwave bridge also tends to> 
balance out noise. 

14-16. Magnetrons. Multicavity magnetrons have been made to* 
produce wavelengths as short as 2.6 mm. However, they have not been 
much used for spectroscopy because of the difficulty in tuning them [262J. 
Moreover, magnetrons are often rather noisy, and their large power out¬ 
put is seldom necessary. 

Magnetrons have been used for spectroscopy in the millimeter region 
and may find further application for that purpose (see Chap. 15). 

14-17. Traveling-wave and Backward-wave Tubes. A more recent 
type of tube which is not yet commercially available for the regions of 
most interest for spectroscopy is the traveling-wave oscillator. Several 
varieties have been constructed experimentally and they have been 
operated at wavelengths as short as 6 mm [511], [617]. In these tubes 
an electron beam is surrounded by a structure through which a wave 
travels more slowly than the electrons. At low frequencies (hundreds of 
megacycles) the wave may be guided by a helix; at higher frequencies a 
corrugated waveguide has been used. With suitable wave and electron 
velocities and appropriate coupling between them, the electron beam 
imparts energy to the wave, thereby increasing its amplitude. An 
amplification of 18 db has been obtained over a 3 per cent bandwidth 
near 6 mm wavelength, and such a tube can be used as an oscillator. 

The “backward-wave” tube [830] is related to the traveling-wave tube. 
It can be constructed to give good amplification or oscillation at milli¬ 
meter wavelengths and is tunable over a wide range of frequencies. In 
this device the electron beam passes along a corrugated waveguide to a 
collecting anode. An electromagnetic wave sent in from near the collect¬ 
ing anode emerges near the cathode and hence the wave is backward from 
that of a traveling-wave tube. Along its path it interacts with the 
electron beam at regular intervals, determined by the waveguide corru¬ 
gations. The beam is thereby bunched and on traveling toward the 
collector interacts further with the electromagnetic wave. This provides 
a feedback which can be positive if rates of progress of the waves and 
hence phases are correct. Since the feedback phase and therefore the 
frequency of maximum amplification is determined by the electron-beam 
velocity, the frequency can be controlled by varying electrode voltages. 
One model has oscillated at wavelengths from 6 to 7.5 mm and has been 
used as an amplifier with a gain of 20 db. The power output of the 
oscillator is of the order of 10 mw. 

Table 14-2 summarizes the microwave generators which have been 
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Table 14-2. Characteristics of Microwave Sources 


Source 

Wavelength 

range 

Average power 
output 

Hot body 

All wavelengths 

kT Ay (into trans¬ 
mission line) as 
long as hv < kT. 
For bandwidth 

Au = 10®cycles/sec 
kT Av < 5 X 10-*^ 
watts 

Spark discharge* 

OO-0.2 mm 

10“® — 10~® watt 
for bandwidth 

Av » 10® cycles/sec 

Triode electronic 
tubes 

CO —3 cm 

10-0.5 watts 

Klystrons 

50 cm-5 mm 

100-10“^ watts 

Klystrons plus crystal 
multipliers 
(harmonics)* 

1 

50 cm-0.6 mm 

10“--10“® watts 

Magnetrons (funda¬ 
mental) 

50 rm-3 mm 

100-1 watts 

Magnetron 

harmonics* 

3 cm-1 mm 

10->-10-9 watt ( 

Traveling-wave and 
backward wave 
tubes 

1 m-6 mm 

100-10“® watts 1 


Comments 


Of use only in excep¬ 
tional cases for micro- 
wave work because 
of low power 


Low power and not 
monochromatic, but 
for short wavelengths 
one of the few avail¬ 
able sources 
Convenient for longer 
wavelengths 
Very convenient and 
tunable over about 
10% range for high- 
frequency types 
One of most conven¬ 
ient sources below 1 
cm wavelength, and 
best source for spec¬ 
troscopy below 4 mm 
High power. Often 
pulsed with very 
high peak power. 
Usually tunable only 
over small range 
jood monochromatic 
source for wave¬ 
lengths below 2.5 
mm, but usually tun¬ 
able only over small 
range 

Expected performance 
similar to klystrons 
but not yet commer¬ 
cially available for 
short wavelengths. 
Tunable over wide 
range 


* Discussed more fully in Chap. 15. 
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used or suggested for microwave spectroscopy. The higher powers 
quoted are representative of performance at the lower frequency end 
of the range of each type. Tubes for higher frequencies are necessarily 
smaller and so have reduced power, dissipation, and usually lower 

efficiency. 

14-18. Detectors. Crystal rectifiers are used almost exclusively for 
detectors of microwave power in spectroscopy, although thermal detec¬ 
tors have been applied in some special cases. 1 he crystal detector [325] 
consists of a fine wire in contact with a block of semiconducting material 
(most often silicon but sometimes germanium). The contact resistance 
is greater in one direction that in the reverse, and the current-voltage 
characteristic is very nonlinear near the origin so that rectification occurs 
when an alternating voltage is applied. Because the contact is a fine 
point, contact capacitance is small and the rectifier can be used up to 
extremely .high frequencies. Nevertheless, in the millimeter-wavelength 
range the stray capacitance shunting the contact becomes a limiting 

factor. 

The sensitivity of a crystal is determined by its forward and backward 
low-current impedances. However, the usable sensitivity is limited by 
crystal noise. Both these factors vary greatly between individual crys¬ 
tals, but a typical good type IN26 crystal matched to a waveguide gives 
an output current of about 1 ma/mw. The internal output impedance is 
near 200 ohms when 1 mw of power is received, and considerably higher 
for lower received powers. The impedances which govern the perform¬ 
ance at microwave frequencies differ from those at low frequencies by the 
effects of shunt capacitance and series inductance, so that low-frequency 
measurements are only a rough guide to the performance of a crystal at 
microwave frequencies. The noise power generated in a crystal may be 
divided into two parts. The first is the thermal agitation, or “Johnson” 
noise, kT Avj where k is Boltzmann^s constant = 1.380 X 10“^^ joule 
per degree, T the absolute temperature, and the output frequency 
bandwidth. The second part of the noise is not strongly temperature- 
dependent but is approximately proportional to the square of the crystal 
current and inversely proportional to the output frequency. Thus the 
noise power of a crystal is given by 

^ Av (14-45) 

where C = a constant 

/ = the d-c crystal current, amp 
V = output frequency 

At room temperature (20°C), kT = 4.04 X watt/cycle/sec. For a 
reasonably good /C-band crystal C is about 10~^ ohms. Thus for an 
output frequency of 30 Me, which is typical of superheterodyne detec- 
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tion, the second term of (14-45) is less than the first for normal crystal 
currents of 1 ma or less. For direct or “video” detection, however, lower 
output frequencies are used and the second term normally predominates. 
For I' = 6000 cycles/sec, I must be reduced to a few microamperes to 
keep excess noise due to the second term less than “thermal” noise. 
Such low crystal currents have distinct disadvantages. 

Since the current-voltage characteristic of a crystal is represented 
fairly well by / = where K is some constant, the output power is 

approximately proportional to the square of the input power, that is, 
Pout oc /2 a: F^ cc Hence, for small variations APin of the input 

power such as would be produced by gas absorption, the change in 
output signal is 

APo.t oc Pi^APio (14-46) 

The conversion gain may be defined as APout/APin, which is a measure 
of the efficiency of the rectification process. It is usually considerably 
less than unity, and from (14-46) may be seen to decrease wdth decreasing 
power level. Hence usually the crystal current should be high enough 
to give good conversion and to make crystal noise predominate over 
amplifier noise. Since crystal noise power is proportional to the square 
of the current or input power from (14-45), and detected signal for a given 
fractional absorption is also proportional to the square of the power from 
(14-46), the precise value of crystal current does not affect the sensitivity 
or signal-to-noise ratio as long as the crystal current is large enough to 
make crystal noise predominate over other noise sources. Crystal 
currents as low as a few microamperes may hence still allow good sensi¬ 
tivity if exceptionally noise-free amplifiers are used. For very large 
crystal currents (greater than about 0.5 ma), the conversion gain no 
longer increases with current, which sets an upper limit to the desired 
crystal current. 

The noise which is proportional to crystal current may be regarded 
as originating in a variable resistance of the rectifier. If, instead of a 
direct current through the rectifier, the microwaves are completely modu¬ 
lated with frequency vq so that the rectified crystal current varies at 

CP 

frequency i^o, the noise of this type becomes ^ ^ rather than 

7*2 , 

-Aj/ as given in Eq. (14-45). For this reason amplitude modulation 

V 

of the source of microwave power at a high frequency does not obviate 
the large crystal-produced noise in a narrow band about the frequency of 
modulation vq. 

Figure 14-15 shows two typical crystal mounts for 1N26 crystals ([309], 
p. 171). The mount in Fig. 14-15a is tunable for optimum impedance 
match at a particular frequency, while the other is broadly resonant over 
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the K-band region. In the latter, especially, some adjustment may be 
obtained at the ends of the frequency band by moving the crystal slightly 

in or out of its holder. 

Crystals are also used for harmonic generation, being well suited for 
these purposes because their nonlinear resistance characteristic persists 
to high frequencies, and for superheterodyne mixers. When super¬ 
heterodyne detection is used, the beat oscillator should give adequate 
power (approximately 1 milliwatt) to the crystal to give good conversion 



Output 

Fig. 14-15. Microwave crystal mounts. 


gain [cf. (19-46)]. Its frequency should also differ from the signal fre¬ 
quency by an amount sufficiently large to prevent difficulty from crystal 
noise of the type indicated by the second term of (19-45) {cf. Sec. 15-7). 

Welded contact germanium crystals have been used and are very 
sensitive and stable. However, they tend to have higher noise than 
good silicon crystals ([325], Chap. 13). When used as mixers, they may 
have a conversion gain greater than unity, giving an intermediate- 
frequency output power greater than the signal power, the local oscillator 
providing the difference. In the longer wavelength range, these crystals 
are very good for harmonic generation but unfortunately are no longer 
being manufactured. 

Bolometers or barretters can also provide useful detection of micro- 
waves if the power level is not too low. A bolometer consists of a small 
length of fine metal wire which is heated by the presence of a microwave 
signal, with a resulting change in resistance. The change in resistance 
can be detected as a voltage signal by passing a small current through the 
bolometer. Bolometers and their mounts are manufactured by the 
Sperry Gyroscope Company, Great Neck, N.Y., and by the Polytechnic 
Research and Development Co., Brooklyn, N.Y., with approximately 
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the following characteristics: resistance = 200 ohms; change of resist¬ 
ance = 8 ohms/milliwatt; maximum power before burnout = 15 milli¬ 
watts; time constant = 300 ^sec. Units are made for microwave 
frequencies near 3 cm and near 1 cm which give satisfactory reception 
over variations in wavelength of ± 10 per cent or more. If 5 ma of current 
is passed through the bolometer, the above change of resistance gives a 
voltage change of 0.04 volts/milliwatt of microwave power. 

One of the most important advantages of a bolometer is that, in con¬ 
trast with crystal detectors, it gives very low noise at low (audio) fre¬ 
quencies, Thus the bolometer noise is not much larger than thermal 
noise, which is about 2 X 10'® volts for a 1 cycle/sec bandwidth and the 
bolometer described above. If an amplifier is used with a noise figure of 
100, this means that microwave power changes of about 5 X lO^^'’ watts 
can be detected. Bolometers will not generally respond well to changes 
in microwave power more rapid than about 1000 cycles/sec (time con¬ 
stant 10^** sec), but for slower modulation frequencies they can be very 
convenient and sensitive. Additional discussion of their design and use 
can be found in reference [221]. 
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16-1. General Principles and Ultimate Sensitivity. Microwave ab¬ 
sorption in gases is usually detected by passing microwave radiation from 
an oscillator through a long waveguide cell containing the gas, and 
measuring the amount of transmission as a function of the oscillator 
frequency. If the gas pressure is low enough so that the lines are not 
more than a megacycle or so wide, this is conveniently done by sweeping 
the oscillator fre(iuency periodically and putting a voltage corresponding 

^ To 

Gos pressure To 



Fi({. 15-1. A simple iTiicrowavo spoctroKiaph. 

to this sweep on the horizontal axis of an oscilloscope, and a voltage 
corresponding to the transmitted power on the vertical axis. Such a 
system, shown in Fig. 15-1, thus plots the spectrum on the cathode-ray 
tube. The oscillator is swept over a region only 10 to 50 Me wide, the 
center of its frequency being varied by hand to search for absorption 
lines or to move from one line to another. If, as is customary, the 
oscillator is a reflex klystron, a sweep of the order of 30 Me is obtainable 
electrically by varying the repeller potential. 

The type of spectrometer shown in Fig. 15-1 is simple and convenient 
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if the absorption lines are strong, z.e., produce changes in power as 
large as 0.1 per cent. However, many lines give very weak absorption, 
so that, even with a cell length of several meters, changes in power due to 
gas absorption of 1 part in a million or less would have to be observed 
on the oscilloscope. Interfering variations in power can easily be pro¬ 
duced by the variation in oscillator output as a function of frequency, or 
by variation in transmission due to reflections and standing waves in the 
waveguide. These difficulties generally limit a spectrometer of this type 
to detection of lines with absorption coefficients greater than 10“® cm“b 
or producing a power change of 0.1 per cent in a 10-meter absorption cell. 
Another type of interfering fluctuation is “thermal noise.'' This is 
electromagnetic radiation in the waveguide and detector produced by 
thermal agitation of their electrons and is the only interfering variation 
of a fundamental nature. Other sources of variation can presumably be 
eliminated by sufficiently careful design and construction of a spectrom¬ 
eter, so that it is thermal noise which limits the ultimate sensitivity 
attainable. This limit on the minimum detectable absorption coefficient 
for a “perfect" spectrometer, z.e., a spectrometer whose sensitivity is 
limited only by thermal noise, is discussed below. 

If power Po is introduced into a waveguide it will be attenuated by 
losses in the waveguide walls and also by possible gas absorption. These 
two sources of attenuation are designated by attenuation coefficients 
ao and respectively. The power after traversing a length L of the 
waveguide Avill therefore be 

p = (15-1) 

If the gas is removed, the power is P ~ so that the change in 

power due to the gas is 

AP = Poe~“"^'(l — (15-2) 

where the exponential has been expanded because we shall be interested 
in very weak absorptions such that « 1. 

To find the minimum detectable absorption, we need also to calculate 
the fluctuations in power caused by thermal agitation. Consider a long 
waveguide of length L which, for simplicity, supports only one mode of 
propagation for frequencies near v. The waveguide will be assumed to be 
lossless and to be shorted at both ends. This guide is in reality a cavity 
and its resonant modes are given hy n — 2L/X^, where X(, is the wave¬ 
length of radiation in the guide and n is an integer. Since \g is not very 
different from the wavelength X in a vacuum (in most practical cases 
Xff « 1-2X), we shall write n — 2L/X and neglect the complications of 
modified wavelength and velocities in the waveguide. Then n — 2Lvlc. 

As long as kT ^ hv^ the classical equipartition law holds, and the average 
energy in each mode of oscillation is kT. Since the number of modes per 
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frequency interval is dn/dv ~ 2L/c, the energy per freciuency interval is 



or 







Each standing-wave mode can be resoh ed into two equal traveling waves 
moving in opposite directions. Each wave contains half the energy, so 
that the total energy per second moving down tlie guide in one direction 
is one-half the energy density per unit length times the velocity c, or 

(15-4) 


c All 


= kT 


This is the thermal power in the frecjuency interval Au which travels in 
either direction down the waveguide. It is independent of the length 
of the waveguide and so holds efpiall}^ well for an infinite waveguide or 
for its practical equivalent, a finite lossy waveguide or one terminated by 
matching impedances. For instance, the thermal power flowing from a 
waveguide into a matched crystal detector is given by (15-1). In addi¬ 
tion the crystal must radiate an equal amount of power into the wave¬ 
guide if the entire system is in thermal ecphlibrium. 

This thermal energy JcT Ap produces a fluctuating signal at the crystal 
detector. It might, at first thought, appear that a signal due to gas 
absorption would be detectable as long as the change in power produced 
at the crystal was somewhat larger than the thermal power kT Ap. How¬ 
ever, the thermal power is associated with a field strength in the wave¬ 
guide which combines with the field strength due to the purposely trans¬ 
mitted microwave to produce apparent changes in power at the crystal 
considerably greater than Ap. 

For convenience, let the transmitted microwave power from the signal 
oscillator be represented by a voltage defined so that = 2ZP, where 
P is the power and Z is the guide impedance. V is the voltage amplitude 
of the wave emitted by the oscillator. The similar voltage due to thermal 
radiation will then be (AVy = AZkT Ap, where an additional factor of 2 
is required because there is a wave of thermal radiation in each direction 
along the guide which contributes to voltage fluctuations at the detector. 
The net power flow in the guide (assuming no gas absorption) is 

— 2/ ~ = P ± 2 y/2kfP~K'v + 2kT Av (15-5) 

Equation (15-5) shows that the thermal radiation produces changes of 
power of magnitude approximately y/PkT Av, which is considerably 
larger than the thermal power itself, since usually P « 10*-/c2’ Av. For 
a signal to be noticeable, the power change involved must be approxi¬ 
mately as large as or larger than y/PkT Av. Then using the change in 
power due to gas absorption given by Eq. (15-2), the smallest detectable 



414 


MICROWAVE SPECTROSCOPY 


absorption coefficient for a waveguide of length L is given when 

« 4 \/2Poe“““^A:!r 
or 

4 j2kT Ap 
“ L \ Poe-“'^ 

This expression is a minimum for a certain optimum waveguide length 


(15-6) 

(15-7) 


Then 



(15-8) 

(15-9) 


for the optimum waveguide length 2/ao- The same result follows from a 
more rigorous treatment ([328]; c/. also [445], [278]). 

Instead of absorption, it is possible to use dispersion, or variation in 
dielectric constant, to detect a gas resonance. The ultimate sensitivity 
attainable can be shown to be essentially the same as by detection of 
absorption [653]. 

The optimum guide length L = 2/ao is generally between 5 and 30 
meters since ao ~ 10“^ cm“b If the power used in the waveguide is 1 
mw, and the bandwidth of the detecting circuits is 30 cycles, the minimum 
detectable absorption coefficient would be ^^^^(min) » 10“‘® cm“'. 
Actual spectrometers have not reached this ideal sensitivity, the best 
being approximately 30 times less sensitive for bandwidths of 30 cycles as 
assumed here. 

The actual sensitivity of microwave spectrometers is usually limited 
by one of the following instead of by fundamental thermal fluctuations: 

1. Random fluctuations of power due to 

a. Noise in excess of thermal noise as a result of current flowing in 

the detecting crystal 

b. “Oscillator noise,” or variations in oscillator output 

c. Noise in excess of thermal noise in the amplifying circuits 

2. Changes in power which vary systematically with oscillator fre¬ 
quency as a result of 

a. Variation of oscillator power as a function of frequency 

b. Variation with frequency of transmission of the waveguide, 

absorption cell, and detecting crystal 

3. “Conversion loss” in the crystal detector, i.e., the loss in signal 

power when a microwave signal is converted into a lower-frequency 

signal by the detector. 

The first and third difficulties are usually allowed for by introducing 
a noise figure N, which is the factor by which the ratio of noise to signal 
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power coming through the amplifying circuits has been changed by 
troubles of types 1 and 3. Thus for iV = 1, a signal power of kT Ar 
would appear as large as noise, but foi* N = 20, the signal power would 
have to be 20 times larger to ecpial noise power. Hence (15-9) becomes 
for a nonideal system 


, . , ,, j2kT~AvN 

= 2cao ^ - /y —- 


(15-10) 


The noise figure iV can easily vary with conditions and usually depends 
to some extent on the power r and the freciuency. In typical good 
microwave spectrographs iV is as large as 10'^, as may be surmised from 
the discrepancy of a factor of 30 between a^«s(min) observed and the ideal 
value. The fact that the crystal noise and hence the noise figure usually 
decreases with decreasing current means that optimum sensitivity is 
obtained with waveguides somewhat longer than that given by (15-8). 
However, from (15-7) the sensitivity varies only slowly with variations 
in lengths, which are near optimum, so that the precise value of the 
optimum length is not critical. 

Usually the worst source of random noise is the detecting crystal, for 
which the noise at low freciuencies is often much greater than thermal 
(c/. Chap. 14). Crystals vary by orders of magnitude; it is well worth 
while to select crystals for low noise. Oscillator-tube noise is usually 
less than crystal noise, but some klystrons have noisy freciuenc}^ regions, 
particularly near the edge of a mode. Oscillator noise is also less serious 
than crystal noise because if necessary it can always be eliminated by 
bridge or compensating systems. 

The most troublesome cause of systematic variation with frequency is 
usually reflections or standing waves in the absorption cell which vary 
the transmission from oscillator to crystal. As the signal oscillator fre¬ 
quency is varied, this produces a pattern of peaks and valleys in the 
power received by the crystal. If the waveguide cell is of length L and 
the offending reflections occur as usual near the two ends of the cell, the 
peaks and vallej’-s repeat every time the oscillator fretiuency is varied by 
c/2L. If the cell is long, these reflection effects produce narrow peaks 
which closely resemble absorption lines. They may be reduced by intro¬ 
ducing an attenuator between the two sources of reflections. The 


attenuator itself may, however, introduce new reflections. Carefully 
tapered attenuators can reduce power variations of this type to per 
cent, but even so reflections make it difficult to detect a total gas absorp¬ 
tion much less than this amount. Thus the simple microwave spectro¬ 
graph of Fig. 15-1 is suitable only for the stronger absorption lines. 

Electrical filters can help discriminate between absorption lines and 
noise or reflections. In a waveguide which is not too long, reflections 
give a slower variation of power with frequency than does a line, so that 



416 


MICROWAVE SPECTROSCOPY 


a high-pass filter tends to suppress reflections with respect to the line. 
Since noise occurs with all frequencies, much of the noise can be elimi¬ 
nated by filtering out all frequencies higher than those essential to pass 
the absorption line. Often noise can be best eliminated by sweeping 
very slowly over a small region about the absorption line and rejecting 
all fretiuencies higher than about ten times the sweep frequency, which 
is all that is necessary to reproduce the line. If the sweep frequency is 
1 ^ 0 , then this represents a bandwidth of lOvo, and if the noise power per 
frequency interval P/Av is constant as in thermal noise, vq should be 
made as small as possible to minimize the bandwidth Av. On the other 
hand, if crvstal noise dominates as is often the case, the noise power 

7 v' 

depends on u. From Eq. (14-45) the noise power per frequency interval 
is P/Av = C/py where C is a constant. The total noise power is the 
integral 




dp = CP log - 

Pi 


The lower limit Pi of frequency passed should be not more than two or 
three times the sweep frequency Po, and the highest frequency pi not 
much lower than lOvo- Hence P = CP log {pi/pi) ~ CI'^ log 5, and is 
independent of the sweep rate. This independence of noise power on 
sweep frequency (with appropriate filtering) holds only under conditions 
where crystal noise predominates. If any other sources of noise are 
important, a slow sweep rate is usually advantageous. 

It might be thought that modulating the klystron power at a high 
frequency {i.e., 100 kc) and amplification of the 100-kc signal on the 
crystal would allow discrimination against this crystal noise since crystal 
noise has a maximum at low frequency from (14-45). Unfortunately 
such a system gives no particular advantage, however, because the crystal 
noise acts as if it were produced by a variable resistance. Hence the 
maximum noise always occurs at the frequency of the current flowing 
through the crystal. Modulating the amplitude of the microwave power 
at 100 kc simply produces a maximum of the objectionable noise at 
100 kc, and no improvement in signal-to-noise ratio (c/. Sec. 14-18). 

16-2. Source Modulation. Considerable improvement in signal-to- 
noise ratio can be obtained by a small frequency modulation of the 
klystron oscillator at, say, a frequency of the order of 100 kc in addition 
to the slower sweep frequency [278], [286]. This modulation can be 
achieved easily by adding to the klystron slow sweep a 100-kc sine-wave 
or square-wave sweep voltage. If at a particular instant the ys ro 
is just at the peak of an absorption line and a voltage pulse is applied to 
the repeller, the klystron moves off the line and the absorption disap¬ 
pears so that more power reaches the crystal. With a 100-kc moduk i 
the line appears and disappears 100,000 times a second. Ian 
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present, the 100-kc frequency modulation is converted into amplitude 
variations at the crystal, which may be amplified by a tuned amplifier. 
If the amplifier is tuned to 100 kc, only noise components near that 
frequency are amplified and these are much smaller than the low-fre¬ 
quency components. Note that this frequency modulation does not 
produce a large modulation of the crystal current, as would amplitude 
modulation of the klystron source. 
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Fig. 15-2. Absorption and correspondinp; waveforms, one with a simple spectrograph 
and one using frequency modulation of the microwave source in addition to a slow 
frequency sweep. 


Sharp variations in output power with frequency, as, for instance, those 
due to certain types of reflections, may also produce 100-kc components 
and such reflections have often been mistaken for lines. Transmitted 
power variations with frequency due to reflections are usually less rapid 
than those due to absorption lines and hence may often be distinguished 
from them. However, variations due to reflections are a serious limi¬ 
tation on the ultimate sensitivity of this type of spectrometer. 

Figure 15-2 shows the crystal-current waveform for the simple spectro¬ 
graph and for the frequency-modulated, or “double-modulated,” spectro¬ 
graph. In Fig. 15-2c, the modulation of the instantaneous klystron 
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frequency is assumed to be greater than the line wddth. The line first 
appears as one tip of the instantaneous frequency excursion strikes the 
absorption. However, the two appearances of the line are at opposite 
phases of the modulation frequency and if necessary they can be dis¬ 
tinguished by a phase-sensitive detector. 

If the modulation is small compared with the line width, the modula¬ 
tion-frequency component of the crystal current is proportional to the 
slope of the absorption curve. The line may be said to be differentiated, 
and the two modulation-frequency peaks occur at the points of largest 
slope, while the output at the peak absorption is zero. For a line with a 
Lorentz shape, as given by the first term of the Van Vleck-Weisskopf 
equation (13-19), these peaks occur at Av/\/3 from the center of the 
absorption line, where is the line-width parameter. 

Square-wave modulation, which has been assumed, gives the most 
faithful reproduction of the line shape (or its derivative) [465]. How¬ 
ever, sine-wave modulation may be used for simplicity [202], [248] with 
little loss of sensitivity, hut with some distortion of the line shape. 

16-3. Stark Modulation. If an electric field is applied to a polar mole¬ 
cule its absorption freciuencies are shifted because of the Stark effect 
(Chap. 10). If at some instant the klystron frequency coincides with the 
peak of an absorption line, when the electric field is applied the absorption 
decreases. Thus high-frequency modulation can be obtained by subject¬ 
ing the gas to a periodically interrupted electric field [210], [396]. In 
addition to the reduction in crystal and tube noise at the high modulation 
frequency, the method has the very great advantage of being almost com¬ 
pletely insensitive to systematic power variations due to anything but 
spectral lines. Reflections and klystron power variations associated with 
the low-frequency sweep usually produce very small interfering signals 
at the high modulation frequency. This useful type of spectrometer was 

introduced by Hughes and Wilson [210]. 

Square-wave modulation is almost universally used with Stark spectro¬ 
graphs, with one tip of the square wave being at zero field. Then 
during this half of the cycle, the absorption pattern is that of the undis¬ 
placed line, while during the other half cycle the Stark spectrum occurs. 
With a phase-sensitive detector, the oscillograph pattern shows both the 
absorption line and the Stark pattern with the latter inverted. The Stark 
pattern may then be used to identify the transition or to measure the 
molecular dipole moment. 

Figure 15-3 shows a cross section of a waveguide cell suitable for Stark 
modulation and a block diagram of the instrument. Stark spectrographs 
have been described by several authors [419], [396], [519]. The cell is 
usually a section of waveguide about 3 meters long, as the optimum lengt 
is reduced by the extra attenuation of the Stark plate and its supporting 
insulation. It may be constructed from ordinary waveguide, with t e 
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addition of a central flat plate parallel to the broad faces of the guide and 
so perpendicular to the microwave electric field. The plate is supported 
by strips of good insulating material such as polystyrene or teflon in which 
guiding grooves are milled. Connection to the Stark electrode is made 
by a wire through a hermetic seal in the side wall, which may terminate 
in a screw threaded into the plate. An alternative support using mica 
strips rather than plastic is suitable for higher temperatures [037]. 

Most often the wa\'eguide size chosen is that appropriate to the wave¬ 
length band being used, but larger sizes are sometimes desirable to reduce 
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the microwave energy density and so avoid saturation. However, larger 
sizes require larger applied voltages for a given Stark field, and this may 
be difficult to obtain. A large enough modulating field strength should 
be used so that all the Stark components are displaced more than the line 
width, if possible. Otherwise some of the Stark components (inverted 
by the phase-sensitive detector) will overlap the main line and subtract 
from it. A few volts per centimeter is usually sufficient for a line with a 
low J value having a first-order Stark effect. If only a second-order 
Stark effect occurs several hundred to several thousand volts per centi¬ 
meter may be needed. 

The requirements for the square-wave generator are made more severe 
by the capacitance between the central plate and the rest of the guide 
which may be as much as 1000 Mgf. For this reason the square-wave 
generator must have a low output impedance and be capable of supply¬ 
ing large output currents. One such generator, constructed for the 
Columbia Radiation Laboratory by S. Geschwind, takes a sine wave from a 
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100-kc oscillator and clips it in several stages of pentode limiting ampE- 
fiers to produce a square voltage wave. The necessary low output imped¬ 
ance is obtained from a final cathode follower stage of two 829B or 
3E29 tubes in parallel. Provision is made so that an adjustable direct 
voltage may be added to the square wave to ensure that one end of the 
square wave corresponds to zero voltage between the Stark plate and the 
waveguide. For lines which have only small second-order Stark effect, 
it is sometimes useful to adjust the d-c voltage so that the low-voltage 
half of the square wave is several hundred volts above zero. Since a 
second-order Stark effect is proportional to the square of the field, a 
given change in voltage produces a larger modulation at high field 
strengths, and so it may be useful to start from a nonzero field. 

Another suitable type of square-wave generator [373], [585], [519] uses 
two sets of parallel output tubes. One set, connected to the high voltage, 
charges the capacitance of the Stark electrode while the other set dis¬ 
charges it on alternate haff cycles. The two groups of output tubes 
are each triggered at the right time by a blocking oscillator controlled 
by a sine-wave input voltage of the same frequency as the desired square 
wave. If the square wave is to be very near zero on one half-cycle, an 
additional clamping diode is needed. Thus the plates of one group of 
triggered output tubes may be at a high positive voltage and the cathodes 
of the other group at about minus 40 volts. The diode clamping tubes 
are connected to ground so that the voltage cannot actually decrease to 
negative values, but is stopped sharply near zero. This type of circuit 
can provide a better and higher voltage square wave at high frequencies 
than the limiting amplifier, but the blocking oscillator must be readjusted 
if the frequency is changed. 

16-4. Modulation-frequency Signal Amplifiers. The modulation- 
frequency amplifiers need to have sufficient gain and sufficiently low 
noise that crystal noise is the only limiting factor in the spectrograph*s 
sensitivity. Since the signal is lowest in the first amplifier stage, that is 
the most critical one from the standpoint of noise. In fact, the signal 
voltage at the input may be as low as the crystal noise which, for a 
30-cycle bandwidth and a few hundred microamperes of crystal current, 
is of the order of 10~® volt. A considerable increase in signal voltage 
can be obtained by using a series-resonant input circuit tuned to the 
modulation frequency, as shown in Fig. 15-4. The device may be con¬ 
sidered as a matching network from the low crystal impedance (300 to 
5000 ohms) to the high input impedance of the amplifier. Since the 
matching network output impedance is high, the cable connecting it to 
the amplifier must be short and of low capacitance. It is important that 
the matching network be well shielded. The circuit of Fig. 15-4 also 
includes a separate low-pass filter to permit measurement of the direct 
crystal current. If, to avoid saturation of the spectral line, it is neces- 
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sary to operate at low power levels so that the crystal noise and signal 
are both small, the resonant input circuit can be followed by a cascade 
amplifier using a low-noise tube such as the 12AY7 [460]. With this 
combination the amplifier noise is only slightly greater than the thermal 
noise of a resistor equal in value to the crystal impedance, z.e., its noise 
figure is not much more than unity. 

It is always easy to test whether or not the amplifier is sufficiently 
noise-free. If it is, then a decrease in crystal current should produce a 
decrease in noise voltage through the amplifier or on the oscilloscope 
which is approximately proportional to the change in current. If such a 



Fig. 15-4. Resonant input circuit for signal amplifier. 

decrease occurs, the noise must originate either in the microwave oscil¬ 
lator or in the crystal, and for normal oscillators it will be crystal noise. 

Various types of modulation-frequency amplifiers have been used. It 
is possible to use a commercial broad-band preamplifier followed by a 
tunable low-frequency radio receiver. Since the receiver does not need 
to be easily tunable and the preamplifier does not require a broad band, a 
specially constructed amplifier can be somewhat simpler. Many other 
amplifier combinations are possible, and some of them are described in 
the references [419], [396], [519], [460]. 

The bandwidth used in the receiver should, to reduce noise, be as low 
as possible. If it is too small, the line will not be faithfully reproduced 
unless the sweep rate is reduced. Moreover, a too narrow receiver band 
may lead to errors in frequency measurement [460]. The necessary ratio 
of bandwidth to sweep rate for good portrayal of a line cannot be specified 
uniquely, but is often of the order of 20. It is not difficult to have a sweep 
rate lower than 1 per second on a long-persistence oscilloscope. For use 
with a recorder on the receiver output, the klystron tuner may be driven 
slowly by a motor so as to cause the line to be traversed even more slowly. 
Bandwidths as low as 1 cycle/sec may then be usable. Since in this 
case the noise power is proportional to bandwidth, a narrow band and 
slow sweep are highly desirable for good sensitivity. Such a narrow 
effective bandwidth is most readily attained by means of a phase-sensitive 
detector (or 'Tock-in amplifier,” as it is sometimes called). 
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Figure 15-5 is the circuit diagram of a simple type of phase-sensitive 
detector. The signal is applied to the control grid of a pentode amplifier. 
From the modulation generator a large voltage (10 to 100 volts depending 
on the tube used) is applied, through a phase shifter, to the suppressor 
grid. During one-half of the modulation cycle, the tube functions as a 
class A amplifier. During alternate half cycles, the lock-in voltage is suf¬ 
ficiently negative to cut off the plate current and with it the amplification. 

In the absence of a signal, the plate current consists of a series of pulses 
once each cycle of the modulation frequency. If a signal of the same 
frequency and phase is present, the pulses are larger, while if it has 
opposite phase the pulses are smaller. The plate load resistance R and 
by-pass capacitor C produce an output voltage determined by the average 



Fi(}. 15-5. A phase-sensitive detector. 


size of these pulses averaged over a time determined by the time constant 
CR. Thus a signal of the modulation frequency will either increase or 
decrease this averaged output voltage, depending on its phase. A signal 
of any other frequency will have no fixed phase relative to the lock-in 
voltage and so will produce no effect on the average plate current or out¬ 
put voltage. 

Interfering signals or noise at frequencies near the modulation fre¬ 
quency Avill produce fluctuations in output voltage if the time constant 
is not sufficiently large. The fluctuations might appear to be transient 
signals of the modulation frequency encountered during a sweep. It 
will be seen that the longer the time constant CR, the nearer an interfer¬ 
ing signal must be in frequency to produce a signal, and so the narrower 
the effective bandwidth. 

Figure 15-6 shows the signal waveforms at different places in a Stark 
spectrograph using a tuned amplifier and lock-in detector. Phases are 
indicated by ‘^off^^ or “on'' referring to the portions of the modulation 
cycle in which the Stark voltage, is, or is not, zero, respectively. 

Both the line and its Stark components appear in the final output 
voltage. Since they occur at opposite phases, the Stark component is 
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inverted relative to the main line. The line shown in Fig. 15-6 is assumed 
to have only one Stark component, hut commonly there are several. 

To use a recording milliameter with a lock-in detector of the type 
shown, the average plate current in the absence of a signal must be 
balanced out by an auxiliary supply. The balancing current may be 
obtained by means of a potentiometer from the plate supply. 

For greater stability, the signal and balancing voltages may be obtained 
from matched amplifiers; i.e., the balancing voltage may be supplied 
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Fig. 15-6. Signal waveforms in a Stark-modulation spectrograph using a phase 
sensitive detector. 


by a second phase detector whose phase is such that its plate current 
charges in the opposite direction to the first one when a signal is received 
[396]. Inverse feedback may be applied to the amplifiers to improve the 
linearity and stability [737]. 

One of the primary advantages of a lock-in amplifier is that it provides 
an easy method for obtaining a very narrow bandwidth about any 
desired frequency. If a lock-in amplifier is used as part of an amplifying 
system, the effective bandwidth, f.e., the band from which noise is 
received, is just the reciprocal of the time constant, or Ap 2 = l/CR. 
(This assumes that is the smallest bandwidth of the system, which is 
almost always the case.) If a lock-in is not used, the signal would 
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typically be passed through an amplifier of bandwidth then rectified 
by a conventional detector followed by a filter of time constant CR or 
bandwidth Av 2 . The effective bandwidth may then be considerably 
greater than Ai^ 2 . This is because pairs of noise components throughout 
the whole amplifier bandwidth are mixed in the detector to produce 
frequencies which lie with in the band Ai^ 2 . The effective bandwidth of 
this system is 'x/Aj^x Aj^ 2 , so that the noise power may be considerably 
greater than that obtained with a lock-in amplifier. 

If the detector time constant is too long relative to the time for a sweep, 
the output voltage cannot change fast enough to reproduce the line 
shape accurately. The line then appears to be broadened and reduced 
in height. Moreover, its peak is delayed and so comes at a point in the 
sweep corresponding to a different microwave frequency. 

If a long time constant (z.e., narrow bandwidth) must be used to reduce 
noise, the sweep rate must be proportionately lowered. The ultimate 
limit to the degree of improvement in signal-to-noise ratio Avhich can be 
thus achieved is set by fluctuations in the klystron output frequency. 
Further improvement requires increased oscillator stability, which can 
be attained by use of an external stabilizing cavity resonator or by a 
controlling quartz-crystal oscillator with frequency multipliers. 

16-6. Zeeman Modulation Spectrographs. For paramagnetic mole¬ 
cules such as NO, O 2 , NO 2 , CIO 2 , and free radicals, a magnetic modulation 



Slotted 
waveguide 

Fig. 15-7. Zeeman modulation cell. 

analogue of the Stark spectrograph can be constructed. The high- 
frequency magnetic field is most easily applied by a solenoid surrounding 
the waveguide. 

Unless the modulation frequency is quite low, the guide must be slotted 
longitudinally to reduce eddy currents; such a slot can be put in the 
center of the broad face without disturbing the microwave fields. A 
glass tube surrounding the waveguide serves as a support for the coil 
and keeps the sample gas in the guide region (Fig. 15-7). At modulation 
frequencies less than 1000 cycles/sec, it is often possible to operate with¬ 
out the slot and then the glass envelope is no longer needed. 

Since a square current wave through an inductance is hard to gener¬ 
ate at high frequencies, sine-wave modulation may be used ^vith a direct 
current added so that one extreme of the sine wave occurs at approxi¬ 
mately zero field. The coil can then be part of a series-resonant circuit 
if large currents are desired. 
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16-6. Choice of Modulation Frequency for Spectrographs. Although 
crystal noise is reduced as the modulation frequency is raised [Eq. 
(14-45)], the apparent line width is increased (Chap. 10). The line 
breadth due to a square-wave modulation is somewhat greater than the 
modulation frequency, so that for the fine structures commonly encount¬ 
ered in microwave spectroscopy, modulation frequencies much greater 
than 100 kc have seldom been found desirable. Indeed, for particularly 
small line spacings even considerably lower frequencies may be desirable, 
even though the crystal noise is increased. 

Whatever the modulation frequency, the amplifier should if possible 
have a low enough noise figure so that it contributes less noise than the 
crystal. As long as this is so, decreasing the microwave power level 
decreases the signal and the noise proportionately. Thus the signal- 
to-noise ratio is nearly independent of power. Very low microwave 
power levels (a few microwatts) are sometimes required in high resolution 
spectrographs to avoid saturation broadening, and then special precau¬ 
tions for amplifier input circuits may be needed. If such a low level 
must be used that most noise comes from the amplifier, the noise is 
independent of the signal. In that case, for any given microwave 
absorption, the signal is proportional to the power level, and so the sensi¬ 
tivity is also proportional to the power. 

16-7. Superheterodyne Detection. At low microwave power levels, 
crystals are inefficient detectors, as their output voltage is approximately 
proportional to the square of the radio-frequency amplitude. It is then 
advantageous to use superheterodyne detection to produce a signal as 
large as possible relative to noise in the following amplifiers. Moreover, 
if the intermediate frequency is reasonably high (e.^., 30 to 60 Me) 
crystal noise within the intermediate-frequency amplifier bandwidth is 
reduced practically to the thermal noise. 

Superheterodyne detection requires an auxiliary microwave oscillator 
which is kept at a constant frequency difference from the signal oscillator. 
This local oscillator may be made to follow the signal oscillator by a dis¬ 
criminator and automatic frequency-control system ([308], Sec. 8.3; 
[573]). Then as the signal oscillator is tuned, the frequency difference 
between it and the local oscillator is always such that the mixer output is 
at the desired intermediate frequency. 

The need for an extra oscillator and automatic frequency control makes 
the superheterodyne more complicated than the simple detector. It is 
not usually possible to make the local oscillator follow automatically 
over more than a limited region. Moreover, the local oscillator may 
be an additional source of noise, although this noise can always be elim¬ 
inated by the use of a balanced mixer [309]. 

16-8. Bridge Spectrographs. It has been seen that superheterodyne 
detection can be employed as an alternative to modulation for reducing 
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crystal noise. However, the carrier is enormously larger than the useful 
absorption signal It persists at the output of the mixer and is amplified 
along with the signal Thus saturation of the amplifier by the carrier 
is likely to occur before the signal has reached a suitable level In 
addition, small fluctuations in power supplies or amplifier characteristics 
introduce noise into the carrier which is easily confused with the slow 
variation in the carrier level produced by gas absorption. 

To reduce the carrier relative to the useful signal, a balanced bridge 
may be used. The bridge is shown schematically in Fig. 15-8. The 
microwave power is split by the first magic T into parts which travel 
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Fk;. 15-8. .Microwave l)ridRe spectrograph. Many details, such as attenuators and 
phase .shifters, have been omitted for simplicity. 

through two waveguide arms. One arm is the absorption cell; the other 
is made as nearly identical to it as possible, although provision must be 
made for a final balance of phase and attenuation. A second T com¬ 
bines the waveguide outputs to give a voltage at the mixer which is the 
difference between those transmitted by the two arms. This difference 
signal is combined with the local oscillator in the signal mixer to produce 
the intermediate-frequency signal, which is then amplified by a fixed- 
tuned intermediate-frequency amplifier. 

A second mixer combines the output of the second magic T's summation 
arm with the local oscillator to produce a second intermediate-frequency 
voltage. This signal is used as a lock-in reference voltage and also is 
applied to a discriminator to control the local oscillator’s frequency. 
Finally, the output of the phase-sensitive detector is displayed on an 
oscilloscope or recorder. 

It has been mentioned that the bridge permits the use of superhetero¬ 
dyne detection without overloading the intermediate-frequency ampli¬ 
fiers, It has the additional advantage that any signal-oscillator noise 
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appears equally in both bridge arms and so is balanced out. Moreover, 
with careful construction, reflections in the bridge arms tend to cancel 
although reflections outside the bridge proper do not cancel. 

The bridge is more complicated to build and adjust than a modulation 
spectrograph. Its balance is usually good over only a small region 
because the two arms are nevei- completely identical. Thus searching 
for unknown lines with a bridge spectrograph is very difficult. However, 
it is very effective in high-resolution studies of known lines, for which the 
absence of complications due to modulation and the ability to work with 
very small power levels to avoid saturation are important. 

16-9. High-resolution Spectrometers. For some studies it is impor¬ 
tant to have as high resolving power as possible even at the e.xpense of 
additional complications and reduced flexibility. At the same time it is 
desirable to sacrifice no more sensitivity than necessary. The principal 
sources of line breadth which need to he overcome or at least reduced are 
(c/. Chap. 13): 


1. Collisions with other molecules (pressure broadening) 

2. C’ollisions with the waveguide walls 

3. Modulation broadening 

4. Power saturation 

5. Doppler broadening 

6. Oscillator fre(iuency fluctuations 

(Jf these, items 1, 2, 4, and 5 are discussed in Chaj). 13, while item 3 is 
described in ('hap. 10. 

Pressure breadth can be made as small as desired by using sufficiently 
low pressures. As long as the pressure width is predominant, reducing 
the pressure only narrows the line without decreasing the peak intensity 
[c/. E(p (13-19)]. However, if the width is appreciably greater than that 
due to pressure, the peak of the observed line is proportional to the 
integrated intensity and so does decrease with further reduction of pres¬ 
sure. Thus in a high-resolution spectrograph the pressure is chosen 
just low enough so that it is no longer the limiting factor. Usually the 
Doppler width is the most difficult to reduce, so that the pressure is 
adjusted to give a width less than the expected Doppler width. 

With such low pressures, collisions with the walls may actually be 
more frequent than collisions with other molecules, and so a suitably 
large waveguide or cavity must be chosen. Collisions with the walls 
are also made somewhat less frequent if molecular velocities are reduced 
by cooling. 

As shown in Chap. 10, the use of modulation broadens the line. The 
width contributed by a square-wave modulation is somewhat greater 
than the modulation frequency because of the harmonics present in any 
square wave. However, the line is unable to follow modulation rates 
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greater than the pressure width, and so in practice a width of about 
two or three times the modulation frequency is produced. Thus for 
high-resolution spectroscopy the modulation frequency needs to be kept 
two or three times less than the pressure width, which in turn is a little 
less than the expected Doppler width. A few kilocycles is low enough 
for most gases unless special means are used to reduce the Doppler 
broadening. The use of low modulation frequencies implies relatively 
high crystal noise unless proportionately low microwave powers are used, 
since the noise power is approximately proportional to the square of the 
crystal current divided by the modulation frequency [Eq. (14-45)]. 

To avoid power saturation the energy density in the waveguide must 
be kept low. From Chap. 13, a power density of a few microwatts per 
square centimeter may produce a breadth comparable with Doppler 
width for some gases. With a given total power, the density is less 
when the waveguide is considerably larger than needed for propagation. 
However, a guide having a cross section more than a factor of 10 or so 
greater than ordinary /C-band waveguide is likely to be inconveniently 
large and heavy. Thus even with oversize waveguide small total power 
is necessary to prevent saturation broadening. With small power, super¬ 
heterodyne detection, preferably with a balanced waveguide bridge, is 
helpful in obtaining a good signal-to-noise ratio. 

When narrow spectral lines are to be studied, the microwave oscillator 
frequency must be very stable. High-resolution spectroscopy usually 
involves measurement of frequencies to better than 1 part in a million, 
with correspondingly high requirements for oscillator stability. Not 
only must the oscillator power supplies be well regulated, but the tube 
must be protected against temperature variation and vibration. Air 
currents are the commonest source of rapid temperature fluctuations. 
Their effects can be greatly reduced by immersing the tube in an oil 
bath or by putting it in good thermal contact with a metal block, prefer¬ 
ably of copper. With this thermal regulation and protection from vibra¬ 
tion, a klystron can be made to stay within 1 Me over a period of some 
minutes. 

Better stability may be obtained by using an external cavity to control 
the frequency (see Chap. 17). A well-constructed cavity with tempera¬ 
ture compensation can be used to hold frequency within 1 kc. It is 
also possible to stabilize a klystron by comparing its frequency with 
harmonics of a good crystal oscillator [cf. Chap. 17]. A crystal oscillator 
may be used to stabilize frequency even more directly by using special 
frequency-multiplier klystrons. They have been used at the National 
Bureau of Standards to give useful amounts of microwave power as har¬ 
monics of the crystal oscillator frequency [724], 

16-10. Some High-resolution Spectrometers. A Stark modulation 
frequency of 6 kc has been used at Massachusetts Institute of Technology 
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for high-resolution spectroscopy [419], [540]. “.Y-band” waveguides 
(about 1 by in.) reduced collisions with walls and energy density in 
the waveguide ([/10], but cf. also [788]). Both superheterodyne detection 
and direct crystal detection with a low-noise audio-frequency amplifier 
have been used with this spectrometer. 

While the bridge spectrograph is more comple.x and less suited to 
searching than modulation spectrographs, its advantages for high-resolu¬ 
tion spectroscopy with good sensitivity have been confirmed by the 
instrument at Columbia University [573], [688]. With this instrument, 
hue widths not much greater than the Doppler breadth can be obtained 
for most molecules (i.e., as narrow as 50 kc). 

In its original form, the bridge operates without modulation. Its 
sensitivity is then limited by frequency-dependent reflections and vibra¬ 
tion which make it difficult to maintain an accurate balance. Lines 
having an absorption a as low as 2 X 10 -^ cm-' have been detected. 
More recently the bridge has been modified by the addition of a very 
low frequency (about 1000 cycles) Stark modulation [930]. This has 

eliminated the effects of reflections and increased the usable sensitivity 
by about a factor of 10. 

Any one gas molecule in a spectrograph has a definite velocity in the 
direction of propagation of the microwave signal. Its microwave absorp¬ 
tion is displaced in frequency by the Doppler effect but not broadened. 
However, an actual gas contains molecules with all velocities so that the 
over-all absorption is a broadened average. This Doppler width can be 
redured somewhat by cooling the gas since from (13-2) it is proportional 
to y/T. The degree of improvement obtainable in this way is, however, 

limited by condensation of most molecular gases at a fairly high absolute 
temperature. 


Any desired reduction in Doppler width can in principle be obtained 
by somehow selecting a group of molecules with only a small spread in 
velocity. There is necessarily a corresponding reduction in intensity 
of absorption because of the decreased number of effective molecules in 
the sample and the lower microwave power necessary to avoid saturation 
Molecular Beams for Microwave Spectroscopy. One method of accom¬ 
plishing the above type of selection which has been applied in optical 
spectroscopy is the method of molecular-beam absorption [238] The 
molecu es are confined by collimating slits to a narrow beam through 
iNhich the radiation passes transversely. Then there are no molecules 

spectr^raoT? 709 r"t"l^ a microwave molecular-beam 

spectrograph [709]. A plane wave from a linear array antenna was passed 
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transveisely through a molecular beam. After passing through the 
molecular beam, the wave was reflected back into the antenna. A magic 
T .separated the reflected wave from the incident power. Stark modula¬ 
tion of 6C0 cycles was provided by electrodes on opposite sides of the 
beam. A line width (total width at half maximum) for the ammonia 
3,3 line of 40 kc was obtained, whereas the Doppler breadth was 70 kc. 
Considerably narrower lines were obtained by a later beam spectrometer 
[982]. However, the power needed to avoid saturation and the density of 
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molecules obtainable in the beam are so low that only the strongest 
microwave lines could be observed. 

Molecular beams can be, and most often are, used in spectroscopy 
in arrangements such that the resonance absorption of radiation is 
detected by its effect on the absorbing molecule rather than on the 
radiation. This type of technique has been extensively developed, par¬ 
ticularly at frequencies somewhat lower than those in the microwave 
region, and has given a large amount of valuable information [163], [969a]. 
We shall not attempt any complete summary of this type of spectroscopy 
but shall rather try to indicate briefly the general principles involved 
and how this technique compares with more usual forms of microwave 
spectroscopy. 

Figure 15-9 shows the arrangement of a typical molecular-beam deflec¬ 
tion and resonance experiment. The molecules to be studied are evap¬ 
orated in an oven and emerge through a narrow slit into a good vacuum. 
The beam is defined by one or more slits and then passes through two 
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deflecting fields marked A and B in the diagram. These are nonuniform 
electric (or magnetic) fields, the gradient of which acts on the electric 
(or magnetic) dipole moment to provide a force deflecting the molecule. 

A molecule in an electric or magnetic field has a potential energy which 
is given by the Stark or Zeeman eflects (c/. Chaps. 10 and 11) and which 
depends on the field strength and on the particular f|uantum state. 
Since the potential energy is dependent on the field strength, a varying 
or inhomogeneous static field exerts a force on the molecule and hence 
may deflect its path. 

If the .1 and B fields are eipial and opiiositely directed theii- deflections 
can cancel each other, and the molecules can reach a detector placed in 
line with the beam’s original direction. A stop wire in front of the 

detector excludes those molecules in states which are not appreciably 
deflected bj' the fields. 

In the space between the two fields there is a region in which a uniform 

radio-frequency field and a steady field are applied. If the radio fre- 

(luency is that corre.sponding to the energy difference between two 

molecular states, some of the molecules will make an induced transition 

in the C-field region. These molecules will have different quantum num- 

liers and hence a different energy and accelerating force in the /i-field 

region. Thus the molecules which have undergone a transition do not 

receive equal and opposite deflections in the .1 and B fields and so do not 

reach the detector. .Vlternatively, the fields can be arranged so that 

only the molecules which have undergone the transition reach the 
detector. 

In either case, the resonance is indicated by a change in the number of 
molecules reaching the detector. For alkali metals and some others 
with low ionization potentials, the detector can be a hot tungsten wire, 
from which the incident atoms evaporate as ions [163]. A more compli¬ 
cated, but more generally applicable, detector introduced by Lew and 
\Ve,ssel [88Ga] uses a transverse electron beam to ionize the molecules. 
For each quantum absorbed, the path of a molecule in the beam is 
changed, so that one molecule more (or less, depending on the experi¬ 
mental arrangement) reaches the detector. This exchange of a quantum 
of radiation for a molecule becomes increasingly advantageous as the 
requeney ,s lowered, for the energy in the quantum is proportional to the 
frequency. At higher freiiuencies the advantage in sensitii ity of this 
technique is not so marked, and the detection of ,,uanta emitted or 

alxsorbed rather then deflected molei-ules becomes relatively more 
prohtable. 

The beams used in the.se resonance experiments are so narrow and 

'J htchi!n" I r* to a large extent, 

the r ti ^1 ‘'evolving power is usually the transit time through 

C held. I h.s time is ordinarily about 10- sec, and leads to a line 
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width of a few kilocycles. At microwave frequencies the line width will 
be much less than that given by ordinary Doppler effect only if the micro- 
wave field in the C region is approximately constant in amplitude and 
phase over a distance along the beam path which is greater than the 
wavelength in free space. This can be achieved by passing the beam 
parallel to the broad face of a very broad rectangular waveguide in the 
TEoi mode, or parallel to the axis of a waveguide near cutoff so that the 
wavelength in guide has been increased. The line width can also be 
reduced by using two radio-frequency fields separated by some distance 
[857], or by selecting the slowest molecules which therefore spend the 
longest time in the C region. 

Ihe resolving power of molecular-beam resonance experiments can 
be greater than that of most absorption microwave spectroscopy. How¬ 
ever, the detected signals are often very weak so that the location and 
measurement of a spectrum is usually a slow process. The method is 
therefore particularly adapted to high-resolution work and might well 
be used to give detailed information about lines which have been located 
by absorption spectroscopy. In addition, in common with all methods 
employing beams, it does not require that the molecule studied be par¬ 
ticularly stable, or that it have appreciable vapor pressure at ordinary 
temperatures. 

A spectroscopic device which borrows from both molecular-beam 
deflection techniques and microwave absorption spectroscopy has been 
described by Gordon, Zeiger, and Townes [925]. This device can be 
used as a high-resolution spectrometer, or as a very stable microwave 
oscillator and frecjuency standard. The name “maser,” an acronym for 
“microwave amplification by stimulated emission of radiation,” has been 
given to this general type of device. A schematic indicating the general 
operation of the molecular beam maser is shown in Fig. 15-10. 

A gas (NHg in the illustration) issues from a number of small holes in 
a chamber at a pressure of about 1 mm Hg into a region where the 
vacuum is sufficiently low that a beam is formed. The beam enters a 
focusing region where inhomogeneous fields are arranged to deflect mole¬ 
cules in an upper state toward the axis and those in the lower state away 
from the axis. Thus a beam of molecules which are largely in an excited 
state is made to enter a cavity which is tuned to the resonant frequency 
W/h. W is of course the energy difference between the ground and 
excited states being considered. If a small amount of microwave power 
of frequency W/h is introduced into the cavity, it will react strongly 
enough with the molecules to make them give up their energy, which 
then increases the flow of power from the cavity into the output wave¬ 
guide. The increased power occurs only if the microwave introduced is 
very near the resonant frequency, so that its occurrence indicates the 
presence of a molecular resonance. Therefore, as the frequency of the 
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microwave input power is varied, one may pass over one or more reso¬ 
nances and obtain a spectrum of the molecules. 

The field in the focusing region comes from a potential of the approxi¬ 
mate form [cf. [572a]) 

V = Vo + axy 


where Vo and a are constants. The e(|uipotentials are hyperbolas which, 
for the case of an electrostatic potential, are approximated by the inner 
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surfaces of the four focusing electrodes. The x component of the electric 


field is — 


dV 


= - 0 -y and the y component is similarly equal to —ax. 
Hence the magnitude of the electric field is 


\E\ = |a| + 2/^ = \a\r 

where r is the distance from the axis. Therefore, if the Stark effect 
is such that the energy increases with increasing magnitude of E (as for 
the excited inversion level of NHa) the molecule is accelerated toward 
the axis with a force dependent only on r and not on its angular position 
with respect to the electrodes. If the molecule does not have too high a 
velocity perpendicular to the axis, it may be regarded as trapped in a 
potential well with a minimum on the axis. The molecule is brought 
back to its original displacement from the axis or focused after a distance 
of travel which depends on its a.xial velocity, the strength of the field E, 
the molecular dipole moment, and the quantum state involved. Mole¬ 
cules with a Stark energy which decreases with increasing field (as for 
the ground inversion level of NH3) are deflected away from the axis and 
hence would not in most cases enter the cavity. A number of other forms 
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of fields may be used for similarly directing molecules in selected states 
into a cavity. 

This type of de\'ice allows high resolution because the molecules whose 
transitions are dete<;ted are traveling more or less in one direction along 
the axis of the apparatus and Doppler effect can therefore be reduced. 
If the cavity is of such a diameter that it is very near cutoff for the micro- 
wave frequency, the wavelength in the cavity is considerably greater 
than the free-space wavelength, and the Doppler effect is reduced. NHs 
lines as narrow as 7 kc have been obtained by this method, which repre¬ 
sents a reduction of the Doppler width by a factor of 10. 

Such a spectrometer may be used to detect either emission or absorption 
of microAvaves, depending on whether the upper or lower state of a 
transition is best focused into the cavity. If the upper state is focused, 
emission of microwave energy is detected, and the device acts as a 
microwave amplifier, since somewhat more energy may be emitted from 
the cavity than is introduced into it. 

The intensity of the induced emission, and hence the amount of ampli¬ 
fication, increases with an increasing number of molecules in the beam. 
If the beam gives a sufficiently large flow of molecules and the Q of the 
cavity is sufficiently high, the amplification may become infinite and 
radiation is emitted without any input microwave energy. Under such 
conditions the device is a very stable microwave oscillator with power 
being supplied from the molecular excitation, and with a frequency pri¬ 
marily determined by the molecular resonance. 

The signal obtained by this device from the strongest ammonia lines 
is approximately 10“^ watt, which is as much as a few thousand times 
noise in a well-designed spectrometer system. Its output power as an 
oscillator, which is the same 10“'^ watt, is not large, but it is large enough 
to serve as a frecpiency standard (see Sec. 17-7). 

Stark-wave Spectrograph. Newell and Dicke [022] have found a method 
of selecting only those molecules in a gas within a small range of velocities 
in the direction of microwave propagation. A special electric field is 
used which is periodic in the direction of microwave propagation with the 
wavelength, X/2, where X is the microwave length. It is equivalent 
then to a forward and a backward Stark field traveling wave each with 
velocity nX/2 Avhere U is the Stark wave frequency. The Stark modu¬ 
lation provides a regular variation in phase of the reflected wave so that 
those molecules moving with either Stark wave reflect energy coherently 
in the backward direction. Others produce reflections with random 
phases which are much weaker. Widths as low as 7 to 10 kc have been 
achieved in this way for the ammonia 3,3 line. The theoretically obtain¬ 
able sensitivity of this device is less than that of other spectrometers 
Dy approximately the square of the ratio of line width to Doppler width, 
so that only rather strong microwave lines can be observed. However, in 
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some cases the higher resolution may be extremely valuable. Fig. 15-11 
is a schematic of the apparatus. 

16-11. Cavity Spectrographs. Alicrowave absorption can be do- 
tected by its effect on the resonance of a cavity. W hen an absorbing 
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gas is present, the losses in the resonator 
its qualit}'^ factor Q is decreased. This 


are thereby increased, so that 
change is shown either by a 


decrease in the relative amplitude of a wave transmitted through the 


cavity, or by a change in the wave reflected by the cavity into a wave¬ 


guide coupled to it. 


If the absorption line is narrower than 
the cavity resonance, it may be dis])layed 
by sweeping a microwave oscillator con¬ 
nected to the cavity through the resonance 
curve. Figure 15-12 shows the pattern 
observed with a detector and oscilloscope 
arranged to display either the transmitted 
or the reflected power. The absorption 
is obtained as the difference between the 



curves with and without the absorber. 
Very wide lines, as in gases at high pres¬ 
sures, can be studied by tuning the cavity 


lM(i. 15-12. Oscilloscopo pattern 
with resonant cavity spectro¬ 
graph and sharp absorbing line. 


to a number of frequencies in the line’s width. At each point the change in 
Q is observed as a change in relative height or width of the cavity resonance 
when the gas is introduced, and from it the absorption is deduced [179], 
Of course, if the effective absorption at a particular frequency can be 
removed by a suitable electric or magnetic field as in a Stark spectrograph 
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this can be used as an alternative to actual removal of the absorber from 
the cavity. 

Whether used for narrow or broad lines, the cavity may be considered 
as a short section of waveguide in which microwave radiation is reflected 
back and foi’th many times before emerging. The effective number of 
reflections or the effective path in wavelengths is of the order of Q. The 
radiation finally emerges either from the input hole, in which case the 
cavity is used in reflection, or from another hole after transmission 
through the cavity. Although the external microwave circuits differ 
considerably in the two cases, there is little essential difference in the 
operation of the cavity. AVe shall consider further a reflection cavity 
coupled by a single hole. 

As in Chap. 14, the quality factor Q of the resonator is defined as 
2tv X (average energy stored)/(energy lost per cycle) = 1/6, where 6 is a 
loss factor. 

When the cavity is coupled to a waveguide, 6 is increased an amount 6i 
by the energy loss through the coupling hole. The reflection factor To 
in the waveguide for an empty cavity, defined as the ratio of the complex 
amplitudes of the incident and reflected waves, and for frequencies y 
near the resonant freciuency uo, i« [^Al] 



__ 

6i + 6o + 2j[{y — yo)/yo] 


(15-11) 


where 6o is the energy loss due to the cavity walls and^* = (—l)b When 
a gas with complex dielectric constant e = e' — je' is introduced (where 
usually e" « e' — 1), the resonant frequency is shifted to t^o/e* 
and 6o is increased to 6o + e", so that the reflection factor becomes 


25i 


^ 5i + 5o + — Vo)/Vo] 


(15-12) 


The fractional change in voltage amplitude of the reflected wave at 
resonance v = vo or v = {e)h is then 


pv 26 , _ 

Vo ^ L(5i + ^o)\ 


// 


(15-13) 


For a given 6,, AV/Vo is maximum when 5, = 6o. If 

6i + 5o = 6 = Q 

(AT)... = Qe"Vo 

This voltage change may be expressed in terms of the free-space attenua¬ 
tion a of the gas by using the relation 

_ 27r _ 27r ,f 

"" y ~ y ‘ 


a 


(15-15) 
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where X is the free-space wavelength. Then 



iiinx 



(15-lG) 


'i'he minimum detectal>le absorption is obtained by setting (AF),.,„x equal 
to the thermal rms noise voltage {4/*-7'A' Au Zu)* so that 


Q^min 


/U TNAi^V 27r 

\ Po ) 'Q\ 


f 10-17) 


where k = Boltzmann’s eonstant 
7’ = absolute temperature 

N = noise figure, or factor by which the noise exceeds thermal noise 
A/ = frequency band width of the amplifiers 
Po = power reflected from the cavity 
For a cavity made of waveguide with attenuation ao per unit length, the 
factor 27r/QX becomes approximately ao, so that (15-17) is closely equiv¬ 
alent to (15-10), and the limit of sensitivity for a cavity spectrometer is 

much the same as that for one using a waveguide (10**^ to 10“® in typical 
cases). 

The factor Q\/27r in Eq. (15-lG) is the equivalent absorption-path 
length in free space. Since Q can be quite large, very long effective 
path lengths can be obtained in a small space. This property is par¬ 
ticularly advantageous for experiments on Zeeman effects in ordinary 
molecules, where the necessary large magnetic fields can only be obtained 
over a small volume. However, spectrometers using small ca\4ties tend 
to have much more difficulty with saturation than do those using wave¬ 
guide absorption cells. Because of the smaller volume in which absorp¬ 
tion takes place, field strengths are higher in the cavities and each mole¬ 
cule must absorb more energy. 

For high sensitivity Q should be as large as possible. If the absorption 
line is to be displayed within the width of the cavity resonance, the 
usable value of Q is limited by the need for a resonance wide enough to 
include the entire line and perhaps its fine structure. Thus Q must be 
several times less than v/Av where v is the frequency of the line, and Au 
Its half width at half maximum. It is convenient to use a tunable cavity 

large enough so that resonances can be obtained in several modes with 
different Q’s to suit individual lines. 

As with the Stark modulation spectrograph, the bandwidth of the 
amplifiers following the crystal detector must be great enough to repro¬ 
duce the line shape but small enough to give low noise, if the absorption 
line is swept out in a time 1/q then for accurate reproduction of the line 
shape the bandwidth in cycles per second must be as large as about 

The microwave circuits used in cavity spectrographs resemble those 
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used for cavity waveraeters ([221], pp. 308-318). When the cavity is 
used by transmission an arrangement similar to that of Fig. 15-13 is 
needed, and the instrument then resembles the simple waveguide absorp¬ 
tion spectrograph of Fig. 15-1. This type of instrument without the 
sweep and oscillograph can be used for studying the pressure-broad¬ 
ening of strong lines [179]. 



Oscilloscope 



If)-IS. 


Siiiiph* microwave cavity tran.smission spectrograpli. 


The simple cavity spectrograph is, like its waveguide prototype, limited 
in sensitivity by crystal noise. The same remedies of source modulation, 
field modulation, and superheterodyne detection are effective when they 
can be applied. Stark modulation is not so easily obtained as in a wave¬ 
guide without disturbing the microwave fields, because the fields of the 
cavity modes usually employed are more complicated than those involved 
in waveguide transmission. For paramagnetic gases, weak-field Zeeman 
modulation by an external solenoid or short coils is satisfactory [642], 



Oscilloscope 

Fig. 15-14. Simple microwave cavity reflection spectrograph. The detector and 
resonator may he interclianged. 

[643], [435], [558], although eddy currents in the walls usually limit the 

modulation to relatively low frequencies. 

In reflection spectrographs the cavity may be placed on either the 
side or the end of a waveguide. When placed on the side as in Fig. 
a resonance in the cavity changes an effective impedance in para e 
with the guide and so affects the power reaching a detector at the end. 
Depending on the phase of the cavity reflection relative to the standing- 
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wave pattern in the guide, the detector power may increase or decrease 
at resonance; z.c., the change in impedance of the cavity at resonance 
may either partially cancel reflections already existing in the waveguide 
or may add to them. At certain positions along the guide the resonance 
may have very small effect, but such difficulties ma}^ he avoided if 
necessary by the use of a phase-shifting adjustment between the cavity 
and the detector. 


With only low modulation fi-etiuencies a\'ailable and power limited by 
the need for avoiding saturation, supei’heterodyne detection is helpful in 
obtaining a good signal-to-noise ratio. It is then necessary that most 
of the carrier be balanced out before reaching the second detector, in 


Fig. 



15-15. lU'Hoctioa cavity spcctrograpli witli s\ij)(“ihctcn)<lyii(' detection. 


order that the intermediate-fretiuency amplifiers will not be overloaded. 
The balancing can be accomplished by a wa\'eguide bridge. Partial 
balancing can be obtained with a magic T having a movable plunger in 
one arm and the cavity in another, as in Fig. 15-15 [291]. 

16-12. Large Untuned Cavity. Since the Q factor of a cavity is the 

ratio of energy stored to energy lost in the cavity walls, it is very large 

for a large cavity which has a high volume-to-area ratio. Nevertheless, 

such a cavity does not usually' show a sharp resonance because many 

modes are excited simultaneously. Therefore its Q cannot be measured 

by the shape of the resonance curve. Q can be obtained, however, either 

from the decay time constant when the cavity is excited by a pulse, or by 

a measurement of the energy density in the cavity for a given exciting 
power. 

Roth methods involve sampling the energy in the cavity at a sufficient 
number of points to get a good average energy density. The sampling 
is carried out by a large number of detectors [137], such as strings of 
fine-wire bolometers [338] arranged at random in the cavity (Fig. 15-16). 
The thermal detectors need to have a sufficiently short time constant 
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that they will respond to changes in cavity energy density as the oscillator 
is tuned, or to modulation in oscillator power if that is used. 

To ensure that many modes are excited and good average energy 
densities are measured, a metal-bladed fan, or “mixer,” may be rotated 
in front of the input coupling horn. The incoming microwaves are 
reflected from the fan in varying directions as it rotates. Only when a 
large number of different modes are excited simultaneously is the response 
of the detectors proportional to Q [1G5]. 



This Q can be considered as being controlled by losses from three 
sources, to each of which we may attribute a separate Q. 

1. Qc‘. Losses in the walls and fittings of the cavity and through the 
coupling holes 

2. Qo'. Losses in absorbing gas 

3. Qa'. Losses through an aperture which can be opened in the cavity 


Then the total Q is given by 


1 




(15-18) 


Qg can be deduced by comparing expressions for the decay of a micro- 
wave pulse in the cavity viewed as a lossy cavity and as absorption of a 
microwave traveling through a lossy medium. 


W = I 


(15-19) 


where c is the velocity of light, t is the time, a is the absorption coefficient 
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in units of reciprocal length, and x is the path length in the vapor. Then 


1 


Xa 


Qa 


(15-20) 


which demonstrates that the absorption in the cavity is equivalent to that 
of a free-space path length of Q\/27r. 

The loss through the aperture is expressed by Qa which, if its area is 
large enough to avoid diifraction effects but small in comparison with the 
wall area, is given by [1G5] 

SttT 


Qa = 


\A 


(15-21) 


where V is the volume of the l)ox and -4 is the area of the hole. Thus 



(15-22) 


The response of the detectors is proportional to Q, with a constant of 
proportionality determined by the input power and the detector sensi¬ 
tivity. Let E\ be the detector output voltage with the cavity empty and 
the aperture closed, be the output voltage with the aperture open, and 
E[ and E^ be the corresponding (piantities after the absorbing sample 
has been admitted to the cavity. Then from the above ecjuations 


and 




SttT 

XA 


(15-23) 





(15-24) 


If the absorption lines are not too broad, Ei and E^ can be measured 
without removing the sample by using a nearby frequency where the 
absorption is small. 

The large cavity has not been much used because it is slow and cum¬ 
bersome for general work. However, it is particularly suitable for 
measurements of absolute intensities and line widths. 

16-13. Spectrographs for Measurements of Zeeman Effect. The 
type of spectrograph needed for Zeeman studies depends largely on the 
sensitivity of the particular molecule's frequencies to a magnetic field, 
Le., on the magnitude of the Zeeman effect. Paramagnetic molecules 
like O 2 , NO 2 , and CIO 2 which exhibit a large Zeeman effect can be con¬ 
veniently studied in magnetic fields of only a few oersteds. Stark modu¬ 
lation [615] can be used for most paramagnetic molecules, with an addi¬ 
tional small magnetic field provided by a long single-layer solenoid 
enclosing the waveguide. For these same molecules, Zeeman modulation 
is an alternative method of sensitive detection, while for O 2 it is the only 
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method of modulation because the molecule has no electric dipole [441]. 
For high-held studies of paramagnetic molecules and for nonparamag- 
netic molecules which rec^uire large magnetic helds, a cavity is advan¬ 
tageous because of its small volume [435], [291]. 

For paramagnetic molecules, the cavity need not be tunable. Since 
the Zeeman effect is so large, individual Zeeman components can be 
brought to the desired freciuency by varying the magnetic held [435], 
[558]. This gives a rather different view of the spectrum, however, than 
that obtained by varying the freciuency of observation until an absorption 
line is found, and then applying a weak magnetic held to produce a small 
Zeeman splitting. 

A moderately strong magnetic held can be obtained economically over 
the length of an ordinary waveguide absorption cell either by coiling 
the cell [371] or by using special pole pieces, long and narrow like the 
waveguide [(>83]. With a magnetic held transverse to the direction of 
propagation, it may still be either parallel or perpendicular to the micro- 
wave electric vector. In the former case, tt components (Ail/ = 0) are 
observed, while the second arrangement gives the a components 

(AM = ±1) 

A longitudinal held, as from a solenoid, is always perpendicular to the 
microwave electric vector if the principal mode is being used, and so 
gives a components. 

The signs of the nuclear and molecular magnetic moments cannot be 
determined as long as linearly polarized microwaves are used, because the 
Zeeman patterns are symmetrical; f.c., the Zeeman pattern consists of 
pairs of lines equally displaced in freciuency from the zero held position, 
and of equal intensity. In order to determine the sign, circularly polar¬ 
ized microwave helds in a square or circular guide may be used since 
circularly polarized radiation carries angular momentum [081], [683]. 
AM = +1 transitions occur when the mi(a’owave electric vector rotates 
in a clockwise direction when viewed by a person looking in the direction 
of the longitudinal magnetic held. If the direction either of rotation 
or of the magnetic held is reversed, AM = — 1 transitions occur. 

The circular polarization can be obtained by a suitable length of wave¬ 
guide having rhombic (or elliptical) cross section, connected to square 
waveguide by tapered sections. Such a rhombic waveguide can support 
modes in which the electric vector near the center is parallel to either 
the long or the short diagonal. These modes have different phase 
velocities and so different guide wavelengths, If the length of the 
rhombic guide is chosen so that one wave lags 90® in phase behind the 
other, the emergent wave is circularly polarized. Adjustment can be 
made by squeezing the polarizing section and thus varying the phase 
difference between the two components of the wave. 



MICROWAVK SPECTKOGHAPHS 


443 


If Stark effect is used to ol)tain high sensitivity in an absorption cell 
supporting a circularly polai’ized microwave, the usual flat septum must 
be avoided since it will disturb the microwave field distribution. The 
Stark electrode may be a wire or a rod of circular cross section along tlie 
axis of the waveguide. This arrangement gives a nonuniform Stark 
field, but the nonuniformity may be useful in smearing out the Stark 
components so that they do not interfere with observation of the Zeeman 
components. Further smearing can be obtained by use of a trapezoidal 
or similarly shaped Stark voltage rather than a s<iuare wave. 

The hyperfine-structure transitions in atomic spectra of alkali metal 
vapors resemble paramagnetic molecules in their large Zeeman effect. 
In these cases interactions between the valence s electron and the nucleus 
are so large that the transitions between individual hyperfine components 
lie in the microwave range. Cesium [405] and sodium ((>42], [043] transi¬ 
tions have been observed by microwave absorption in resonant cavities. 
The alkali metal vapors were contained in glass or (piartz liners within the 
cavity. External coils provided magnetic fields of a few oersteds for 
Zeeman modulation. 

Roberts, Beers, and Hill [405] detected the dispersion on the edges 
of a line rather than the absorption at its center. 7die imaginary part 
of the permeability, which is maximum at the point of greatest change of 
absorption, slightly modifies the cavity's resonant frcHpiency. This 
cavity controlled the frerpiency of an oscillator, an<i so varying the 
magnetic field caused a freciuenc^'^ modulation which was detected. 

16-14. Spectrometers for High and Low Temperatures. Low tem¬ 
peratures are often used to increase the population of lower vibrational 
and rotational energy levels. The intensities of most microwave lines 
are thereby increased. Lines involving excited vibrational states can be 
distinguished because their intensities do not increase so much or may 
even decrease on cooling. 

Few polar molecules have an appreciable vapor pressure at very low 
temperatures, so that it is seldom possible to observe their spectra at 
temperatures lower than those obtainable with dry ice. A rectangular 
trough of sheet copper, thermally insulated and supported in a wooden 
box, serves to hold either dry ice alone or a dry ice-acetone mixture. 
For the lowest temperatures such a trough can be used to contain liquid 
air, although the liquid air evaporates rapidly. 

High-temperature spectroscopy is much more difficult, chiefly because 

the materials used to support a Stark electrode become poor insulators 

at high temperatures (cf. review in [728]). Waveguide windows tend 

to be lossy at high temperatures, and difficulties are experienced in sealing 
them to the waveguide. 

For moderate temperatures (150 to 250°C), the designs used differ 
from ordinary Stark spectrographs only in details. The polystyrene 
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or teflon insulation of the Stark electrode can be replaced by mica fins 
crimped into slots on the electrode edges [637] or by grooved quartz strips 
[728]. Rather than rubber gaskets at the mica windows, lead gaskets 
[637] or copper gaskets [728] may be used. High temperatures are useful 
for outgassing the absorption cell and remaining traces of molecules 
previously introduced into the cell. If the instrument is used for 



spectroscopy at high temperatures rather 
than just for outgassing, the sample may con¬ 
dense out at lower temperatures, and if so it 
must be introduced from a heated container 
through heated valves and connections. 

For the high-temperature range (250 to 
lOOO^C), which is necessary to obtain suffi¬ 
cient vapor pressure of many interesting dia¬ 
tomic molecules, more radical changes are 
needed to avoid the serious insulation diffi¬ 
culties and prevent rapid oxidation of metal 
surfaces. Several approaches have been 
used. One method reduces the amount of 
insulation required to position the Stark plate 
by supporting the entire waveguide vertically 
[980a]. The waveguide is contained inside 
an evacuated cylinder with radiation shields 
(Fig. 15-17). Since the container is evacu¬ 
ated, the waveguide seals need only have a 
reasonably slow leak rate for a pressure dif¬ 
ferential less than yV Hg rather than 
for the entire pressure of the atmosphere. 
Quartz or ceramic windows with copper gas¬ 
kets are used at the end of the hot^waveguide. 
Outer mica windows at the points where the 


Fig. 15-17. Microwave spec- waveguide enters and leaves the vacuum 
trograph for high tempera- jacket are at room temperature and so present 


tures. 


no unusual difficulties. 


The waveguide cell is made of nickel and gold-plated on the inside to 
resist corrosion by the gases being studied and to reduce the attenuation 
of the microwaves. Small ceramic spacers serve to center the Stark 
electrode. Modulation voltage is applied through a tantalum wire 
insulated by a lava bushing in the waveguide wall. Tantalum wire is 
used for heating the cell, and extra heaters near the ends assure that the 
windows are hotter than the rest of the system and so prevent condensa- 


tion on the windows. 

A molecular beam spectrograph has been designed to study substances 
which require high temperatures for their evaporation. Only the oven 
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need be at a high temperature, and Stark modulation electrodes can be 
outside the beam. Alternatively, mechanical modulation of the beam 
by a cooled shutter may be used [728]. The low modulation fref|uency 
attainable in this way necessitates a bolometer or superheterodyne 
detector for good signal-to-noise ratio. The method avoids the problems 
of windows and electrode insulation. Moreover, the beam can be used 
to reduce Doppler broadening, since the path of the radiation is trans¬ 
verse to the beam. However, the amount of absorption obtainable with 
a molecular beam is so small that only the strongest lines can give detect¬ 
able signals. 

A third type of high-temperature spectrograph uses a thin quartz 
liner for the waveguide [728]. The guide is split and the Stark voltage 
is applied between the two halves. Although this gives a nonuniform 
field so that Stark components are smeared, it should be adequate for 
detection of the lines. The guide assembly is inserted in a heated iron 
pipe and fed by horns from an external waveguide. 

16-16. Spectrographs for Intensity and Line-shape Measurements. 
Line widths and relative intensities of nearby lines can be measured 
on a Stark modulation spectrograph if sufficient care is taken to minimize 
reflections in the waveguide system. When the microwave oscillator 
fre(iuency is changed, any reflections present cau.se changes in the amount 
of power reaching the crystal. With Stark modulation, these changes 
do not usually cause spurious lines, but the apparent intensity of a real 
lino changes with the power level at the crystal (cf. [9G8a]). 

If standing waves are present in a section of waveguide because of 
reflections at its ends, it acts as a resonator. At those frequencies for 
which it is resonant, the energy density is large, and the attenuation 
caused by absorption lines is consequently large. Alternatively it may 
be said that the reflections produce a long effective path length because 
the radiation is reflected back and forth several times. When the input 
frequency is changed slightly, the section becomes antiresonant so that 

the energy density, and with it the attenuation produced by the line, 
becomes small. 

Consider as an example a waveguide absorption cell of length L with 
small equal reflections occurring at its two ends with a fraction r of power 
reflected at either single^reflection. The power transmitted through the 
cell may be written 





— (a+4T 



(15-25) 


where Po is a constant proportional to, but not exactly equal to, input 
power; a is the attenuation coefficient per unit length in the wave¬ 
guide; and Xo is the radiation wavelength in the waveguide. Expression 
(15-25) shows the variation in power transmitted through the guide to the 
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detector with variation in frequency (or hence \g). The ratio of maxi¬ 
mum to minimum power (or of detected crystal current, /, since power 
is approximately proportional to I) is, from (15-25), 


Pmnx __ /nmx _ /1 + TC 

P ~ I ~ \ 1 — ) 

•*nnn *min ^ / 


(15-26) 


Clearly from (15-26) attenuation tends to reduce the fractional variation 

/^max 

in crystal current, since —>• 1 when ah becomes large. 

min 

In order to determine the effect on transmitted power of a small change 
in the absorption coefficient a such as might be introduced by a gas 
absorption, (15-25) may be differentiated with respect to a. This gives 



I 2 'fQ —(dt+47ry/Xjj)Lj 



(15-27) 


where a^^^ is the absorption coefficient of the gas. For a given value of 
gas absorption (15-27) shows the rapid change of absorbed power AF 
with frecjnency or \g. The ratio of maximum to minimum values of AF 
for a given a is, from (15-27) and (15-26), 


^ rc-^Y* ^ //„.»xY 

AP„,i„ \\ — rp-^^j \/min/ 


(15-28) 


Hence the variations in apparent absorption coefficient due to reflections 
are considei’ahly gr('at('r than the variations in crystal current. In some 
cases, approximate corre(*tions for reflections might be possible by use of 

(15-27). 

For low reflection, the Stark electrode must be tapered at each end. 
Individual sections of waveguide should have nearly identical cross sections 
and be carefully aligned where they meet. Windows should be thin, and 


of good dielectric material. 

In addition to keeping reflections low, if intensities are to be measured 
accurately, the crystal current must not be large enough to cause non¬ 
linearity of the microwave-power-crystal-current relation. Usually a 
few hundred microamperes are permissible if the load resistance for the 
crystal is not too large. Finally, circuits which amplify the signal must 

be linear over the range of signals encountered (c/. [901]). 

16-16. Gas Handling for Microwave Spectrographs. Most microwave 
spectrographs use gases at pressures of from 10“^ to 1 mm mercury. 
For ordinary gases, the sample is kept in a glass bulb, with glass conne(> 
tions to the waveguide and vacuum pumps. Glass stopcocks, lubricate 
with some vacuum grease, regulate the flow of gas into the waveguide. 
If two stopcocks in series are used between the sample holder and t e 
waveguide cell, gas may be admitted first into the space between t e 
stopcocks. The sample tube is then shut off and the gas in the sma 
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space between the stopcocks is allowed to expand into the waveguide. 
This arrangement is convenient because it admits only the small amounts 
of gas usually needed to fill the absorption cell. These small amounts of 
gas are often difficult to control by a single stopcock opening directly 
into the sample bulb. Pressure can be measured by any of the ordinary 
vacuum gauges (S. Dushman, Scientific Foundations of High Vacuum 
Technique, John Wiley tk Sons, Inc., New York, IDoO; R. T, Sanderson, 
Vacuum Manipulatio7i of Volatile Compounds, John Wiley k Sons, Inc., 
New York, 1948). 

Some gases react with the glass, stopcock grease, metal waveguide, 
mica windows, or plastic insulation and recpiire careful choice of the 
materials in contact with the gas. Teflon (polymerized tetraffuoro- 
ethylene) is inert to most chemicals and can be used for insulating 
the Stark septum and leads. Polytrifluorochloroethylene (K(‘l-F) tubing 
is often useful in handling samples of fluoride compounds. Copper 
e(iuipment is suitable for reactive fluorides and can be used fur the entire 
gas-handling system. 

Chlorinated and fluorinated greases are available for stopcocks. While 
they are generally more expensive and poorer lubricants than ordinary 
stopcock greases, they are much more resistant to chemical attack. A 


thin coating of such a grease can be used to protect windows. When 
highly reactive or unstable compounds are to be used in the absorptioit 
cell, the observable effect of decomposition is minimized by allowing a 
sample of gas to remain in the system for a few hours or even days in 
order that initial surface reaction may go to completion. The sample 
may be replenished occasionally or, if necessary, a continuous-flow 
method at low pressure may be used. For substances with sufficiently 
high vapor pressures, reaction and decomposition may be reduced by 
cooling the entire system [521], [447]. 

Some substances, such as ammonia and water, are strongly absorbed 
on the walls of the waveguide and are then evolved very slowly. It may 
take several weeks at room temperature before the ammonia or water 
lines disappear from a sensitive spectrometer. Heating the absorption 
cell to about 100°C usually outgases it sufficiently in a few hours. DilTer- 
ential absorption may also change the composition of a gas mixture, 
giving rise to serious errors in experiments on line broadening by foreign 
gases or in quantitative analysis. 

16-17. Spectrometers for Free Radicals. Free radicals are usually 
extiemely unstable or reactive and often exist as separate molecules 
for only a thousandth of a second or less (c/. E. W. R. Steacey, Atomic 
and Free Radical Reactions, Reinhold Publishing Corporation, New York, 
1946; W. A. Waters, Chemistry of Free Radicals, Oxford University Press! 
Oxford, 1946, F. O. Rice and K. K. Rice, The Aliphatic Free Radicals, 
Johns Hopkins Press, Baltimore, 1935). Nevertheless some molecules 
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with odd numbers of electrons are stable NO, NO 2 , CIO 2 ), and so 
radicals with intermediate stability and lifetimes should occur and give 
detectable microwave spectra. Lifetimes of these chemically active 
substances are often limited by the presence of other materials which 
combine with the radicals or catalyze their recombination. 

Attempts to obtain microwave spectra of free radicals have been 
hampered l)y the paucity of knowledge about them and by the lack of 
suitable tests for the presence of radicals or for the elimination of inter¬ 
fering substances from the system (c/, review by J. Mays [728]). The 
microwave spectrum of the OH radical, arising from transitions between 
members of a A doublet, has been observed by Sanders, Schawlow, 
Dousmanis, and Townes [801], [971] using a system in which radicals 



OH. 


come in contact with no metal (Fig. 15-18). Radicals are produced by 
dissociation of water vapor in a radio-fref|uency discharge tube with 
external electrodes, and are then pumped through a straight tube of 
low-loss glass. This tube is the lining of a waveguide of circular cross 
section which is tapered at its ends to an ordinary rectangular waveguide. 
Zeeman modulation is applied by superimposed direct and 100-kc currents 
through a solenoid around the waveguide. The waveguide is slotted 
longitudinally to reduce eddy currents and allow the magnetic field to 
penetrate it. This method of modulation is particularly suitable for 
radicals which have large magnetic moments arising from an unpaired 
electron. Absorptions caused by substances other than radicals are not 

modulated and so are not observed. 

16-18. Microwave Radiometers. A type of spectrograph introduced 
by Dicke [148] is especially suitable for microwave spectroscopy of 
astronomical sources. In radio astronomy neither the original source 
nor the absorber is under the control of the observer, so that neither 
can be modulated. Furthermore, the radiation from astronomical 
sources is usually spread over some range of frequencies rather than being 
essentially monochromatic as is a microwave oscillator. The instrument 
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designed by Dicke may be called a radiometer, since it detects the noise 
power radiated from an extended source and determines the apparent 
temperature of the source at microwave frecpiencies. 

In the radiometer, which is shown in Fig. 15-10, a movable al>sorber is 
placed in the waveguide between the antenna and the detector. The 
absorber is moved in and out of the guide at a rate of 30 cycles/sec. 
When it is in the guide, the incoming signal is replaced by thermal 
radiation from the absorber at room temperature. Thus small variations 
between the effective temperature of the astronomical radiator and of the 
spectrograph show up as variations in the noise power received l)y the 
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Fig. 15-19. Microwave radiometer. {From Dicke [148].) 


detector during the two portions of the cycle. A relatively large inter- 
mediate-fre(iuency bandwidth (8 Me) is used so that all the thermal noise 
radiated by the source within a band of that size on either side of the 
oscillator frequency is available as signal to be amplified and detected. 

The noise-power levels in the two positions (absorber in and absorber 
out of the guide) are compared sensitively by a lock-in detector which 
has a time constant large enough to average over a relatively long period. 
In this way fluctuations in the thermal noise power and in amplifier 
gain are minimized. 

As in other spectrographs dealing with low signal powers, superhetero¬ 
dyne detection is used. A balanced mixer ensures that local oscillator 
power is not radiated into the waveguide where it might be reflected 
differently from the absorber than from the open waveguide. 

With this instrument a change in source temperature somewhat less 
than 1°C is measurable, corresponding to a noise power of 10“^® watt. It 
. should be noted that the effective temperature measured with microwaves 
often differs from that of the optical region because of selective absorption 
or emission. 

The change in temperature which can be detected by such a system is 
given [148] approximately by 

(!S)‘ 
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where T is the temperature of the receiver (room temperature) and N 
is the receiver's noise figure (that is, NT is the apparent temperature 
of the receiver input circuit judged by the residual noise when no signal 
is present) is the bandwidth of the receiver system before the second 
detector of Fig. 15-19, and Aj /2 is the bandwidth of the low-pass filter 
following lock-in. 

Microwave radiation from hydrogen atoms in interstellar space is 
spread over a frequency range of only a few tens of kilocycles. Hence 
for its detection a receiver bandwidth of a few tens of kilocycles is used, 
and the received frecjuency is shifted back and forth periodically at the 
lock-in frequency. This shifting of the frequency replaces the variable 
absorber of Fig. 15-19 and allows an accurate comparison between the 
amount of noise power radiated at the hydrogen resonance and that at 
other fretiuencies. 



CHAPTER 16 


MILLIMETER WAVES 


16-1, Introduction. Conventional vaeuum tubes and circuits do not 
operate well for wavelengths as short as the microwave region, because 
they use lumped circuit constants which reciuire that the wavelength be 
considerably larger than the size of the tube or circuit element. Kly¬ 
strons, magnetrons, and other microwave devices which do work success¬ 
fully in the microwave region usually recpiire only that the wavelength 
be comparable with the dimensions of the tube, and hence they are 
appropriate for microwaves as short as 1 cm. For wavelengths below 
about 4 mm, even these devices no longer work well because they cannot 
be satisfactorily scaled down to a sufficiently small size. 

Short wavelengths are of course emitted by hot bodies, and this source 
of radiation is commonly used in infrared spectroscopy. However, the 
intensity of radiation in a given bandwidth or range of frecpiencies 
decreases at longer infrared wavelengtlis as 1/X2 and is so small beyond 
wavelengths of a few tenths of 1 mm that it can be used for spectroscopy 
only with great difficulty. For example, one square centimeter of a 
black body at 2500°K radiates only 5 X lO^^ watt within a 1 per cent 
range of frequencies centered at 1 mm wavelength. If one wishes a 
bandwidth or resolution of 1 Me at this wavelength, the power is reduced 
to 10-“ watt, which is too small to be useful at present—especially since 
heteiodyne detection cannot be used without a more powerful local 
oscillator of the same fre(|uency, 

Ihus neither electronic oscillators nor infrared sources provide much 
usable radiation in the wavelength range between a few tenths and a few 
millimeters. In approaching this range from either side, spectroscopy 
becomes increasingly difficult. However, techniques are not available 
which permit some rewarding spectroscopy for wavelengths as short as 
1 mm, and these will be discussed. Spectroscopy in the longer millimeter 
region is not so difficult, but its techniques are sufficiently different from 
those in the centimeter range to warrant treatment in this chapter. 

16-2. Spark OsciUators for Millimeter Waves. Since thermal sources 
give so httle power in the millimeter and submillimeter region, stronger 
sources of broad-band radiation were sought many years before continu¬ 
ous-wave generators even approached the centimeter band. Spark 
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oscillators were used by Lebedew [1] to generate 0.6-min waves in 1895, 
and by Nicholls and Tear in 1922 to reach a wavelength of 0.22 mm 

[3], [4]. ^ 

A variant of the spark oscillator is the mass radiator, exploited first by 
Glagolewa-Arkadiewa [5], in which the sparks pass between many small 
metal particles. A pair of nearby particles with a spark passing between 
them acts as a dipole radiator of short wavelength. But since the particle 
separation is not fixed, a wide range of wavelengths is generated. Usu¬ 
ally, the metal particles are immersed in an oil bath which flows or is 
carried past high-voltage electrodes [5], [13], [49], [92], [6], [128]. Wave¬ 
lengths from O.l to 50 millimeters have been generated in this manner 
and used, with a diffraction grating, for low-resolution spectroscopy. 
One serious difficulty with this source, besides the continuous spectrum 
and low intensity, is the large voltage pulse as the spark breaks down the 
main gap. Even with careful shielding, this pulse tends to limit the 
usable amplifier sensitivity. 

A variant of the mass radiator is obtained by dropping charged mercury 
droplets into a mercury pool of the opposite charge [503a]. Small powers 
in the 2- to 10-mm range have been produced by this method. 

16-3. Vacuum-tube Generators. While vacuum-tube oscillators for 
the millimeter region are more difficult to construct than incoherent 
sources, their advantages are great. Since all the radiation is confined 
to a narrow band, the spectrometer need not have high resolving power 
and so can be relatively simple and efficient. In favorable cases, almost 
all the radiated energy lies in one narrow band. 

One method of obtaining millimeter wave tubes is to scale down those 
types used at centimeter wavelengths. Klystrons, traveling-wave tubes, 
and backward-wave oscillators have been built to produce wavelengths 
near 4 mm, while pulsed magnetrons have reached 2.5 mm (c/. review in 
[510]). Of these, the rather new backward-wave oscillator appears most 
promising as a flexible high-freciuency source for spectroscopy. The first 
three types of tubes are in practice inefficient and are necessarily small, 
so that neither conduction nor radiation is sufficient to dissipate heat 
for more than very low power operation. Furthermore circuit losses 
increase approximately as the square of the frequency. Magnetrons, by 
virtue of their pulsed operation, are able to operate with moderate 
efficiency and power output in the millimeter region. Figure 16-1 shows 
how the heat transfer limits possible power output. Since tubes are 
usually of the order of the wavelength X in dimensions, the upper line 
on the graph of Fig. 16-1 is a natural upper limit to the amount of heat 
which can be dissipated by conduction. Actual tubes, as shown by the 
shaded area, come fairly close to this limit in the centimeter region. The 
power radiated by a hot body is very much less, especially when on y 
those wavelengths in a small band are selected. 
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If the efficiency of vacuum-tube generators is not very small, they 
can produce powers enormously greater than hot bodies in the millimeter 
region. Efficiencies are usually somewhat greater for pulsed tubes than 
for continuous types; this accounts for some of the spread of the output 
powers shown for tubes of Fig. 16-1. 

When tubes are made to work at shorter wavelengths by scaling down 
dimensions, the power output will be unaffected provided the current 
and losses are unchanged. But scaling down the tube reduces the 
cathode area in proportion to the square of the linear dimensions, so 

A, millimeters 



Fig. 16>1. Power limits of thermal sources, and thermal limitations on vacuum tubes. 
(From J. H. Pierce I510I.) 

that attainable beam current will fall unless means are found for greatly 
increasing emission-current density. Higher emission currents are 
accompanied by increased space-charge effects which modify the opera¬ 
tion of the tube. Very high emission-current densities can be achieved 
for a short period, if the tube is allowed to rest before the next pulse. 
Thus a pulsed magnetron, with plate potential applied for about one 
out of every thousand microseconds and having intensive back bombard¬ 
ment of the cathode by some of the electrons, attains a much higher 
emission density than ordinary tubes. The high plate potential during 

the pulse tends to overcome the effects of space-charge concentration 
near the cathode. 
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Finally, fabrication tolerances become exceedingly critical when centi¬ 
meter-wave klystrons are scaled to operate in the millimeter-wave range. 
For these reasons it is desirable to have tube types whose dimensions 
are all large in comparison with the wavelength. Klystrons, traveling- 
wave or backward-wave tubes, and magnetrons are an advance over 
conventional triodes for the microwave region in that they have sizes 
not very much less than the wavelength generated. Neither they nor 
any other type yet invented have critical dimensions which are greater 
than the output wavelength. Nevertheless, all these types have been 
successfully scaled down to operate in the millimeter region, and in spite 
of the difficulties, further progress may be expected. 

Klystrons are commenaally available to produce wavelengths as short 
as 5 mm (Raytheon Manufacturing Co., Waltham, Mass.) with a power 
output of a few milliwatts. Similar reflex klystrons for the longer milli¬ 
meter wavelengths have been constructed in England (c/. review in [388]). 
However, millimeter-wave kl^'^strons tend to be noisier and less stable 
than their centimeter-wave counterparts, and the power emitted some¬ 
times varies rapidly over the range of tuning. 

Traveling-wave generators of several types can be constructed for 
the millimeter region. One traveling-wave tube has been operated in 
the G- to 8-mm region [G17] as both an amplifier and an oscillator. Back¬ 


ward-wave oscillators liav(‘ 


also been made in the 5-mm region with an out¬ 


put power of about 10 mw and with electronic tuning over a frequency 
range of about 30 per cent. However, no traveling-wave or backward- 


wave oscillators are as yet commercially available. 


Pulsed magnetrons have been built to oscillate at wavelengths as short 
as 2.5 mm, but the shorter-wavelength tubes are not tunal)lc (liernstcin. 


M. J., and others, Columbia Radiation Laboratory Progress Reports, 
1947-1954). For the G-mm region a few pulsed magnetrons have been 
built which are tunable over a band of 1 or 2 per cent. Because these 


magnetrons have simpler structures than, for example, klystrons and 
because of the advantages of putsed operation discussed above, efficiencies 
of the order of 5 per cent are achieved. This efficiency permits fairly 
high output powers, and the millimeter-wave magnetrons have peak 


pulse outputs of around 25 kw. 

16-4. Harmonics from Vacuum Tubes. Since several kinds of tubes 
are available which give power at a wavelength of about 1 cm, theii 
overtones have been investigated as sources of millimeter waves. Magne¬ 
trons generate so much power that even relatively weak overtones are 
detectable. Klein, Loub.ser, Nethercot, and Townes [716] have detecte 
harmonics as high as the tenth (1.25-mm wavelength) from K-band tubes 
and the third (l.l mm) from a 3.3-mm tube. Peak powers of a few 
hundred microwatts were obtained at the shortest wavelengths. In to 
apparatus used, a side arm and phaser produced an adjustable loa y 
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whi(4i the harmonic output could he maximized (Fig. 10-2). The filter 
which selected the high harmonics was a section of waveguide too small 
to permit the longer wavelengths to pass. The magnetron source was 
also used in conjunction with an echelette grating similar in principle 
to those used for infrared spectroscopy. This reflection grating was 
operated in free space and diffracted energy from the transmitter wave¬ 
guide to the section containing the detector crystal. With this appa¬ 
ratus it was found that not all higher fre(iuenc‘ies emitt(‘d by magnetrons 
are harmonics, i.e., integral multiples of the fundamental fre(iiiency. 



I^iG. l()-2. Apj)uratus for isolatiiiji; inaKiiotron liarmonics. 
Ne.thercol, and Townes [7Hi].) 


{Fro)n Klein, Lonhser, 


These iionliarmonic frofiuencics are, however, weaker than the true har¬ 
monics, so that they would not ordinarily lead to confusion. Individual 
tubes, even of the same type, vary considerably in their harmonic and 
overtone content. The use of magnetron harmonics for spectroscopy is 

limited by the difficulty of obtaining magnetrons which are tunable over 
a sufficient frequency range. 

Klystrons for the 1-cm region give considerable amounts of power and 
are reasonably stable. 1 heir output occasionally contains an appreciable 
pow'er at some particular harmonic frequency, but the harmonic output 
is not sufficiently certain or controllable to be very useful. 

Harmonies of microwave oscillators can also be produced by nonlinear 
circuit elements. Before discussing harmonic generation in a silicon 
crystal, which is the most convenient variety of nonlinear element we 
shall consider detection of millimeter waves. Detection involves a km- 
ilar, but somewhat simpler, application of silicon crystals 

16-6. Detection of MilUmeter Waves. Techniques adapted from those 
used in both the infrared and the centimeter-wave region can be applied 
to detect millimeter waves. In the infrared region, thermal detectors 
predominate; for centimeter waves thermal detectors are sometimes used 
but crystal detectors are usually be.st and are most widely used. 

In the early w'ork on mass radiators, various kinds of thermal detectors 
were employed. Cooley and Rohrbaugh [128] used a bismuth-antimony 
theimopi e which had all junctions covered by a 2-mm-thick coating 
composed of equal parts lampblack and tellurium-plated cork dust The 
mnxture was equivalent to many absorbers whose size and separation 
were ot the order of the w^avelengths being received. The thermopile 
was u.sed over a range of 0.2 to 2.2 mm and had a sensitivity such that 
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after amplification, a flux of about 3 X IQ-* watt/cm^ of exposed thermo- 
pile surface could be detected. 

A more sensitive thermal detector is the Golay cell [195], [196]. The 
Golay detector contains an air space between two films, one of which is an 
absorber of radiation. The other film is a very light flexible mirror. 
When radiation falls on the absorber, it heats the film and hence the air 
in the cell which then expands and slightly deflects the mirror. Motion 
of the mirror affects the amount of light falling on a photocell, and the 
resultant photocurrent is proportional to the radiation intensity. 

When the cell is used as a detector of millimeter waves, the end of the 
waveguide is pointed at the cell [716]. Some resonance effects are 
observed in this region because of the finite size of the cell aperture, so 
that it is helpful to optimize the cell response by adjusting its distance 
from the waveguide. The radiation is chopped at 10 cycles/sec by a 
rotating semicircular absorber passing into the waveguide through a slot. 
When used with a circuit having a time constant of 5 sec, one cell of 
this type had a sensitivity of about 5 X 10“*^ watt. The same sensitiv¬ 
ity can be expected for shorter wavelengths, and so the Golay cell may be 
useful for submillimeter waves. 

In the longer millimeter range the packaged cartridge-type crystals 
designed for 1.25-cm (1N26) or 8-mm (1N53) wavelength are convenient 
as detectors or harmonic generators. One design of detector for car¬ 
tridge-type crystals due to Beringer [139] introduces the signal from the 
waveguide into the crystal through a short coaxial line. Similar but 
simplified designs such as that shown in Fig. 16-3 have been extensively 
and successfully used for spectroscopic work in the millimeter range by 
Gordy and coworkers [413], [457], [694]. Such detectors, using com¬ 
mercial crystals, are most successful at wavelengths above 4 mm, but 
they have detected radiation from harmonic generators of similar design 
(see Fig. 16-3) at wavelengths as short as 2 mm. Their use at such 
short wavelengths is (juite difficult because very careful selection of 
crystals is required and each crystal operates over only a narrow range 
of frequencies. 

For most spectroscopic purposes, it is best to use components which 
are “broad-band" so that they operate satisfactorily over a wide range 
of frequencies without complicated and critical tuning. Detectors and 
other circuit components which are simple and broad-band are particu¬ 
larly desirable in the highest-frequency ranges. This is partly because 
at the shortest wavelengths any critical dimensions become so difficult 
to control that they are best avoided. Furthermore, present spectros¬ 
copy below a few millimeters is still in a rather primitive state and is 
limited enough by other difficulties that an additional restriction o 

detectors to a narrow frequency range is very objectionable. 

Although detectors using pieces of silicon mounted individually in a 
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waveguide without a surrounding cartridge are somewhat time-consum¬ 
ing to construct and loss rugged than the commercial 1N2G and 1X53 
crystals, they give enormously better performance at the shortest wave¬ 
lengths. Problems of matching the microwave power into the crystal 
are very much reduced and the detector is usable over a much broader 
frequency range. Detectors of this type, illustrated in Fig. lG-4, were 



(b) 


Fig. 16-3. Apparatus for generation and detection of millimeter waves using cartridge- 
type crystals, (a) Detector. (6) Simple harmonic generator. (From C. AT. John¬ 
son, reproduced in [694].) 

shown by Klein, Loubser, Nethercot, and Townes [716] to be fairly 
sensitive over a wide range of frequencies and down to wavelengths at 
least as short as 1 mm. Near 1 mm, these detectors were only about one 
hundred times less sensitive than the best crystals at 1 cm wavelength. 
Johnson, Slager, and D. D. King [944] made a systematic comparison of 
several detectors and harmonic generators for the range 6 to 2 mm wave¬ 
length. They tested cartridge-type (1N26, 1N31, and 1N53) crystals 
cartridge-type crystals with part of the walls of the cartridge cut away. 
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Fir.. l()-4. Apparatus for K<'”f’i'ation and dotoction of niilliiiH'ti'r waves using opon- 
guide crystal mounts, (a) Detector. (From Klein, Loi/hser, Nethercot, and 'Jotenes 
[7101.) (6) Harmonic generator. Waveguide for high harmoni<-s crosses waveguide 

for fundamental at crystal, and is j)erpendicular to t he page. (Design due to E. Richter 

(7331.) 

and open-guide’^ mounts such as that of Fig. 10-4. They found that 
the last type were distinctly superior as detectors, especially at the highest 

frequencies. 

16-6. Semi-conducting Crystal Harmonic Generators. Semiconduct¬ 
ing crystal harmonic generators receive fundamental microwave powei 
from an electronic oscillator (usually a klystron), and because ^ ^ 
nonlinear response of the semiconductor to the microwave field, t ey 
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produce harmonics of the fundamental. Good harmonic generatons 
involve efficient matching of the fundamental microwave power into a 
crystal and appropriate nonlinear characteristics. They also retiuirc 
efficient radiation of the generated harmonics into a waveguide. Since 
they involve matching of the crystal to a waveguide at both the funda¬ 
mental and harmonic frequencies they are somewhat more comple.x than 
are detectors. However, the principles involved in detectors and gen¬ 
erators are very similar, and hence the de.signs u.sed for the two functions 
in any one experiment usually involve the same types of crystal mounts 
as indicated by Figs. lG-3, 1(5-4, and 1G-.5. The generator design shown 
in Fig. lG-3 is cpiite convenient at the longer wavelengths Init tends to be 
narrow-band and weak in output at the shortest wavelengths. The 
open-guide crystal mount such as that shown in Fig. lG-4 has strong 
advantages in being broad-band [733], and at the higher freciuencies gives 
appreciably greater output [944] than the type shown in Fig. lG-3. 

W. C. King and Gordy [823], [94G] have recently made notable progress 

in pushing the limit ot operation ol crystal harmonica generatoi’s down 

to 1 mm or slightly below. The generators and detectors which they use 

are of the open-guide type and are illustiated in Fig. lG-5. The shortest 

wavelength which has so far been obtained by this type of harmonic 

generation is 0.77 mm [910] but it seems reasonable to expect that 

detectable amounts of power may eventually be obtained at wavelengths 
of a few tenths of 1 mm. 

There is as yet very little definite or (luantitative information al)out 

the best techniciues for crystal harmonic generation of wavelengths near 

1 millimeter. However, we shall attempt to summarize what information 
and suggestions are available. 

For the shortest wavelengths it is ((uite important that the crystal 
be in an open and simple mount (see Figs. lG-4 and 16-5) with simple 
tuning adjustments. Several different mounts of this type have worked 
with some .success [733], [944], [946], but details of an optimum design 
are not clear. It should be noted that each of these generators produces 
Ingh harmonics in a variety of waveguide modes, so that transmission 
and matching problems cannot be treated so simply or successfully as 
in a waveguide with only one mode of propagation. 

No study has yet been made of the best crystal material. King and 
Gordy [823], [94G] have used pieces of silicon about 1 mm in diameter 
broken from the silicon slabs of 1N26 crystals. They indicate that small 
crystals are considerably better than large ones, but experimental evi- 

ofT this IS not clear. 1N23 crystals contain cylinders of silicon 
ot about 1 mm diameter which have also been successfully used Best 

W the crystal surface are unknown, 

will '•"P^rtant to keep the crystals rather dry. High humidity 

V ill make at least some crystal contacts deteriorate rapidly. 
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Fig. 16-5. Design of apparatus for generation and detection of millimeter waves using 

open-guide mount. In each case the waveguide for millimeter waves is 

to the page, (a) Detector. (6) Harmonic generator. {From King and or y\ 
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Attention must be paid to obtaining a very small contact point on 
the crystal. A large contact surface provides a capacitance which shunts 
the desired nonlinear conduction characteristics of the contact and the 
impedance of the smallest contacts obtainable are still objectionably low 
at wavelengths near 1 mm. “Cat’s whiskers,” the fine tungsten wires 
which make contact, are usually about 2 mils (0.005 cm) in diameter. 
These may be sharply pointed by electrolytic etching [325]. Fine points 
may be blunted by pressure on the silicon surface, so that carefully 
controlled contact pressure is desirable, and repeated contacts may pro¬ 
duce objectionable blunting. For accurate pressure control, a differential 
screw drive as shown in Fig. 16-5 is useful. Usually nearly optimum 
performance is obtained when the cat’s whisker first contacts the silicon. 
Slightly increasing the pressure may worsen the performance, but there 
IS often a somewhat higher pressure at which the contact properties pass 
through another optimum approximately as good as the first. 

For high hai monies it is very important to drive the harmonic generator 
with a large amount of fundamental power. The harmonic output 
usually increases rapidly with increasing fundamental power until it 
reaches a “saturation” point where it stays approximately constant 
with further increases in fundamental power. At least for the first four 
harmonics of K band, each successive harmonic requires larger amounts 
of fundamental power to reach the saturation point. 

Very probably the production of very high harmonics depends on 
having a microwave voltage at the crystal contact which is so large that 
the majority of the nonlinear crystal response is traversed by the varying 
voltage of the fundamental in a time comparable with the period of the 
harmonic. For the highest harmonics, fundamental power at least as 
large as 100 mw should be used. Crystal contacts can usually stand a 
few hundred milliwatts without damage due to “burn-out.” 

It might be expected that shorter wavelengths could be obtained by 
using fundamental microwave power of wavelength shorter than 1 cm. 
However, the higher-frequency klystrons emit appreciably less power 
than do those for K band, and the harmonic power at very short wave¬ 
lengths which can be obtained from them is consequently no greater than 
that obtained from harmonics of the rather powerful 2K33 tubes. 

Good harmonic generator and detector design should produce nearly 
1 mw of power or 1 ma of detected current at the second harmonic of 
A band. Detected signals from harmonics up to the fifth or sixth will 
decrease by about a factor of 10 per harmonic. However, for harmonics 
above the seventh or eighth, the decrease in signal per harmonic is only 
a tactor of 3 or 4 if the fundamental power is sufficiently large. 

Harmonic generation and detection of wavelengths shorter than about 
1.5 mm require at present a considerable amount of painstaking trial- 
and-error work in varying conditions and adjustments. The harmonic 
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obtained may be identified by the use of short sections of waveguide 
which are beyond cutoff for the lower harmonics and thus act as high- 
pass filters. King and Gordy [946] recommend that adjustments be 
made at a frequency for which the fundamental or one of the lower 
harmonics coincides with the rotational absorption line of a linear or 
symmetric molecule. This means that higher harmonics will coincide 
closely (but not exactly, because of centrifugal stretching) with higher 
rotational lines of the same molecule. As the frecjuency of the klystron 
providing fundamental power is then varied, absorption lines correspond¬ 
ing to successive harmonics appear—generally with decreasing amplitude 



Fig. 16-6. The 8th, lOth, 12th, 16th, 18th and 20th (from right to left) rotational lines 
of CCS obtained with the 4th to 10th harmonics of 1.24 cm klystron. Frequency of 
fundamental increases from left to right. Harnmnic frequencies range from 97,000 
Me to 243,000 Me (3.08-mm to 1.23-mm wavelength). {From King and Gordy [946].) 

as shown in Fig. 16-6. The number of harmonics present may then be 
judged by the number of absorption lines present, and a particular har¬ 
monic optimized by observing the magnitude of its absorption. For use 
of this technique, it is important to find a molecule with rotational lines 
very near the frequency which is desired, since harmonic power will not 
remain optimized when the klystron freciuency is varied. 

16-7. Propagation of Millimeter Waves. A conventional rectangular 
waveguide which propagates microwaves only in the dominant (TEio) 
mode is usable for millimeter waves, although attenuation increases with 
frequency [cf. Eq. (14-27)] and, at the shortest wavelengths, attenuation 
may be prohibitively large. Oversize waveguide (for example, /Gband 
size) may be used if it is matched to the generator, or to a small guide 
used to filter out low frequencies, by a suitably gradual taper. How¬ 
ever, such a guide will transmit any higher modes generated at dis¬ 
continuities, and so special care must be taken to avoid irregularities. 
For instance, flanged joints must be carefully assembled to ensure 
accurate alignment of the waveguide sections. Many generators o 
millimeter waves emit the waves into a number of different modes in an 
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oversized waveguide. In such cases a complex of modes is already pres¬ 
ent, but careful elimination of irregularities at flanges is still important 
to reduce reflections and losses. 


Attenuators used for millimeter waves resemble those for longer wave¬ 
lengths, although they are reduced in dimensions. Carbon-coated 

tapered strips of mica inserted through an axial slot in the broad wave¬ 
guide face are satisfactoiy. 

Sometimes techniques based on those of optical spectroscopy may be 
used to advantage. For instance, reasonably small horns will produce a 
fairly narrow beam in free space or through an absorbing gas. This beam 
may also be reflected by a diffrac¬ 


tion grating which permits rough 
wavelength measurements. For 
high efficiency, the grating can be of 
the echelette type, in which the 
rulings are shaped to throw as much 
of the diffracted radiation as possi¬ 
ble into one order. One typical 
echelette grating, designed to oper¬ 
ate around l.O-mm wavelength, had 
eighty -^in. grooves milled into a 
flat metal surface. Focusing of the 
microwaves was effected by two 
spherical mirrors as shown in Fig. 
16-7. An echelette grating is most 
efficient only for one particular 



Crating 


Fig. 10-7. Diffraction grating for meas¬ 
uring millimeter wavelengths. {From 

Klein, Loubser, Nelhercot, and Townes 
[716].) 


wavelength, although the maximum is fairly broad. A more elaborate 
design suitable for somewhat longer wavelengths has been constructed of 
semicircular rods which can be rotated to suit the wavelength [260]. 

16-8. Frequency Measurement. The methods employed for the 
measurement of frequency in the millimeter range are not essentially 
different from those used for longer microwaves (see Chap 17) How¬ 
ever, the relative importance and usefulness of the various techniques 
of frequency measurement are changed by the change in wavelength. 

Cavity resonator wavemeters can be used for the longer millimeter 
waves. As the wavelength is shortened, construction tolerances become 
more critical. In addition, Q decreases for most modes as the wave- 
ength decreases. Some improvement in Q may be obtained by using a 
larpr cavity in a higher mode, such as one of the circular electric modes 
which have no currents across the gap between the end plunger and the 
wall. However, in this case mode ambiguity can occur, and so it is 
necessary to make sure that the resonances observed really correspond 
to the desired mode. One good way to do this is to use the wavemeter 
to check the frequency of a known spectral line. Another method of 
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checking the oscillator frequency roughly, and so of verifying the wave- 
meter mode, is to use a low-Q wavemeter. 

In the millimeter region broad-band interferometers based on similar 
optical types can serve this purpose. Among these are the Fabry-Perot 
[786], [770a] and Michelson types [214], [265], [385], [404]. These inter¬ 
ferometers resemble their optical counterparts in most respects, although 
some of them use magic T's instead of partly reflecting mirrors as beam 
splitters. They can be refined to give moderately good accuracy but 
even in quite simple form can discriminate between successive harmonics 
of an oscillator, or between different wavemeter modes. A diffraction 
grating, either reflection or transmission, can also be used for rough 
freciuency measurement. 

If a harmonic generator is used, it is often more convenient to measure 
the fundamental wavelength by a wavemeter connected before the gen¬ 
erator. The order of the harmonic can be identified by some rough 
freciuency measurement as described above. Or the successive rotation 
lines of a simple molecule may be used to identify the frequency as 
indicated in the discussion on harmonic generation. A heterodyne 
method has also been used to discriminate between harmonics [457]. 
Two harmonic generators driven by separate klystrons are used, one of 
which is swept in freciuency synchronously with an oscilloscope sweep. 
Beat freciuencies between the klystron harmonics are passed through a 
tuned intermediate-frequency amplifier and applied to the oscilloscope. 
Different harmonics appear at different places on the oscilloscope screen 
and so may be identified. This is because the difference frequency 
between harmonic pairs is proportional to the harmonic number. 

For precision freciuency measurements, the unknown frequency may 
be compared with harmonics of a standard crystal oscillator (cf. Chap. 
17). The comparison may be made at the klystron fundamental fre¬ 
ciuency where there is more than sufficient power to beat with the fre¬ 
ciuency standard. 

16-9. Absorption Spectrographs for the Millimeter Region. In view 
of the difficulty in making satisfactory signal sources and detectors, it is 
fortunate that absorption lines in the millimeter region tend to be stronger 
than those at lower freciuencies. This is partly because of the (fre¬ 
quency)^ factor in Eep (13-19), and partly because the higher-frequency 
transitions usually belong to states of higher rotational quantum number 
t/, which are more populated at ordinary temperatures. For linear 

molecules, the intensity is proportional to or 

The line intensities are sometimes high enough so that straight absorp¬ 
tion, without modulation, may be used, and absorption cells of a few 
feet or even a few inches may be sufficiently long. Stark modulation is 
more difficult to apply than at lower frequencies, because the Star 
effect is proportional to \/J^. Besides, Stark modulation cells often have 
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high attenuation at millimeter wavelengths. Frequency modulation of 
the source (‘^double modulation,’^ see sec. 15-2) is a useful alternative in 
cases where Stark modulation cannot be applied. 

Otherwise, millimeter-wave spectrographs generally resemble those for 

longer wavelengths and considerations similar to those of Chap. 15 are 
applicable. 



CHAPTER 17 


FREQUENCY MEASUREMENT AND CONTROL 


Many of the lines observed in mierowave speetroseopy are so narrow 
as to warrant extremely high precision in the measurement of their 
fre(iuency. For instance, if a line is 100 kc wide, its center can be located 
to a tenth of its width, or 10 kc, without much difficulty, and in some 
cases the line center can be still more accurately determined. And if the 
line is near 25,000 Me, 10 kc represents an accuracy of a part in 2.5 
million. Precision of this order is rare in ph 3 ''sical measurements and 
requires very good standards of frecpiency. In fact, refined techniques 
permit locating the line center to an accuracj^ at least as great as that 
of the very best earlier standards of freciuency or time. Thus microwave 
spectral lines may themselves be used as frequency standards, making 
possible “atomic clocks.” 

The methods used for measuring microwave line frequencies and the 
converse problem of using the lines to control electronic oscillators or 
clocks will be discussed in this chapter. 

17-1. Wavemeters. For rough frecjuency measurements, as when a 
new line is found, cavity wavemeters are extremely useful (cf. Chap. 14). 
For instance, a 1.25-cm-band wavemeter of the type shown in Fig. 14-6 
has an unloaded Q of 8000 to 10,000, which is reduced to near 5000 by 
loading. With this instrument settings can be made on an oscillator 
frequency to about 1 Me, or 1 part in 25,000. Even this accuracy, which 
requires very careful wavemeter construction, is much poorer than the 
narrowness of the spectral lines permits. Hence some better measuring 
device such as a quartz-crystal-controlled fretiuency standard is needed 
for accurate measurements. 

A crystal-controlled frequency standard is usually designed to give a 
series of harmonic frequencies separated by perhaps 30 Me. In this 
case a cavity wavemeter is needed to distinguish between the diffeient 
harmonics, and its accuracy need only be as good as about 10 Me. This 
accuracy (near 1 part in 3000) can be attained with ordinarily goo 
machining tolerances and without compensation for temperature or 
atmospheric conditions. It is probably representative of the performance 

of the wavemeters used in most microwave spectroscopy. . . , ^ 

When the wavemeter is used with a spectrograph, a circuit like t at o 
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Fig. 17-1 is convenient. The wavemeter absorption pip is centered on 
the mode oscilloscope, which otherwise displays the variation of klystron 
output during its sweep. If previously a microwave line has been 
brought to the center of the spectrum oscilloscope by tuning the micro- 
wave oscillator, its frequency is thus measured by the wavemeter. 

hile the second oscilloscope is convenient because it permits viewing 
the klystron mode at the same time as the line, it can be eliminated. 
4 hen both the wavemeter and spectrograph signals are applied to the 
same oscilloscope. The pattern seen then is the sum of the sharp micro- 
wave resonance and the bi oader ca\'ity resonance, which can be brought 
into coincid(‘nce with it. Probably the most satisfactory arrangement 
would be to use a doul)le-beani oscilloscope if one is available. 

Signol 



I'ic. 1/-1. Mirrowavo spcctrojirapli witli al)sorj)ti(>n \\av(‘nu‘t(‘r. 

To attain an accuracy appreciably greater than about 1 part in 3000 

with a wavemeter alone, it must be constructed so that the plunger dis- 

idacement can be measured to a thousandth of a millimeter or better. 

C ompensation or correction for temperature changes is needed ([221] 

pp. 384-392; [288]). For a cavity constructed entirely of one material,' 

the temperature coefficient of freipicncy is approximately the same as the 

coefficient of linear expansion, i.e., about 2 X 10-^ per degree centigrade 
for brass. 

1 he wavemeter of course directly measures wavelength, and conversion 
to freciuency reipiires a knowledge of the dielectric constant or refractive 
index of air. 'I'his varies with temperature and humidity. The refrac¬ 
tive index of air for the ranges encountered in the laboratory is civen bv 
the empirical eipiation [453], [G7o] ^ ^ 


(iV,„ - 1)I0« = , 177 . 471 ., 00 0/ .V208\ 

r ^ r 


Vi (17-1) 


where p., p,, and p, are the respective partial pressures of dry air, carbon 
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dioxide, and water vapor in mm. Hg and T = 273 + t is the absolute 
temperature, t being the temperature in degrees centigrade. From this it 
follows that changes in temperature and humidity can shift the apparent 
frequency by as much as 0.02 per cent. 

If the waveguide system to which the cavity is connected has standing 
waves, another error can be introduced. The standing waves correspond 
to a reactance such that the total circuit reactance will be a minimum at 
a frequency slightly different from the resonance frequency of the cavity 
alone. Errors of the order of 0.02 per cent may be produced in this way- 



tronsmissions 

Fkj. 17-2. Qiiartz-crystal-controllcd microwave frequency standard. 

While these sources of error can be reduced, even the best wavemeters 
are not good enough by themselves for really precise measurements of 

microwave spectral-line frequencies. 

17-2. Quartz-crystal-controlled Frequency Standards, As noted 
above, for accurate measurements the spectral-line frequency is compared 

with harmonics of a high quality quartz-crystal-controlled oscillator. 
This in turn is standardized by comparison with the radio transmissions 
of a standard frequency like those of station WWV in Washington. 
Ultimately these transmitted frequencies are regulated by checking t em 

against astronomical observations. . 

A commonly used type of frequency standard is shown schematica y 

in Fig. 17-2. The multiplier chain produces harmonics in the micro^\ave 

band whose frequencies are accurate multiples of 30 Me. These are 

combined with the microwave oscillator output in a silicon or 

crystal mixer to produce a beat frequency between 0 and 30 Me. 
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beat is observ^ed at the output of the radio receiver only when it nearly 
coincides with the frequency to which the receiver is tuned. Therefore, 
as the klystron is swept over a range of a few megacycles to display an 
absorption line on the spectrograph, a sharp pulse appears as the differ¬ 
ence freciuency passes that to which the receiver is tuned. This pulse is 
displayed on the same oscilloscope or recorder as the line, and by tuning 
the receiver the pulse can be made to coincide with the line center. I'hen 
the receiver frequency is read from its calibrated dial or measured by a 
low-frequency (0 to 30 Me) tunable standard. The latter need be of 
only moderate precision since it measures the difference between the 
30-Mc harmonics and the line frequency. This difference is a small 
fraction of the whole freciuency. 


Beats are obtained whether the klystron frefiuency is above or below 
the harmonic or marker frequency. They may be distinguished by 
changing the receiver frequency a small amount in a known direction and 
noting the direction in which the frecpiency marker moves. 

Occasionally a microwave line will lie so close to one of the 30-Mc 
harmonics that, when the klystron is adjusted into coincidence with the 
line, the beat frecjuency is below the receiver's tuning range. It is then 
necessary to use the beat with an adjacent harmonic, which will be just 
greater than 30 Me. 


In setting on a line, it must be noted that the line and the marker pulse 
or “pip" have very different waveforms and that they pass through 
separate and dissimilar amplifiers. They will each suffer a time delay 
during amplification, and the amounts of these delays will be unecpial. 
Iherefore if the true line frcHpiency is to be determined accurately, a 
measurement should be made with the sweep going in the direction of 
increasing frecpiency, and again with the direction reversed (c/. [445]). 
4 he average of these two settings gives the true line frequency. The 
error may also be minimized by sweeping at a rate slow compared with 
the response time of the amplifying and “pip"-forming circuits. 

I he quartz crystal which controls an accurate frequency standard 
should be of a type such as the GT cut having a small temperature 
coefficient of frequency and furthermore should be operated at a fixed 
temperature if very high accuracy is desired. As the frequency gener¬ 
ated by a crystal-controlled oscillator is affected slightly by the tube and 
other circuit elements, the circuit employed should be designed to 
minimize the effect of such variations. In the circuits commonly 
employed for frequency standards, the quartz crystal is placed in one 
arm of a bridge which controls the oscillator feedback [86a], [626a] 
The same arm contains a small adjustable reactance which is'used to 

a primary standard such 
as station WWV. Because conditions for the reception of WWV are 

not always good, and the received signal sometimes exhibits fading or 
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frequency flutter [523], the oscillator ought to be stable enough that only 
occasional checking is required. To this end the oscillator should be 
protected from load variations, being coupled to output circuits through 
one, or possibly even several, successive cathode followers. This pre¬ 
caution is especially important if the crystal oscillator output is to be 
available for use as a general laboratory standard, so that different test 
circuits may be connected to it. 

Recently spherically contoured polished quartz plates of very high 
stability have been developed. They can be used to control directly 
oscillators in the 5 to 10-Mc region, thereby eliminating several frequency- 
multiplier stages in the standard. Their Q is so high (several million) 
that fairly simple oscillator circuits, such as that in Fig. 17-3, may be 
used [7r)0a], [882]. 

Frequency multipliers for use in the early stages of microwave stand¬ 
ards are not essentially different from those used in radio transmitters 
(see, for instance, [121], pp. 458-462; [221], pp. 365-374). Harmonics 
are generated by a nonlinear amplifier, which has its output circuit 
tuned to the desired harmonic. Usually the harmonic generator is a 
class C amplifier with the grid biased to, or slightly beyond, cutoff, so 
that plate current flows only in hursts which are rich in harmonics. For 
best stability, no grid current should flow during any part of the cycle. 
Push-push amplifiers give only even harmonics, while a push-pull opera¬ 
tion gives only odd harmonics. Some typical circuits are given in 
Fig. 17-4. 

A higher order of multiplication is needed to produce microwave fre¬ 
quencies especially if one starts from an oscillator in the region of 100 kc. 
Therefore, care must be taken to avoid introducing undesired frequencies 
in the early stages, which will produce a rich spectrum in the microwave 
region, so that the desired harmonics are hard to identify. Harmonic 
generators, being highly nonlinear amplifiers, will mix undesired frequen¬ 
cies, such as 60 cycles from power supplies, to produce side frequencies, 
each of which has its own overtones. Excellent filtering is needed in the 
power supplies, which can best be achieved by the use of a series-tube 
regulated power supply. If successive multiplier stages are too tightly 
coupled, their tuning will be broadened sufficiently to permit them to 
pass undesired harmonics. Loosely coupled series-tuned link coupling 


between stages helps to select the desired frequency. 

In some microwave-frequency standards conventional tubes are use 
up to a frequency of some hundreds of megacycles, and then follow e 
by a silicon crystal harmonic generator. In one design, for examp e, t e 
final vacuum-tube stage is a pair of 2C40's tripling from 270 to 81 i c. 
Others use special multiplier klystrons up to 3000 Me, or even ig 
before the final crystal harmonic generator. Such klystrons give re- 
quency multiplication by factors up to about 12 and yield muc arger 
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Frequency standard—oscillator chassis schematic diagram. {From L. C. Hedrick [809].) 
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power than can be obtained in the corresponding harmonic from a crystal 
harmonic generator. Somewhere in or just before the final stage, provi¬ 
sion is made for mixing in frequencies such as 270, 30, or 10 Me to give 
markers more closely spaced than the overtones of the last multiplier. 

The crystal harmonic generator is similar in principle to those employed 
for generating millimeter waves (sec. 16-6). However, the lower input 

frequency usually retpiires coaxial cable connections rather than 
waveguide. 

Some frefpiency standards generate a variable microwave frequency 

which is adjustable to the line frecpiency, rather than a series of fixed 

harmonics. To get an accurately known variable frecpiency, the output 

of a fixed crystal oscillator or one of its harmonics is combined with a low- 

frequency oscillator covering a small range. Then the sum frequency, 

which is selected by a filter, is known to the same absolute accuracy as 

the variable oscillator but to a much higher percentage accuracy ([221] 
p. 365). 

I heie are many variations possible in the particular combination of 
circuits used to measure trecnuuicies. However, those above appear at 
present to be the most convenient and widely used. 

17-3. Measurement of Frequency Differences. Sometimes, as for 
hyperfine-structure measurements of microwave lines, only freciuency 
dilTerences are tieeded rather than accurate absolute frequencies. While 
these diflereuces can be obtained readily by measuring the two com¬ 
ponents with an absolute fretiuency standanl, the use of a standard can 
sometimes be avoided by measuring dilTerences directly. This can be 
done by electronically freciuency-modulating the klystron with an alter¬ 
nating repeller voltage whose fretiuency is adjustable over the range of 
separations to be measured. Then the klystron output contains the 
center frcMiuency and sidebands separated from it by the modulation 
fre(|uency. To make the measurement, the klystron is set on one com¬ 
ponent of the hyperfine structure and a sideband is simultaneously 
adjusted to coincide with the other component. The repeller modulation 
freciuency is then the separation of the components, and since this is 
usually of the order of a few megacycles it can be easily measured with 
an accuracy comparable with the line width [145], [317]. This technique 
IS useful only if the hyperfine structure is very simple so that there is no 
confusion between the several overlapping patterns which are produced. 
It IS to be noted that the separation in megacycles of the line images is 

equal to the modulation frequency even for harmonics of the klystron 
fretjucncy. 

Another somewhat more complex, but more generally useful, system 
involves stabilizing a microwave oscillator on some fixed frequency near 
the lines to be measured. Its output is then mixed with the output of a 
low-frequency oscillator to provide frequency markers with separations 
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which are accurately known, even though the absolute frequencies are 
not known. Methods for stabilizing a microwave oscillator are discussed 
in the following section. 

17-4. Frequency Stabilization of Microwave Oscillators. The fre¬ 
quency generated by a microwave oscillator can be stabilized by compar¬ 
ing it with an external standard. Since the standard can be relatively 
free from the thermal, electrical, and mechanical disturbances to which 
the klystron is sensitive, a considerable improvement in stability can be 
achieved. Among the standards which may be used as references for 
stabilization are resonant cavities, microwave spectral lines, and har¬ 
monics of quartz-crystal-controlled oscillators. These will be discussed 
separately. 

Stabilization relative to another oscillator may be achieved by combin¬ 
ing the outputs in a mixer and applying the difference frequency to the 



Fi(i. 17-5. Control of niicrowavo oscillator by standard oscillator. 


input of a conventional fre(|uency-modulation receiver. From the receiv¬ 
er's discriminator a voltage is obtained which is zero when the microwave 
oscillators differ by just the freciueiicy to which the receiver is tuned, and 
which changes sign on either side of the null point. Any discrimhiator 
output voltage can then be amplified by a d-c amplifier and applied to 
the klystron reflector or tuner electrode in such a direction as to counter¬ 
act the frequency changes which produced it. (See Fig. 17-5.) The 

microwave oscillator can be made to follow the frequency-modulation 
receiver tuning over a range of some megacycles depending chiefly on t e 
electronic tuning range of the tube and spurious competing signals picked 
up by the receiver. This type of stabilization is usually quite convenient 
for microwave spectroscopy, since a frequency standard is often readiy 
available and can be used as the oscillator with respect to whic e 

klystron is stabilized. . . 

Sometimes the microwave oscillator is a reflex klystron in w ic 

frequency-controlling electrode (the reflector) is operated at a high nega¬ 
tive potential relative to ground. Then it may be convenient to couple 
it to the amplified discriminator signal through a magnetic con ro 
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such as the 2B23 (General Electric) [567]. The signal from the d-c 
amplifier controls the current through a field coil, and this in turn varies 
the current through a resistor in series with the klystron reflector. The 
reflector voltage is thereby controlled without a direct connection 
between the high-voltage electrode and the d-c amplifier. 

17-6. Control of Frequency by a Resonant Cavity. Since cavity 
resonators can be constructed with high Q and good stability, they can 
be used for controlling the frequency of a microwave oscillator. Some 
improvement in klystron stability can sometimes be made even by 
such a simple means as using a stabilizing voltage derived from a cavity 
wavemeter. If the oscillator is at a frecpiency which falls on one side 
of the shai’i) wavemeter response, a shift in fre(iuency toward the wave- 
meter peak increases the d(‘t(M‘tor crystal voltage, while* a shift in the 
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Fin. 17-0. Phase and ainplilndc; relation.ships in iniciowave di.scriniinator. 

opposite direction decreases the voltage. After d-e amplification, this 
signal is applied to a controlling electrode of the oscillator. Such a 
method suflers from being sensitive to changes in oscillator amplitude, 
which can result from changes in loading. It is also sometimes a dis¬ 
advantage that the fre(iuency at which the oscillator is stabilized is not 
the cavity resonance center freciuency. 

The disadvantages of the simple method can be overcome by using a 
microwave discriminator analogous to those used with lumped circuit 
elements at lower frequencies. The discriminator uses two rectifiers in a 
circuit in which their outputs just balance each other at resonance. 
Changes in oscillator amplitude affect both outputs e(|ually and so do not 
displace the balance frcciuency. On one side of resonance the first 
crystal rectifier produces a larger signal than does the second, and on the 
other side of resonance the situation is reversed. 

This result may be obtained by combining the wave reflected from 
the cavity with waves which are, at resonance, respectively, 90° behind 
and 90° ahead of it in phase (Fig. 17-6). As the frequency changes on 
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either side of resonance, the phase of the reflected Avave shifts rapidly in a 
direction dependent on the sense of the frequency change. The resultant 
amplitudes at the two crystals change accordingly, so that the difference 
between their rectified outputs indicates the magnitude and sign of any 
departure from resonance. 

A microwave discriminator of this type is shoAvn as part of a frequency¬ 
controlling circuit in Fig. 17-7 ([227]; [221], pp. 58-78). The cavity 
and a short circuit are at opposite ends of the coplanar arms (numbered 
1 and 2 here) of a magic T (Ti in the diagram) but are positioned so that 
their effective distances from the median plane differ by Xo/8 near the 
cavity resonance frequency. Thus waves reflected from the cavity 



and the short differ by 90° in phase on reaching the median plane. Here 
the reflected waves combine to send a sum wave into arm 3 and a differ¬ 
ence wave into arm 4, thus providing the two crystal detectors, A and B, 
respectively, with signals in which the cavity wave lags or leads the 
other Avave by 90° in phase at resonance. On either side of resonance 
the cavity Avave undergoes a rapid change of phase, producing the dis¬ 
criminator action described above. The second magic T (T 2 ) directs 
only the reflected signal to crystal B, while sending the incoming klystron 
Avave first to Ti. Crystal B actually receives only half as much power 
as crystal A, but this can be compensated by a balancing attenuator 

at the amplifier input. 

For this circuit, the rate of change of discriminator voltage with fre¬ 
quency near resonance is 

_ np - (17-2) 

^ ^ ° 1^0 (1 + 
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where D — detector sensitivity in volts per unit power input 
Pq = microwave power applied to the discriminator 
Qo = unloaded Q of the cavity resonator 
1^0 = resonant frequency of the cavity 

a = 5i/6o, where 6o = decrement of the unloaded cavity and 6i 
= change in decrement when the cavity is coupled to a 
matched waveguide 
For optimum sensitivity a should be 1. 

The d-c stabilizer is relatively simple and effective but it is limited l)y 
crystal noise, which is alwaj'^s largest at low frequencies. Moreover d-c 
amplifiers are seldom completely free from drift. Even so, d-c stabilizers 
have been used to hold two 9000-Mc oscillators within a few kilocycles 
over a period of hours. 

The disadvantages of the d-c stabilizer are largely overcome by a circuit 
in which the signal amplification occurs at a high frequency ([227]; [221], 
pp. 58 78; [333]). The discriminator produces an intermediate-fre- 
(juency voltage whose amplitude is proportional to the amount of the 
departure of the oscillator frequency from the cavity resonance and whose 
phase depends on the direction of departure. The phase-sensitive 
detector, similar to those described in Chap. 15, derives from this a d-c 
voltage whose magnitude and sign measure the departure of the oscil¬ 
lator from cavity resonance. 

The error voltage derived from a microwave discriminator of either 
a d-c or an intermediate-frequency type can be applied to a servomech¬ 
anism which tunes the microwave oscillator. Servomechanisms cannot 
respond as quickly as can an electronic system to rapid (audio-frequency) 
fluctuations in frequency, but are effective in counteracting slow drifts 
[228]. The electronic and servomechanical systems can be combined to 
control both the rapid changes in frequency and slow drifts [687]. 

17-6, Stabilization of Microwave Oscillators by Absorption Lines. 

Since a waveguide cell filled with a suitable gas shows a sharp absorption 

peak at the resonant frequency of the gas, it can be used in place of a 

resonant cavity to control the frequency of a microwave oscillator. 

Moreover the position of the line's eenter is nearly independent of 

temperature and pressure (Chap. 13), so that it can be made toserve as 

an absolute standard of frequency. An oscillator controlled by a spectral 

line can then be used to drive a clock through a chain of freciuencv 
dividers [492], [724]. 


If the microwave line is to be used as a primary frequency standard 
or “atomic clock” (a time standard dependent on a frequency of an 
approximately isolated nuclear, atomic, or molecular system), the asso¬ 
ciated circuits should hold the oscillator as accurately as possible to the 
center of the line. Since deviations from the center of a line are detected 
by the change in amplitude of a wave transmitted through a cell contain¬ 
ing the gas, the minimum observable change in frequency is closely related 
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to the minimum observable absorption. For example, in Chap. 15 it is 
shown that the minimum detectable absorption, limited by thermal noise, 
is of the order of 10“^'’ cm"^ (for a 30-cycle noise bandwidth). Since the 
ammonia 3,3 line has a peak absorption roughly 10^ times stronger than 
this, it ought to be possible to locate the line center to about ( 1 / 10 ^) of 
its width. Since this width, as limited by Doppler effect at low pressures, 
is around 100 kc, z.e., approximately 1/(2 X 10^) of the line frequency, 
it seems reasonable that the ammonia line might ultimately be used to 
control microwave frequencies to about 1 part in 5 X 10’^, or even better 
with a narrower noise bandwidth. Although the method used in making 
this estimate is rather rough, the estimate of the ultimate stabilization 
limit agrees well with the more accurate treatment below (cf. also [653]). 
Actual atomic clocks constructed so far are limited by less fundamental 
difficulties to a much lower precision. 

It has been shown previously that At, the smallest detectable change 
in absorption coefficient, is [Eq. 15-9] 

(At). = 2e{ao + y) (17-3) 


where 7 = the absorption coefficient of the gas, cm~* 
ao = the loss coefficient of the waveguide, cm”^ 
e = the base of natural logarithms 
Jc = Boltzmann’s constant 
T = the absolute temperature 
Po = the microwave power reaching the detector 
A/ = bandwidth of the detecting system 
It is assumed that the optimum waveguide length, / = 2/(ofo + 7 ), is used 
and that no sources of noise other than thermal are present. 

The absorption coefficient of a narrow microwave line may be written 

approximately as [cf, Eq. (13-22)] 

_ 7n,„x(A»/)2 (17-4) 

^ - (^ _ ,.0)^ + (A*y^ 


where 7 ,n«x = the absorption at the peak of the line 

V = the microwave frequency 
Ap = the half width of the line at the half maximum 
Po = the frequency at the peak of the line 
Some of the devices used at present for stabilizing on a spectral line 
set on the peak of the absorption. In that case a change A 7 in 7 occurs 
if the frequency p differs from pq by an amount e where 


Considerably 



better performance can be obtained by using the steep 
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slopes of the absorption lines, since theji a small change in frequency 
corresponds to a greater change A 7 . For a distance from resonance 

V — vq = a 


€ ^ A7(a- + 1)^ ^ 

i' 2a7n.ax V 




Using Eq. (17-3), the smallest detectal)le fractional change in frefjuency is 


€ 

V 


e(ao 4- 7 )(a' + 1)- (‘2kT 

Po 


ay 


(17-7) 


max 


For 7 ,nax considerably smaller than ao, the smallest value of e/v, or the 
steepest part of the resonance curve, is obtained when a — ± (^)i, that is, 
u = uo ± (l)i Ai^. Best performance for larger values of 7 ,„ax is obtained 
somewhat farther from the resonance fre(iuency. For the other extreme 

7 » ai), optimum values of a are ± 1 , and + 1 ) _ 2 qqiis 

max 


case may be assumed, since for strong absorlxn-s such as Nil:!, it is pos¬ 
sible to have 7 ,„ax > ao. Thus the minimum detectable fre(iucn(ry change 
given by Ecj. (17-7) becomes 




h 


- = 2c 




(17-8) 


The above expression would indicate that the error in frc(|uency 
stabilization could be made arbitrarily small by making Au or T small 
or u or Po large. However, T cannot be reduced indefinitely without 
reducing the gas pressure to too low a value. Usually an upper limit 
to the power Po is set by saturation effects. The line width Au cannot be 
reduced below the limit set by Doppler effeca except by methods which 
reduce the number of molecules av^ailablc for absorption and so reduce 7 . 

d hus the only method of obtaining arbitrarily small error is to decrease 
the bandwidth A/. 

If a particular absorption line is considered, an optimum power flux 
can be determined. As shown in Chap. 13, half width is obtained when 
saturation occurs which, when inserted in place of the Au occurring in 
(17-8), gives 
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Since /, the number of quanta per second per unit cross-sectional area, 
is directly proportional to Fo, this expression approaches a limiting min¬ 
imum value for large Po and differs from the minimum value only by a 
factor of when saturation first becomes noticeable, f.e., when 


Air fjL 


(17-10) 


If the cross-sectional area of the waveguide is .4, then Po = Ahvlj and 
for power Po large enough to give saturation 




(17-11) 


This expression very significantly does not contain the line width Av. 
The advantage in sharpness of the line which is obtained by decreasing 
Av is just counteracted by the loss in sensitivity due to power saturation 
of the absorption. Thus there is no strong reason for attempting to 
attain lines so narrow that their width is determined by Doppler effects. 
In practice a very wide line is not desirable because the maximum power 
available Po and the power at which efficient detectors operate is usually 
near 1 mw. In addition nonfundamental variations of circuit response 
with frequency are very troublesome, and hence a sharp line is desirable 
to minimize their effects. However, Eq. (17-11) does show that, so far 
as the limitations of thermal noise are concerned, the line width is unim¬ 
portant and can be adjusted to any convenient value. Since saturation 
of most spectral lines occurs with line widths of about 1 Me and a power 
flux of a few milliwatts per square centimeter, pressures such that the 
line is somewhat narrower than 1 Me would be a convenient choice. Of 
course the radiation density or the field strength is not uniform through¬ 
out the waveguide cross section or throughout the length of the guide 
because of attenuation. However, a reasonably accurate approximation 
for e/v is obtained by considering the “average*^ saturation condition 
at the end of the guide where the radiation is introduced. 

If it is assumed that, to avoid higher modes of propagation, the wave¬ 
guide cross-sectional dimensions are of the order of the waveguide X, then 

A — ic/v^y and 

e ^ ScImI / A/ V (17-12) 

V he \ dc / 

For a numerical evaluation of (17-12), the specific case of the 
ammonia line, the 3,3 line at 23,870 Me is of interest. Taking T = 200 K 
and A/ = 1 cycle/sec, one obtains, since ^ = 1-4 X 10"'* esu, 

i = 1.5 X 10-'* 

V 


for the accuracy limit imposed by thermal noise. 


(17-13) 
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If the peak of the line is used in the same w ay for stabilization rather 
than the points of maximum slope the ultimate accuracy may he decreased 
by a factor of more than a thousand [724]. In this case, as when certain 
less efficient detectors are used, or noise is present which is greater than 
fundamental thermal noise, the at¬ 
tainable accuracy is no longer inde¬ 
pendent of the line-width parameter. 

Use of Dispersion. The above 
discussion has considered using only 
the absorption of a molecular reso¬ 
nance in order to stabilize an atomic 
clock. The dispersion, or reactive 
part of the resonance, is etjually us- 
al)le. Figure 17-8 shows the be¬ 
havior of the anomalous dispersion 
or variation in the dielectric con¬ 
stant near a resonant absorption. 

Near an absorption line the dielec¬ 
tric constant can be written [cf. Eq. 

(13-15)] 

X(yo — u) 

2w 


K = Ko + 


— Kq 4“ 


tllAT 


X(t'o — rjy 
(u - ^ 

(17-14) 



where /Co is the dielectric constant some distance on either side of the 
line, X is the wavelength, and other quantities are as defined for expres¬ 
sion (17-4). For a gas at low pressure, Ko may be taken as 1 and K is 
not very different from 1, so that the index of refraction n is 


n = A'i = 1 + 

47r Au 


(17-15) 


By methods shown in reference [G53], one finds that the signal power 
derivable from this dispersion is a maximum for a length of waveguide 
I = 2/{a -h ^ cnax ), and has the value 



I ^ inax^ ^ € 

\^ ***«»* O! 



(17-16) 


where Po is the initial power introduced into the waveguide. If thi.s 

power is equal to the thermal noise 2kT Af, then the fractional frequency 
error is 


€ _ (a + 

"y max )e A^/2kT A/V 

V (/ \ Po ) 


(17-17) 
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Thus use of dispersion gives not only essentially the same optimum 
length for the microwave path in gas, but also within a small factor the 
same fractional frequency error, as is shown by comparing (17-7) and 


(17-17). 


17-7. The Molecular-beam Maser. One of the most promising atomic 
frequency standards is the molecular-beam oscillator shown in Fig. 15-10. 
This device can serve as a microwave amplifier or it can oscillate at a 
frequency determined primarily by the molecular resonance. It has the 
strong advantage of obtaining microwave oscillations directly from the 
molecules rather than requiring stabilization of an electronic oscillator 
on a molecular resonance. 

Consider the amplification of noise by a maser —a cavity with wall 
and load losses given by 1/Q, and containing a dielectric material Avith 
dielectric constant e = e — ze" = 1 + Here x' is the 

in-phase component of the polarizability per unit volume and x" is the 
component which is 90® out of phase Avith the polarizing electric field. 
X and x" depend, of course, on the properties of the beam of molecules 
and, if amplification rather than poAver loss occurs, x" must be positive. 
The poAver Avhich is generated at various frequencies in the cavity is 
given [925] by 


p _ _ {A^x"kT/Q )dv _ 

[{\/2Q) - 27rx'1^ + 


(17-18) 


Avhere y' is the resonance freciuency of the cavity as modified by the 

c 

presence of the mole{'ules, or 

= ^,(1 + 47rx')-‘ « >'c(l - 2wx') (17-19) 

since 1- Here Vc is the resonance frequency when no molecules 

are present in the cavity. As in (15-12), the imaginary part of the 
dielectric constant or out-of-phase component of the polarization simply 
modifies the apparent loss factor l/Q of the cavity. ^ 

The maximum power generation occurs, from (17-18), when t>c = >'0 
and is large, corresponding to an oscillation, only if dirx" = l/Q- Near 
the center of the molecular resonance, x' may be written approximate y as 


, _ Xo{>' - ’' 0 ) (17-20) 

^ Ap 

where x',' is the value of x" at the resonance frequency po of the molecular 
line, and Ar is the half width of the line at half maximum intensity. 

Hence the oscillation occurs at 


= J'' = I'D + ( 


— *^0) ^ 


1 + 



— 1 


. 0 +#(>'=- "o) (17-21) 


Here vd^ has been set equal Q/,, which is an effectiA'e Q for the mol 
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ular line, and the condition of oscillation 47rx" — 1/Q has been used, 
which makes » 1. 

Expression (17-21) shows that the oscillator frequency will be primarily 
determined by the molecular freciuency vo, but that if the cavity fre¬ 
quency Pc is not e(|ual to Po, the frefjuency will be “pulled’^ by approxi¬ 
mately Q/QiXi'c — *^o)- For a typical case, Q/Ql - nnnyy so that any 
variation 5 in cavity frequency will vary the oscillator frequency by 
about 5/1000. Therefore, if the cavity frequency is constant to one 
part in 10^ the oscillator should be constant to about one part in 10^’. 

'I'he total power, which is given by integrating over-all frecpiencies, 
should equal the power Pn delivered by the molecular beam. From this 
one can evaluate 1/2/^ — 27rx" which, although very small, is not exactly 
zero. Substituting the value of l/2t^ — 27rx'' into (17-18), it takes the 
form 

-^kT{^pddp 


Fdp = 




Tliis expression for the spectrum of the oscillator is not strictly correct 
because, as in any oscillator, nonlinearities aifect the frequency distribu¬ 
tion. However, it gives an approximately correct value for the half 
width of the oscillator outi)ut, which is 


^ r,,,.. — 


_ A-irk'fiAv)^ 


P„ 


(17-2.3) 


For a typical case, P„ ^ 10-“> watts and Ac « 2000 cycles/sec, so that 
Ac„„ « 4 X 10'^ cycles/sec. Experimental observations have shown 
that Ac„„ < 10"' cycle/sec, and it seems probable that is actually 
near the theoretical value, which is 2/10'’ of the frecjuency co. This is 
by far the most monochromatic radiation which lias yet been produced. 

17-8. Realization of Atomic Frequency and Time Standards. No 

microwave fretpiency standard yet constructed approaches in accuracy 

the limits imposed by thermal noise. Difficulties involved in setting 

accurately and automatically on the center of a line to within a very small 

fraction of its width are great, even though in principle they can be 
overcome. 

Almost all atomic frequency standards which have been based on a gas 
absorption line have used the ammonia 3,3 line. This line is very suitable 
beiamse it is so strong ( 7 ,„„ = 8 X 10-“ cm-'). Its only likely com¬ 
petitor is a line in the oxygen spectrum near 5-mm wavelength. 

1 he oxygen molecule has a smaller dipole moment matrix element than 
ammonia since its electric dipole moment is zero and oidy the magnetic 
dipole moment exists to produce transitions. Thus the lines are not 
easily broadened or saturated. It has not been used because until 
recently oscillators giving sufficient power in the .o-mm region to use 
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these lines effectively were not available. Moreover, the oxygen lines 
exhibit a large Zeeman-effect broadening and so need to be shielded from 
fluctuating magnetic fields. Fortunately, the “ first order^' Zeeman effect 
is symmetrical and does not produce a displacement of the line center. 

Even though one uses a single preferred line as a microwave standard, 
it can be used to control oscillators at other frequencies. These fre¬ 
quencies may be derived by using frequency multipliers and dividers, or 
by mixing in lower-frequency oscillators to generate sum or difference 
frefiuencies. The low-frequency oscillators need not be known to so 
great a percentage accuracy as the primary standard. 

Several different methods have been employed to stabilize an oscillator 
relative to the ammonia line. They have succeeded in stabilizing to a 
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small fraction of the line’s width. Nevertheless even the best is quite far 

from the theoretical limit [Eq. (13)]. 

The Pound microwave discriminator ([221], pp. 58-78) has been modi¬ 
fied so that the reference cavity resonator is replaced by a short-circuited 
waveguide cell containing the gas under study [235], [310]. Figure 17-9 
shows the modified discriminator. The discriminator output was applied 
through a d-c amplifier having a gain of 2000 to the frequency-controlling 

electrode of a 2K50 klystron oscillator. By this means drift was reduced 

by a factor of 1000 relative to that of an unstabilized tube. 

Another method of locating the center of a spectral line is to sweep an 

oscillator across the line and detect the peak or the points 
slope by the ordinary methods of microwave spectroscopy [724J, 

[470], [600], [719], [329], [454]. For example, the microwave o^cil a or 

may be swept over a narrow range of frequencies (less than a me ^i 
and the crystal detector current observed with a phase-sensi ive ® _ 

Output of the phase-sensitive detector passes through zero an 
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at the peak of the line. A voltage derived from the detector is used to 
control the center frecpiency of tliis or another microwave oscillator 
which is compared with it. If the microwave oscillator is cpiite stable 
even when uncontrolled, relatively small and infretiuent corrections will 
be needed. Then a more sensitive control system with a narrower band 
pass and a higher gain will be usable, resulting in a better final stability 
than if the oscillator is unstable. (Quartz-crystal oscillators with har¬ 
monic generators can have excellent short-period stability and thus are 
advantageous [724). 

These methods depend on the variation with frefjuency of tlie micro- 
wave amplitude at the detector. As noted in Chap. 15, reflections in 
the waveguide, and variations in klystron power, can cause changes of 
amplitude with fretiuency even without the presence of a line. These 
will limit the accuracy of any atomic clock, so that in practice it may be 
an advantage to have a narrow line even at some sacrifice of intensity. 
As with spectrographs, the effects of reflections and certain other dis¬ 
turbances can be minimized by using Stark modulation [329], [975], and 
some improvement in accuracy is possible by this means. Shimoda 
[975] has been able to stabilize an oscillator to an accuracy of about one 
part in 10^ by the use of a combination of Stark, Zeeman, and source- 
frec|uency modulation. 

Other natural frecpiency standards which promise accuracies com¬ 
parable with microwave absorption are provided by molecular beams 
and by nuclear (luadrupole resonances in solids. The molecular-beam 
lines are very sharp. T/s of 30 million have already been obtained with 
a cesium atomic beam [724], and these may afford even better ''atomic 
clocks'' than do absorption lines in gases. Nuclear ciuadrupole reso¬ 
nances give Q's comparable with the microwave lines. At ordinary 
temperatures the resonances are not intense and their fre(|uency depends 
strongly on temperature, but in the liquid helium range they are much 
less sensitive to temperature changes and may aff ord accurate freciuency 
standards. 


The molecular-beam maser, discussed in sec. 17-7, appears to provide 
one of the simplest and most accurate freciuency standards. Two such 
devices have been compared, using cavities which were not thermostated, 
and are shown to agree within one part in lO'*' over a time of about one- 
half hour. Presumably, thermostating of the cavities and reasonably 
careful design should allow this type of accuracy for an indefinite time. 
The oscillations of each such device were extremely monochromatic, 
as indicated in sec. 17-7, so that they could easily be compared over short 
periods of time to a few parts in 10*^ 



CHAPTER 18 


THE USE OF MICROWAVE SPECTROSCOPY FOR 

CHEMICAL ANALYSIS 


The well-known varieties of spectroscopy have been so widely and 
successfully used for chemical analysis that the reader has undoubtedly 
already wondered whether or not microwave spectroscopy can also be 
successfully applied in this way. Although microwave spectroscopy 
appears to be well suited for certain varieties of analytical work, actual 
applications of this type have so far been very limited. Several articles 
[361], [538], [589], [700] discussing analytic uses of microwaves have, 
however, appeared. It is the purpose of this chapter to examine the 
possible uses and limitations of microwave spectroscopy for gas analysis, 
and to give the reader basic information needed for such application. 

18-1. Microwave Spectroscopy for Analysis. Spectroscopy in each of 
the major regions of the spectrum has its own characteristic techniques, 
and as a result of these and the nature of the spectra observed, it has 
particular advantages and disadv^antages. The advantages of micro- 
wave spectroscopy of gases spring primarily from its high resolution, the 
use of very low pressure gases, and from the electronic techniques which 
are characteristic of spectroscopy in this region. 

The high resolution and consequent accuracy of measurement mean 
that lines of two different substances—regardless of how small their 
difference—are generally Avell separated and easily differentiated. For 
example, the spectra of different isotopic species of the same molecule 
are almost always easil^^ resolved and identified. Microwave spectra 
under high resolution are usually so highly specific that a measurement 
of one line will suffice to identify the molecule to which it belongs. 

High resolution makes it pos.sible in addition to isolate and identify 
the lines of a large number of substances in one gaseous mixture, thus 
between 20,000 and 30,000 Me there is room for about 40,000 microwave 
absorption lines (assuming a width of -r Ale for each line). If eac o 
100 substances in a gas mixture has 20 lines in this region, there is ess 
than one chance in 10® that more than one-third of the lines of some one 
of the substances will be overlapped by other lines. Thus, if the 
wave lines are sufficiently intense, each of a very large number ^ ^ 
stances can be identified in a gas mixture. The situation is very i er 
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ent in the infrared region, where the rotation-vibration bands of one 
substance often give lines separated by less than the resolving power of 
infrared spectroscopy, so that the spectrum of each substance becomes a 
series of continuous bands, and interference between the spectra of two 
or more substances is often very troublesome. 

The lines of even very small impurities in a gas mixture would usually 
not be masked by lines of the more abundant components. For some 
substances which have relatively strong lines, such as hl 20 or Nils, 
fractional abundances as small as 1 part in 10^ or 10*^ can be detected by 
microwave spectroscopy. This is comparable with the minimum abun¬ 
dances which can be detected in the most favorable cases by other types 
of spectroscopy. 

In addition to high resolution, another natural advantage of micro- 
wave spectroscopy is the rather small amount of gas required to detect 
absorption. Typically, a microwave absorption cell would have a volume 
of a few hundred cubic centimeters and be filled to a pressure of about 
10-2 j-fg corresponds to only about 10“^ mole of gas, or a 

few micrograms of material. If the gas has very strong lines, then an 
amount 10^ times smaller than this, or about mole, is sufficient for 
detection. The small (piantities of gas needed thus make analysis by 
microwave spectroscopy practical for microchemical work. In addition, 
microwave spectroscopy of a sample does not destroy it as might analysis 
by optical spectroscopy or by a mass spectrometer. 


Although the electronic equipment needed for microwave spectros¬ 
copy may seem unfortunate to those who look for simplicity, the fact 
that microwave spectroscopy is based on electronic techniques offers 


certain advantages. The presence of absorption is indicated by an 
ele(;trical voltage, which can hence be easily used to operate automatic 
controls or recording instruments. In addition, the electronic detecting 
circuits can be made to act very rapidly for rapid control or recording. 
1 bus absorption by a strong line can be detected and translated into a 


voltage in times as short as 1 millisecond. It must be pointed out that, 
for the most sensitive detection of small amounts of material or of weak 
lines, a few seconds are re(|uired. Even this is very rapid, however, 
compared with many other types of analyses. 

1 he natuial limitations of analysis by microwave spectroscopy are 
mainly of two general types. First, one must usually deal with a dipolar 
gas. rheie aic indeed certain types of characteristic microwave absorp¬ 
tions in liquids or solids, such as paramagnetic absorptions. However, 
these can be used only in rather limited and special ways for analysis, and 
analysis by microwave spectroscopy is practically restricted to gases. 
1 he substance to be analyzed need not have a vapor pressure more than 
about 10 ^ mm Ilg at some obtainable temperature, such as a few 
hundred degrees centigrade, so that many substances ordinarily thought 
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of as liquids or solids can be used. However, restriction of analysis to 
gases does rule out direct study of a wide variety of interesting materials. 
The requirement that the molecule have a dipole moment eliminates a 
further number of molecules, e.g., CO 2 , N 2 , benzene, and others, from 
detection and determination by microwave absorption. 

A second variety of disadvantage inherent in analytic applications of 
microwaves springs, as do some of its strongest advantages, from the very 
high resolution and specificity of this technique. The microwave 
spectra of molecules depend on all the minute details of molecular struc¬ 
ture; the slightest variation in structure may radically change a micro- 
wave spectrum. 

This sensitivity of microwave spectra to very small changes within 

the molecule tends to prevent successful work with molecules having a 

« 

large number of atoms. Thus a molecule with 25 atoms has approxi¬ 
mately 70 modes of internal vibration, many of which may be excited 
at ordinary temperatures to split each rotational line into as many differ¬ 
ent frequencies. If each rotational line is so split into multiplets, each 
component is so weak that detection may be difficult, and it is hence 
doubtful that microwave spectroscopy will be very successful with mole¬ 
cules having more than about 25 atoms. 

The great sensitivity of microwave spectra to details of molecular 
structure prevents the existence of any effect in the microwave range 
which is comparable with the characteristic vibrations of certain atomic 
groups or bonds which are prominent in infrared spectra. In some special 
cases hyperfine structure in microwave spectra can be used to identify 
atoms which are responsible for it in a way somewhat similar to the use 
of characteristic vibrational frequencies in the infrared region. How¬ 
ever, this use of hyperfine structure has only limited application. The 
absence of spectra which are characteristic of certain groups within the 
molecule is a disadvantage only to those interested in studying new 
microwave spectra, and not to analysis of gases whose spectra are already 
known. 

Microwave spectroscopy is characteristically done at very low pres¬ 
sures. There may be some occasions where pressures as high as a few 
centimeters of Hg or more might be used. One such case in which 
higher pressures could be useful is the case mentioned above where there 
are too many rotation-vibration lines. Higher pressure would amalgam¬ 
ate these lines and thus produce a stronger absorption. At these pres¬ 
sures, however, the resolution would be rather poor, so that probably 
not more than one or two different components of a gas mixture could be 

identified from the microwave spectrum. 

18-2. Qualitative Analysis. Qualitative analysis by microwave spec¬ 
troscopy is normally very much easier than quantitative measurement 
and hence will be discussed first. Identification of mixtures of gases for 
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which microwave spectra are known is in fact very simple and direct, 
once a sensitive microwave spectrometer is available. 

Microwave spectra can be tabulated as a list of frefiuencics rather 
than as series of curves as are infrared spectra, since normally individual 
lines are resolved and measured. A table of known microwave lines 
of gases has been prepared by Kisliuk and Townes [714] under the 
auspices of the National Bureau of Standards. The latest edition of this 
table was published in 1952 and included approximately 1800 lines of 
92 different substances which represented the microwave spectra known 
by 1950. This table probably will be revised and brought up to date 
from time to time by the National Bureau of Standards. 

It has already been pointed out above that the high resolution and 
accuracy obtainable with microwave spectroscopy results in very little 
possibility of overlap or confusion of lines. This is illustrated by the 
fact that there are only about 10 cases among the 1800 lines listed by 
Kisliuk and Townes [714] where two lines of different substances are 
closer than 0.25 Me, which is approximately the resolving power of an 
ordinary spectrometer. For each substance listed, it is possible to find 
lines which are more than 0.5 Me away from any known lines of other 
substances. The measurement of a single line to an accuracy of about 
0.1 Me would hence suffice for positive identification of any one of this 
group of 92 substances. 


As shown in Chap. 17, an accuracy in measurement of 0.1 Me is easily 
achieved if a freciuency standard based on a quartz-crystal oscillator is 
available, ihe considerably simpler type of frequency meter, a tunable 
resonant cavity, can measure frequencies to an accuracy of a few mega¬ 
cycles and hence would suffice in most cases to positively identify a 
substance by the presence of a single line. If identification were still in 
doubt, more than one line might be measured, or the Stark effect of the 
line might be examined. As discussed in Chap. 10, microwave transi¬ 
tions have characteristic Stark effects which differ in the number of Stark 
components, the spacing of these components, and their intensities. In 
the rare cases where frequency measurement does not suffice for identi¬ 
fication of a line, the characteristic Stark effect of the line may be useful 
for identification. 


A microwave spectrometer need not operate over all microwave fre¬ 
quencies, since most substances have a number of lines throughout the 
microwave region. A relatively limited frequency range can be chosen 
for a spectrometer which would allow analysis of a large fraction of gases 
suitable for microwave spectroscopy. Most microwave spectroscopy has 
been done m the /^-band region (near 25,000 Me) since this is the highest 
freipiency for which components have been readily available. Suppo.se 
a spectrometer made for qualitative analysis operates in this region, 
he frequency range over which it must be operable to obtain absorption 
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lines for a given fraction of the substances listed in Appendix VI as 
having microwave spectra can be judged to some extent from Fig. 18-1. 
This figure gives the fraction of molecules with presently known micro- 
wave spectra which have at least one line within a frequency interval 
± A/ from 25,000 Me, From Fig. 18-1, it may be seen that a spectrometer 
operating over a range 20,000 to 30,000 Me would be able to detect 
lines of 90 per cent of the molecules whose microwave spectra are known. 
The molecules which could not be detected in this range are certain 
rather light linear and symmetric-top molecules for which spectra occur 
only at higher frequencies. There is nothing unusual about the region 



Fig. 18-1. Percentage of iiioleeuies with known microwave spectra having lines within 
a given frequency internal A/ from 25,000 Me. Thus, within the range 23,000 to 
27,000 Me (A/ = 2000), 57 per cent of the molecules with known microwave spectra 
have linos which may be used for spectroscopic identification. 

near 25,000 Me; so that a similar fraction of molecules can be expected 
to have spectra in almost an arbitrary spectral region of 10,000 Me width 
in the microwave range. 

If a spectrometer is required only to check the abundance of a niimb^ 
of possible known components of a gas mixture, then it can be adjuste 
at certain known frequencies to detect the required lines. Ihis type o 
operation may be the most common one in analytic uses of microwave 
spectrometers. However, in some cases it may be useful to search over 
a wide range of frequencies in order to examine the composition ot a 
completely unknown gas, or in order to find lines in a knmMi gas or 
which the microwave spectrum has not yet been examined. n ese 
cases consideration must be given to the time required for such a searc . 

A spectrometer sensitiv'e enough to detect a line with an a 
coefficient as small as 10”^ cm-^ must have such a narrow bandwid^ 
that it takes as long as about 2 sec to sweep over an individual line, or 
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distance of 0.5 Me. Hence a search for lines with this sensitivity over a 
1000-Mc range requires approximately 1 hr, and searching times can he 
long enough to be inconvenient. If the sensitivity reciuired is less, 
searching can be much faster. Thus search over 1000 Me to detect an 
absorption as large as 4 X lO*"^ cm“* would requii’c in principle only 
about 5 min since sensitivity is proportional to the square root of the 
bandwidth [cf. (15-9)]. 

The fractional abundance of a given gas in a mixture refiuired for 
detection of its microwave lines can be determined approximately from 
the intensity of its lines and the sensitivity of the spectrometer used. 
The intensity of a line due to a gas of fractional abundance x is given 
i-oughly by x times the intensity of the line for the pure gas (this relation 



tiG. 18-2. Maximum intonsitios of known microwave spectra in tlio range 20,000 to 
:i0,000 Me. ^ The curve gives tlie percentage of tliose molecules iiavirig spectra Ijetwcen 
20,000 and SO,000 Me for whicli at least one lino in this region has an absorption 
coefficient greater than the values listed along the liorizontal axis. 


IS not precise, as will be shown below in the discussion of quantitative 

analysis). Thus the intensity of the strongest line of NH;, is 8 X 10-* 

cm-*, so that a spectrometer sensitive enough to detect an absorption 

coefficient of cm-> would be able to detect MI, in a gas mixture 

with a fractional abundance as low as about U)~\ More commonly, 

stronger rnicrowave lines of molecules have absorption coefficients near 

10 ^ or 10'® cm'^, so that such a spectrometer could detect abundances 
as low as about 10'^ or 10'^ 

If a spectrometer operates in the frequency range 20,000 to 30,000 Me, 
Fig. 18-2 indicates the sensitivity needed for detection of a certain frac¬ 
tion of the molecules which have microwave spectra (or for detection 

in a gas mixture). 

This hgure shows the fraction of molecules listed in the tables of Kisliuk 
and Townes [714] which have a line with intensity greater than a given 
amount and falling in the frequency range 20,000 to 30 000 Me Since 
intensities of microwave lines increase with frequency approximately as 
r- or p [cf. (1-49) and (1-78)], typical intensities in other frequency ranges 
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can be roughly obtained by multiplying those of Fig. 18-2 by the square 
of the frequency ratio. 

It should be noted that microwave spectroscopy done so far has been 
somewhat concentrated on the simpler molecules. These tend to have 
fewer and stronger lines than the more complex molecules. Hence one 
may guess that, as work on additional molecules proceeds, a larger frac¬ 
tion of molecules will fall in a given range in Fig. 18-1, and line intensities 
will on the average be somewhat less than indicated in Fig. 18-2. 

18-3. Quantitative Analysis. The most obvious type of quantitative 
analysis by microwave spectroscopy involves comparison of the strength 
of absorption lines due to an unknown mixture of gases with that in a 
known mixture. However, before discussing this technique, we shall 
examine other methods and some of the theory on which quantitative 
analysis by microwave methods depends. 

It is possible, although not easy, to use microwave absorption lines 
for a (piantitative determination of the abundance of a gas in an absolute 
way without using known samples for comparison. For this, the inte¬ 
grated intensity of the line must be measured. As shown in (13-23) 
the integrated intensity of a reasonably narrow line is 



SttW/ , 12 2 

3W " 


(18-1) 


where N = the number of molecules per cubic centimeter, T is the abso¬ 
lute temperature, u the frequency, / and are determinable from 

properties of the molecule involved, and c and k are known constants. 
Hence if the absorption coefficient y could be accurately measured and 
the integrated intensity obtained, the density N of molecules of a given 
type could be found. 

At the low pressures normally used in microwave spectroscopy, absorp¬ 
tion lines are close to a Lorentz shape as given by (13-22), and the 
integrated intensity is 

y dy = Tmax Av = ^ 3 ^^ (18-2) 

where Tmax is the absorption coefficient at the peak intensity, and Ay 
the half width at half maximum. Hence a measurement of the peak 
absorption coefficient and the line width at half maximum absorption is 

sufficient to give the density of molecules N from (18-2). 

The absolute value of the absorption coefficient 7 max is rather difficu t 
to measure, although it can with care be measured to an accuracy o 
about 5 per cent (cf. pages 445^46). It is usually sufficient and much 
easier, however, to measure Y^ax relative to some absorption line o a 
known 7 m»x by comparing peak responses of a spectrometer to the wo 
lines in question. The half width may be measured to an accuracy 
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of about 5 per cent by setting frequency markers at points on the absorp¬ 
tion line corresponding to half intensity. This method for obtaining 
the density of molecules is a rather cumbersome method, however, and 
is usually limited to an accuracy of about 5 per cent. Furthermore, the 
density N of molecules per cubic centimeter is usually not so much 
desired as the percentage abundance, which can be obtained from N 
oidy with an additional measurement of the pre.ssure. 

Ihe simplest quantity to measure, and one which can be measured 
most accuiately, is the maximum signal produced in a spectrometer by 
an absorption line, which is nearly proportional to y.„„, for most spectrom¬ 
eters. If a spectrometer is adjusted for a line at a particular freciueney 
and all conditions are maintained constant, it will be found that the 
response or deflection of the spectrometer due to the line can be measured 
reproducibly to an accuracy of 1 per cent or better, assuming the signal 
due to the line is sufficiently large compared with noise. 

Fortunately the deflection, which is proportional to 7 „,„, is not only 
the easiest (luantity to measure, but also it is rather directly related to 
the fractional abundance of the gas responsible for the absorption. 
Fiom (18-2), the fractional abundance is proportional to (ym^x ■^i’)/p 
where p is the pre.ssure. However, is independent of pressure in the 
range of pressure normally used for spectroscopy (cf. Chap. 13), and 
Ac/p is also independent of pre,ssure, since the line width is proportional 
to p. Thus it appears that 7 m„„ and hence the maximum spectrometer 
response is directly proportional to the fractional abundance of the gas 
responsible for the microwave absorption. 

For some purposes, 7 „,„, can in fact be taken as propoi-tional to frac¬ 
tional abundance, and • the maximum spectrometer response affords a 
ready measurement of concentration of a component of a gas mixture. 
However, accurate measurements of fractional abundance require one 
to allow for the fact that the line-width parameter Ac is somewhat 
dependent on the composition of the gas and that the fractional abun¬ 
dance IS strictly proportional not to 7 m»x but to 7 .,„„ Ac/p. 

From (13-42) the number of collisions per second of a molecule of 
ype 1 with molecules of type 2 in a gas mixture is 


T12 


— ^ 2 ^ 12^12 


(18-3) 


where ^ is the density of molecules of type 2, a,, an average relative 

Ihim^^Tk’ r n ®"^tion between 

them. The number of collisions per second for molecules of type 1 in a 

mixture of two components only is therefore 


’"11 ri 2 ~ + -^ 2 ^ 120-12 


(18-4) 
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and the half width of an absorption line is [cf. (13-19)] 


= “ (-1-^ (NxiViicrii + Nx2Vi2(Ti2) (18-5) 

Ztt \rii Ti2/ Ztt 

where .Ti and 0*2 are the fractional abundance of each molecular species 
and N is the total molecular density. Expression (18-5) may also be 
written 

Avi = Xi Avii -|- X 2 Avi2 (18-6) 


where Ai '12 would be the half width of the absorption line of molecule 1 
if it were in an almost pure sample of molecule 2. The fractional abun¬ 
dance of the first component of the gas is then proportional to 


Xi 


OC 


max 


Aui 


N 


= 7 


max 


{XiOiiaii -|- X2Vi20'l2) 


(18-7) 


p 2Trp 

Since N/27rp is a universal constant at a given temperature, the last part 
of expression (18-7) depends only on the fractional abundances xiandx 2 
and not on the pressure. It may also be written 


^ ^max 


/ Am 

I Xi - 

V p 


+ .T2 


P ) 


(18-8) 


where Arn/p and ^vn/v are independent of pressure. For a mixture 
of more than two components, (18-8) can he easily generalized so that 
the fractional abundance of the fth component of a mixture of n different 


gases is proportional to 


n 


Xi CC 7aia 




(18-9) 


If component 2 were just as effective in broadening a microwave line 
as component 1, then Avu/p = Ar^/p and (18-8) could be reduced to 


Xi 


CC 


max 


{xi + Xi) = y 
P 


max 


Ai'i 

P 


(18-10) 


and the fractional abundance .Ti would be strictly proportional to y™.. 
regardless of the amount of dilution. If Ar„/p Ana/p, this strict 
proportionality is not true, as is shown in extreme cases by Fig. 18-3. 

Usually for a mixture of more than two gases, the various values of 
line-width parameters Ac.y/p will not be known, and one of the following 

procedures must be adopted: 

1. Measure 7 max, A*/, and p. , 

2. Measure only Tmax and accept the approximate results given by 

assuming T^ax proportional to the fractional abundance. 

3. Dilute the unknown mixture with a large amount of kno g 
for which the necessary information on line-width parameters APij/p is 

known. 
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4. Compare Ymax for the unknown sample with values for known mix¬ 
tures which are similar to it in composition. 

The procedure indicated by item 3 above is useful when the absorption 
lines being examined are strong so that they can still be measured if a 


few per cent of the sample is mixed with a known gas N 2 ). If most 


of the molecules in a sample are of one 
produced by them is the only im¬ 
portant source of broadening, and 
only one of the values of need 
be known to measure each compo¬ 
nent of the gas. This may be seen 
from Eq. (18-8) if becomes ver^^ 
much larger than Xi, or more gener¬ 
ally from E(i. (18-9). 

The comparison method with use 
of standard mixtures indicated by 
item 4 above appears to be the sim¬ 
plest and most reliable techniciue if a 
large number of measurements are to 
be made on mixtures whose com¬ 


type (c.g., N 2 ), then the broadening 



Froction of molecule 0 


position is approximately known. 
Such a measurement involves only a 
comparison of the peak response of a 
spectrograph to the absorptioti lines 
of two different samples of gas. 
Good accuracy depends only on hav¬ 
ing stable reproducible conditions 
in the spectrometer and an adetiuate 


Fic. 18-;i. I’c'jik intensity of a line due to 
molecule a which i.s in a mixture of ga.sos 
a and h. The peak inten.sity varies 
linearly with concentration ordy if the 
broadening effect of each molecule is the 
same. The curved lines indicate devia¬ 
tions from linearity which are as large as 
will ordinarily occur. (Afiej- Hughes 
[7001.) 


signal-to-noise ratio for the observed line. This type of measurement 
can fairly easily be made to an accuracy of a few per cent, and higher 
accuracy appears feasible if considerable care is taken. 


In case a Stark spectrometer is used with Stark components and undis¬ 
placed absorption lines giving deflections in the opposite directions (cf. 
Chap. 1.5), the total deflection difference between the strongest Stark 
component and the undisplaced line may be used as a measure of inten¬ 
.sity This eliminates some uncertainties which might otherwise exist 
m the exact position of the base line where zero absorption occurs. 

The comparison method has been tested by Southern, Morgan Keil- 
holtz, and Smith [650] for isotopic mixtures of NH, and CICN.’ For 
Hs, the N'VN‘^ ratio was determined to an accuracy of about 3 per 
cent noth the N concentration in the range 0.38 to 4.5 per cent; and 

C‘VC'2 was determined to an accuracy of 2 per cent 
th C abundances between 1.1 and 10 per cent. This work illustrates 
the usefulness of microwave spectroscopy for analyzing isotopic mixtures 
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Unless very special spectrometers are built which allow absolute meas¬ 
urements of intensities, accurate quantitative work always requires some 
type of comparison method on absorption lines which are identical or 
very similar in frequency, width, and other characteristics. The inevi¬ 
table presence of reflections in a waveguide absorption cell produces 
variations in the field strength with the absorption cell, and hence varia¬ 
tions in the spectrometer's response as the frequency is varied. As 
shown in Chap. 15, if reflections produce a 10 per cent variation in power 
transmitted through the absorption cell as a function of frequency, they 
can produce a 20 per cent variation in the response of the spectrometer 
to a given absorption coefficient 7 mnx [cf. Eq. (15-28)]. Nevertheless, if 
care is taken, the relative intensities of lines of different frequencies can 
be measured to an accuracy of about 5 per cent. For lines of the same 
frequency, reflections are of course constant and cause no errors in 
measurement of relative intensities. 

Spectrometers using Stark modulation are the most convenient type 
of spectrometer for high sensitivity. However, they introduce additional 
uncertainties in the measurement of 7 m«x unless comparison is made 


between two very similar lines. 

A Stark modulation spectrometer detects lines by the periodic applica¬ 
tion of an electric field which shifts the frequency of the line because 
of the Stark effect (cf. sec. 15-3). In an electric field the line usually 


breaks up into a number of Stark components, with widely different 
amounts of frequency change for a given field strength. If a square 
wave of electric field is applied to the gas which is sufficiently large to 
shift all Stark components well away (more than the line width) from the 
absorption which occurs without an electric field, then the full intensity 
of the absorption line appears. For smaller fields, however, some of the 
Stark components may not be moved appreciably from the absorption 
line, and the apparent intensity as determined by the spectrometer 
response is correspondingly less. Partial splitting of the absorption line 
by Stark effect also distorts the line shape and gives errors in measure¬ 
ment of line width if width measurements are attempted. In addition 
if the square-wave voltage is not nearly zero during half its cycle of 
variation, then the line is partly split at all times, and the line is broad¬ 
ened so that 7 max is reduced. If a sine wave is used rather than a square 
wave, these difficulties are particularly acute, since the sine wave cannot 
usually have enough amplitude at maximum to move all Stark com¬ 
ponents far enough from the undisplaced line without at the same time 
broadening the undisplaced line because it is not sufficiently c ose ® 
during the other half of the cycle. If a line is not completely split by 
Stark effect, then a variation in pressure, which produces a vana ion 

line width, will also affect the apparent value of 7 m«. As 
increases the line is less completely split and 7 max decreases. 
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above reasons, it is important in most cases to compare only similar 
lines under similar conditions if quantitative work with a Stark spectrom¬ 
eter is attempted. 

18-4. Special Equipment and Techniques for Spectroscopic Analysis. 
Equipment for some types of analytic -work with microwave spectroscopy 
need not be very special. Almost any sensiti\'e spectrometer and moder¬ 
ately accurate frequency-measuring device should suffice for f|ualitative 
anal 3 ''sis and for rough quantitative work. Techniques and apparatus 
specifically for analytic work have not yet been well developed. How¬ 
ever, certain considerations and problems of technique involved in 
analysis are well enough known to be discussed here. 

A Stark modulation spectrometer probably provides the simplest 
means for obtaining good sensitivity, although it has some handicaps for 
quantitative work. If quantitative work is planned, care should be 
taken to ensure that the signal amplifiers are linear (f.c., give an output 
strictly proportional to signal), that reflections are minimized, and that 
the modulation is produced by a well-formed and large scpiare wave of 
electric field. Other precautions, which are common to other types of 
spectrometers, are to see that the rate of sweep over a line is sufficiently 
slow that its shape (and therefore height) is not distorted, and that the 
power is sufficiently low so that the absorption lines do not suffer from 
power saturation. Reflections in any spectrometer can usualh^ be 
decreased by inserting well-tapered attenuators at either end of the 
absorption cell. In the Stark spectrometer, it is particularly important 
that the septum for producing the Stark field and its insulating supports 
inside the absorption cell be well tapered at the ends. 

An absorption cell without a Stark septum is almost always freer of 
reflections than is a Stark cell. In addition, a simple spectrometer with¬ 
out Stark modulation has none of the complications of incomplete modu¬ 
lation of the line mentioned above. However, this type of spectrometer 
is usually suitable only for work with the most intense lines, because of 
the greater difficulty in obtaining good sensitivity. 

In many cases a spectrometer may be used to observe the intensity 
of some particular line over a long period of time. In such circumstances, 
a cavity can conveniently be used for an absorption cell. Special care 
must be exercised, however, to see that power saturation of the absorption 
line does not occur when a cavity is used, since the power level in a cavity 
is likely to be higher than that in a waveguide cell. 

There are many ways of measuring the magnitude of response of a 
spectrometer to an absorption line. Some have been tried and described 
[700], [901], but none seems to have particularly strong or unique advan¬ 
tages. The method chosen in an individual case should probably depend 
on details of the desired functions of the apparatus and on the available 
equipment. 
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Absorption of gases on surfaces can be a serious problem in the use 
of microwave spectroscopy for analysis. Since very small samples of 
gas are used, a relatively small amount of material absorbed by wave¬ 
guide surfaces or outgased from them can appreciably change the pres¬ 
sure and composition of a sample being analyzed. It is common experi¬ 
ence, for example, that, if ammonia is let into an absorption cell, its 
lines may persist in a microwave spectrometer even after many days of 
pumping to evacuate the cell. Cells for Stark modulation are worse 
from the point of view of absorption than others, since they have the 
additional surfaces of septum and insulators. A cavity would minimize 
the ratio of surface to volume and thus decrease difficulties due to surface 
absorption. In the usual Stark cell absorption is a serious problem to 
analytic work, since certain components of the gas sample may be selec¬ 
tively absorbed, and foreign gas from previous samples may be released 
by the cell walls. 

There are a number of ways of dealing with absorption. 

1 . Cell design should minimize absorption. It has been found, for 
example, that stainless steel absorbs gases far less than silver or copper, 
and stainless steel may be used for a cell. Teflon is also less absorbent 
than polystyrene and hence better suited for insulators of a Stark septum. 

2. Several hatches of gas may be let into the cell, or the gas may be 
flowed through the cell until no further exchange of gas with the walls 
occurs. 

3. Chemical “ getters may be used to destroy gases on the walls 
which produce spurious lines. Thus CIF 3 let into a waveguide will 
destroy water absorbed on the surfaces, and BrCN will help eliminate 
NH3. 

4. The cell may be heated up to outgas its walls or may be operated 
at an elevated temperature to minimize absorption. A temperature of 
100‘^C seems to be fairly effective in outgassing, and 200°C would prob¬ 
ably be adequate for most purposes. 

A somewhat specialized technique to which microwave spectroscopy 
seems well adapted is the continuous monitoring of a mixture of gases. 
Gas may be flowed at very low pressure through the absorption cell of a 
spectrometer and the output of the spectrometer used to register or 
control the concentration of a given component. Changes in concentra¬ 
tion would be very easily and sensitively detected, since the spectrometer 
itself would be under fixed adjustments and conditions. Furthermore, 
these changes could be quite rapidly recorded or controlled by the output 
of the spectrometer. In order to eliminate the effects on spectrometer 
output of possible fluctuations in klystron output powers, a bridge system 
can be used, with one arm of the bridge containing the absorption cell 
through which gas is being flowed, and the other arm involving only fixed 
components. 


APPENDIX I 


Intensities of Hyperfine Structure Components and Energies 

Due to Nuclear Quadrupole Interactions 


Intensities of individual lines are given as a percentage of the intensity of the entire 
transition (sum of all hyperfine components^. They are obtained from expressions 
(O-C). Values for angular momentum J between 0 and 10 and for the nuclear spin / 
equal to - 5 -, 1, 2, d, -g-, 4, or are included. 44ie quantity F is the magnitude 

of I + J. These tables may also be used for relative intensities of atomic fine- 
structure transitions \i I, J, and F are replaced by S, L, and y, respectively. The 
tabulation then corresponds to formulas (5-17) and (5-18). For J > 10, almost all 
the intensity of a transition is concentrated in components such that .iF = AJ, that 

is, with ./ -f 1 <-./ and F -f 1 F or J ^ J and F ^ F, Approximate intensities 
of transitions for large ./ are as follows: 


For transitions J -f- 1 


For J —J, F ^ F 

F ± I ^ 


y, F \ *~ F Intensity is proportional to F 

/■’ *-F Intensity l/2y2 of entire intensity 

F - 1 <—F Intensity 1 / 10 ./^ of entire intensity 

Int<*nsity is proportional to F 
/' Intensity i/2J^ of entire intensity 


The table also gives Casiinir’s function 


r.r , . faC -hi) - Id -h l)J(J + 1) 

^/-i)( 2 y-i)( 2 y+3)* 

for^rotational angular momentum J between 0 and 10, for the nuclear spin / = I | 
2, u, 3, 1 ^, 4, or and all possil)le values of F. Here ’ 

C = F(F + 1) - 1(1 + 1) _ j(j + 1) 

The interaction energy due to a nuclear quadrupole moment coupled to a linear mole¬ 
cule IS given by multiplying the appropriate value of f(I,J,F) in this table by -eqQ. 

For a symmetric-top molecule the proper multiplying factor is e,jQ \ _ i] 

(wiie^e AF - ^ componentsa^transition 

(where A/ - Aj) involve a change m quadrupole energy which is a very small frac- 

Fo^h constant, being in almost all eases less than eqQ/iJ^ 

be aip:oxijrb7“ ‘Change in energy is larger and can 

AWq (AF = aj ± 1) = T 3[2(F - J) -I- 1 ] r 3jC» -| 

8/(2/ - 1 ) |_y(y 4 - 1 ) - 1J eqQ 
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0.062 


21.8 

17.8 

2.68 

0.144 

2.04 

15.4 

14.1 

3.11 

0.208 

3.24 

10.5 

11.0 

3.04 

0.216 

3.71 

7.00 

8.44 

2.52 

0.144 

3.57 

4.63 


6.35 

4.76 


1.59 


2.91 

1.79 


3.24 

2.98 


0.006154 
0.057692 
0.102564 
0.074571 
0.003846 
0.083333 
0.166667 

0.100000 
0.050000 
0.100900 
0.081818 
0.018182 
0.068182 
0.159091 


20.9 

17.5 

14.6 
12.0 

9.80 

7.95 

6.49 

20.0 

17.2 

14.8 

12.6 

10.7 

9.04 

7.69 


1.17 

1.90 

2.23 

2.20 

1.84 

1.14 


0.862 

1.41 

1.67 

1.65 

1.38 

0.848 


0.031 
0.071 
0.100 
0 . 100 
0.062 


0.017 

0.039 

0.054 

0.052 

0.031 


1.38 

2.23 

2.60 

2.55 

2.11 

1.30 


0.994 

1.62 

1.91 

1.88 

1.57 

0.962 


20.7 

15.9 
12.1 

9.14 
7.03 
5.68 
5.19 

19.9 
16.1 
13.0 
10.5 

8.63 

7.36 

6.73 
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/ == 3 {Continued) 


J 

F 

1 

J 1 

• 

J 

J 

1 

F -h 1 

1 

1 

F F 

F - 1 ^ F 

F — /'’-hi 

or 

-h 1 ^F 

F — F 

7 

10 

0.102941 

19.3 

0.GG2 

0.011 


19.3 


9 

-0.044118 

17.0 

1.09 

0.023 

0.750 

16. 1 


8 

-0.099095 

14.9 

1.20 

0.032 

1.23 

13.5 


7 

-0.08G425 

13.0 

1.28 

0.030 

1.45 

11.4 


G 

-0.027828 

11.3 

1.07 

0.018 

1.44 

9.73 


5 

0.057092 

9.82 

0.655 


1.20 

8.54 


4 

0.15384G 

8.57 



0.735 

7.84 

8 

11 

0.1052G3 

1 18.8 

0.524 

! 0.007 


18.7 


10 

-0.039474 

1G.8 

0.863 

0.015 

0.586 

16. 1 


9 

-0.0973G8 

14.9 

1.03 

0.020 

0.963 

13.9 


8 

-0.089474 

13.2 

1.02 

0.018 

1 14 

12.0 


7 

-0.034737 

11.7 

0.856 

0.011 

1. 14 

10.5 


6 

0.050000 

10.4 

0.520 


0.950 

9.40 


5 

0.150000 

9.24 

1 


0.578 

8.67 

1 

9 

12 

0 107143 

18.4 

0.425 1 

0.004 

1 

1 

1 

' 18.3 


11 

-0.035714 

1G.6 


0.010 

0.470 

16. 1 


10 

-0.095798 

14.9 

0.837 

0.013 

0.775 

14.1 


9 

-0.091597 

13.4 

0.834 

0.012 

0.922 

12.4 


8 

-0.03991G 

12 1 

0.697 


0.919 

11.1 


7 

0.044118 

10.9 

0.423 


0.768 

10.0 


0 

0.147059 

9.77 

I 


0.465 

9.31 

10 

13 

0.108G9G 

18.0 

4 

0.352 



18.0 


12 

-0.032609 

16.4 

0.582 

0.007 

0.385 

16.0 


11 

-0.094304 

14.9 

0.694 

0.009 

0.636 

14.3 


10 

-0.093135 

13.6 

0.603 


0.759 

12.8 


9 

-0.04393G 

12.3 

0.579 

0.004 

0.757 

11.4 


8 

0.030474 

11.2 

0.350 


0.632 

10.5 


IH 

0.144737 

10.2 

1 


0.383 

9.82 
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__ ^ ^ i ___ 

! j + i^j j 


7/2 




F + 1 

/'’ + 1 ^ ^ F ^ F F — \ F or F ^F 
_ F +1 

41.7 33.3 25.0 


0/2 

7/2 

5/2 


0.050000 
0.142857 
0.107143 


30.0 

15.3 

5.36 


9.72 

12.7 

9.64 


1.94 

5.36 

10.0 


16.2 

16.1 


25.5 

1.06 

8.93 


11/2 
9/2 - 

7/2 - 

5/2 
3/2 


0.071429 

0.096939 

0.081633 

0.025510 

0.153061 


25.0 

16.9 

10.5 

5.61 

2.14 


4.55 

6.93 

7.48 

6.53 

4.29 


0.455 

1.19 

2.04 

2.86 

3.57 


6.36 

9.17 

8.93 

6.00 


23.6 

9.47 

1.90 

0.071 

4.00 


13/2 

11/2 

9/2 

7/2 

5/2 

3/2 

1/2 


0.083333 

0.071429 

0.097619 

0.047619 

0.035714 

0.119048 

0.178571 


22.2 

16.8 

12.3 

8.60 

5.61 

3.27 

1.49 


2.62 

4.20 
4.89 
4.84 

4.21 
3.17 
2.08 


0.160 
0.406 
0.661 
0.850 
0.893 
0.694 


3.37 

5.28 

5.95 

5.61 

4.46 

2.68 


21.6 

12.8 

6.62 

2.72 

0.638 

0 

0.893 


15/2 0.090909 
13/2 -0.055195 
11/2 -0.097403 
9/2 -0.071892 
7/2 -0.009276 
5/2 0.065399 
3/2 0.132653 
1/2 0.178571 


20 5 
16.5 
13.1 
10 . 1 
7.66 
5.63 
4.00 
2.78 


1.70 

2.78 

3.34 

3.43 

3.13 

2.49 

1.56 


0.071 

0.175 

0.275 

0.337 

0.325 

0.212 


2.07 

3.37 

3.98 

4.01 

3.57 

2.75 

1.62 


20.1 

14.0 

9.32 

5.90 

3.53 

2.02 

1.19 

1.16 


17/2 

15/2 

13/2 

11/2 

9/2 

7/2 

5/2 

3/2 


0.096154 

0.043956 

0.094322 

0.082418 

0.032051 

0.036630 

0.107143 

0.166667 


19.2 

16.1 

13.4 

11.0 

8.90 

7.14 

5.68 

4.55 


1.19 

1.97 

2.40 

2.50 

2.32 

1.86 

1.14 


0.036 
0.087 
0.134 
0.159 
0.146 
0.087 


1.40 

2.32 

2.80 

2.89 

2.65 

2.11 

1.27 


19.1 

14.5 

10.8 

7.95 

5.82 

4.33 

3.44 

3.27 


19/2 

17/2 

15/2 

13/2 

11/2 

9/2 

7/2 

5/2 


0.100000 

0.035174 

0.090909 

0.087662 

0.045455 

0.018831 

0.090909 

0.159091 


18.3 

15.8 

13.5 

11.5 
9.70 
8.15 
6.84 
5.77 


0.877 

1.47 

1.80 

1.89 

1.76 

1.42 

0.855 


0.020 

0.048 

0.073 

0.085 

0.075 

0.043 


1.01 

1.69 

2.06 

2.16 

2.00 

1.60 

0.962 


18.2 

14.6 

11.6 
9.25 
7.38 
6.01 
5.13 
4.81 
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/ = -y {Continued) 
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0.050000 
0.137500 
0.008214 

0.071420 
0.080280 
0.082008 
0.014031 
0.140300 

0.083333 
0.002500 
0.004043 
0.055052 
0.017857 
0.008214 
0.103000 

0.000000 
0.045455 
0.001721 
0.077110 
0.020070 
0.038720 
0.102380 
0.151786 
0. 178571 

0.006154 

0.033654 

0.086767 

0.085165 

0.048077 

0.008013 

0.060368 

0.125000 

0.166607 


t/ + 1 


F F ^F F - I 


40.7 

28.9 

14.7 
5.09 

23.8 
16.0 

9.90 
5.24 
1.04 

21.0 

15.9 
11.6 

8.02 

5.16 

2.01 

1.21 

19.2 

15.5 

12.2 
9.43 
7.07 
5.11 
3.50 
2.22 
1.23 

17.9 
15.0 

12.5 
10.2 

8.22 

6.53 

5.10 

3.93 

3.03 


33.3 

9.78 
12.8 

9.72 

4.59 

7.06 

7.71 

6.79 
4.41 

2.65 

4.30 
5.00 
5. 16 

4.63 

3.64 

2.31 

1.72 
2.86 
3.50 
3.70 
3.54 
3.06 
2.30 
1.48 


1.20 

2.03 

2.53 

2.73 

2.66 

2.36 

1.85 

1.12 


25.9 

2.07 

5.83 

11.1 

0.494 

1.33 

2.38 

3.53 

4.76 

0.176 

0.403 

0.704 

1.10 

1.32 

1.30 

1.23 

0.070 
0.202 
0.337 
0.440 
0.505 
0.471 
0.314 


0.040 
0.102 
0. 167 
0.216 
0.233 
0.204 
0.121 



F ^F + 1 
or 

F + 1 *-F 


16.3 

16.2 


6.42 

9.33 

9.17 

6.17 


1.42 

2.39 

2.94 

3.14 

3.03 

2.65 

2.04 

1.21 


24.4 
0.833 
9.72 

22.5 
8.69 
1.50 
0.216 
4.94 

20.4 


3.40 

11.8 

5.40 

5.87 

6. 19 

2.14 

5.05 

0.309 

4.85 

0.110 

2.98 

1.79 


18.9 

2.10 

13.0 

3.40 

8.43 

4.17 

5.09 

4.32 

2.78 

4.01 

1.30 

3.33 

0.463 

2.38 

0.093 

1.23 

0 


17.8 

13.4 

9.82 
7.05 
4.94 
3.41 
2.38 
1.80 

1.82 
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/ = 4 {Continued) 


F 


10 

9 

8 

7 
6 
5 

4 

3 
2 

11 

10 

9 

8 

Pm 

i 

G 

5 

4 

3 

12 

11 

10 

9 

8 

pp 

t 

G 

5 

4 

13 

12 

11 

10 

9 

8 

7 

6 

5 




0.100000 

-0.025000 

-0.081981 

-0.088474 

-O.OG0065 

-0.010389 

0.0488G4 

0.107955 

0.159091 

0.102941 
■0.018382 
■0.077771 
■0.090417 
■O.OG74G9 
■0.022503 
0.034947 
0.09G154 
0.15384G 

0.1052G3 

0.013158 

0.074154 

0.090132 

0.072308 

0.031015 

0.02490G 

0.087500 

0.150000 

0.107143 
0.008929 
0.071053 
0.090036 
0.075780 
0.037290 
0.017332 
0.080882 
0.147059 


y +1 


F + F 


17.0 

14.7 
12.5 
10.G 

8.95 
7.47 
G 20 
5. 13 
4.27 

10.3 

14.3 
12.5 
10.9 

9.44 
8. 13 
6.99 
6.00 
5.19 

15.8 
14 I 
12.5 
11 1 

9.78 
8 01 
7.57 
G.GG 
5.88 

15.3 
13 8 
12.5 
11.2 
10.0 

8.97 

8.01 

7.17 

6.43 


F 


0.889 

1.52 

1.90 

2.07 

2.04 

1.83 

1.44 

0.855 


0. G83 
1. 17 
1 48 
1.02 
1 . GO 
1.44 
1 13 
0.GG7 


0 541 
0.932 
1. 18 
1.30 
1.29 
I.IG 
0.911 
0.533 


0.440 
9.759 
0.905 
1.00 
I .OG 
0.953 
0.747 
0.434 


F - 1 


F 


0.023 
0.057 
0.092 
0.110 
0 . 122 
0.013 
0.057 


0.014 
0.034 
0.054 
0 . 0()8 
0.070 
0.057 
0.031 


0.009 
0.022 
0.034 
0.042 
0.043 
0.034 
0.018 


0.000 
0.015 
0.023 
0.028 
0.028 
0.022 
0.011 


y ^y 


F ^F \ 

or 

y' -f 1 F 


1.03 
1.74 
2.17 
2.35 
2.31 
2.05 
1.00 
0.950 


0.774 

1.32 

1.07 

1.82 

1.80 

1.01 

1.20 

0.741 


0. G05 
1.04 
1.32 
1.44 
1.43 
1.28 
1.01 
0.588 


0.486 
0.838 
1.06 
1.17 
1.10 
1.05 
0.819 
0.477 


F ^ F 


10.9 

13.5 

10.6 
8.29 
G.45 
5.04 
4.04 

3.43 
3.32 

10.3 
13.5 
11.1 

9.11 

7.50 

0.23 

5.28 
4.07 

4.44 

15.7 

13.4 

11.4 
9.00 
8.24 
7.09 
0.21 
5 00 

5.29 

15.3 

13.3 

11.5 
10.0 

8.78 
7.73 
0.91 
0.31 
5.r'‘ 
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7 = 4 {Continued) 


10 




J \ —J 

F 


F -^\ ^F 

i 

F ^F 

F ~ 1 <-F 

14 

0.108696 

15.0 

0.364 

0.004 

13 

-0.005435 

13.6 

0.630 

0.010 

12 

-0.068384 

12.4 

0.802 

0.016 

11 

-0.089715 

11.3 

0.885 

0.019 

10 

' -0.078253 

10.2 

' 0.882 

0.019 

9 

-0.042089 

9.24 

0.795 

0.015 

8 

0.001142 

8.37 

0.622 

0.007 

7 

0.075658 

7.58 

0.361 


6 

0.144737 

6.88 




F + 1 
or 

F \ ^F 


0.399 

0.689 

0.877 

0.966 

0.962 

0.866 

0.678 

0.393 


14.9 

13.2 
11.7 

10.3 
9.18 
8.22 
7.45 
6.87 
6.49 



9/2 


40.0 


33.3 


26.7 


11/2 

9/2 

7/2 

13/2 

11/2 

9/2 

7/2 

5/2 

15/2 

13/2 

11/2 

9/2 

7/2 

5/2 

3/2 

17/2 

15/2 

13/2 

11/2 

9/2 

7/2 

5/2 

3/2 

1/2 


0.050000 
■0.133333 
0.091667 

0.071429 
■0.083333 
0.083333 
0.005952 
0.130952 

0.083333 
0.055556 
0.091667 
0.061111 
0.005556 
0.083333 
0.152777 

0.090909 
0.037879 
0.086580 
0.079545 
0.037879 
0.020563 
0.081169 
0.132576 
0.166667 


28.0 

14.2 

4.89 

22.9 

15.4 
9.45 
4.95 
1.79 

20.0 

15.1 
11.0 

7.58 

4.81 

2.65 

1.05 

18.2 
14.6 

11.5 
8.88 
6.61 
4.71 
3.15 

1.89 
0.889 


9.82 

12.9 

9.78 

4.62 
7.16 
7.88 
6.97 
4.49 

2.67 

4.38 
5.24 

5.39 

4.91 

3.92 

2.44 

1.73 

2.92 

3.62 
3.91 

3.83 

3.45 

2.84 
2.07 
1.33 


2.18 

6.22 

12.0 

0.527 

1.45 

2.67 

4.08 

5.71 

0.190 

0.513 

0.909 

1.32 

1.70 

2.00 

2.22 

0.086 

0.226 

0.392 

0.551 

0.673 

0.727 

0.679 

0.485 


16.4 

16.3 


6.46 

9.45 

9.33 

6.29 


3.43 

5.50 

6.36 

6.19 

5.10 

3.14 


2.12 

3.53 

4.31 

4.55 

4;32 

3.71 

2.80 

1.63 


23.6 

0.673 

10.4 

21.5 
8.08 
1.21 
0.381 
5.71 

19.4 

11.1 

5.29 

1.73 

0.136 

0.326 

2.57 

17.9 
12.1 
7.72 
4.48 
2.25 
0.854 
0.152 
0.015 
0.593 
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/ = § {Continued) 


J 

1 

F 

1 

1 

1 

</ “1“ 1 ^- 1 

J 

J - 

J 

/-^ + 1 ^ F 

F ^F 

F - \ ^F 

F -- F + 1 

or 

F \ ^F 

F ^F 

5 

19/2 

0.096154 

16.9 

1.21 

0.044 


16.7 


17/2 

-0.025641 

14.2 

2.08 

0.115 

1.44 

12.5 


15/2 

-0.080128 

11.7 

2.63 

0. 196 

2.44 

9.05 


13/2 

-0.085470 

9.57 

2.89 

0.269 

3.06 

6.34 


11/2 1 

-0.057692 

7.68 

2.91 

0 318 

3.33 

4.28 


0/2 

-0.010684 

6.05 

2.71 

0.326 

3.31 

2.76 


7/2 

0.043803 

4.66 

2.33 

0.280 

3.03 

1.70 


5/2 

0.096154 

3.50 

1 79 

0.168 

2 55 

1.02 


3/2 

0.138889 

2.55 

1.09 


1.89 

0.655 


1/2 

0.166667 

1.82 



1 .09 

0.727 

6 

21/2 

0.100000 

16.0 

0.898 

0.025 


15.9 


10/2 

-0.016067 

13.8 

1.55 

0.065 

1.04 

12.6 


17/2 

-0.074242 

11.8 

1.98 

0. 109 

1.78 

9.80 


15/2 

-0.087121 

9.95 

2.21 

0. 147 

2.26 

7.54 


13/2 i 

-0.068182 

8.35 

2.25 

0.169 

2.51 

5.73 


11/2 

-0.028788 

6.94 

2.12 

0. 168 

2.54 

4.32 


9/2 

0.021212 

5.71 

1.85 

0.137 

2.38 

3.26 


7/2 

0.073485 

4.65 ! 

1.43 

0.075 

2.05 

2.53 


5/2 

0.121212 

3.77 i 

0.848 

1 

1.57 

2.12 


3/2 i 

0.159091 

3.08 



0.923 

1 

2.15 

7 

1 

23/2 

0.102941 

1 

15.3 

0.691 

0.015 

1 

15.2 

1 

21/2 

-0.009804 

13 4 

1.20 

0.039 

0.783 

12.5 


19/2 

-0.069193 

11.7 

1.54 

0.065 

1.36 

10.2 


17/2 

-0.087104 

10.2 

1.73 

0.087 

1.74 

8.32 


15/2 

-0.074284 

8.79 

1.78 

0.098 

1.94 

6.74 


13/2 

-0.040347 

7.55 

1.69 

0.095 

1 .98 

5.47 


11/2 

0.006222 

6.45 

1.48 

0.075 

1.88 

4.48 


9/2 

0.058069 

5.49 

1.14 

0.039 

1.61 

3.77 


7/2 

0.108974 

4.67 

0.667 

1 

t 

1.26 

3.34 


5/2 

0.153840 

4.00 



0.735 

3.27 

8 

25/2 

0.105263 

14.7 

0.547 

0.010 


14.7 


23/2 

-0.004386 

13.1 

0.956 

0.025 

0.612 

12.4 


21/2 

-0.064912 

11.7 

1.23 

0.041 

1.07 

10.5 


19/2 

-0.086404 

10.3 

1.39 

0.054 

1.37 

8.85 


17/2 

-0.078070 

9.09 

1.43 

0.061 

1.54 

7.46 


15/2 

-0.048246 

7.99 

1.37 

0.058 

1.59 

6.32 


13/2 

-0.004386 

6.99 

1.20 

0.044 

1.51 

5.41 


11/2 

0.046930 

6.11 

0.924 

0.023 

1.32 

4.73 


9/2 

0.100000 

5.35 

0.535 


1.02 

4.28 


7/2 

0.150000 

4.71 



0.588 

4.12 
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J 

F 


</ + 1 ^ 

J 

J ^ 

J 

F + 1 ^F 

F <-F 

i 

I 

F ^F + 1 

or 

F + 1 ^F 

F <^F 

!) 

27/2 

0.107143 

14.3 

0.444 

0.007 


14.2 


25/2 

0 

12.9 

0.778 

0.017 

0.491 

12.3 


23/2 

-0.001275 

11.6 

1.01 

0.027 

0.859 

10.7 


21/2 

-0.085434 

10.4 

1.14 

0.036 

1.11 

9.22 


10/2 

-0.080532 

9.31 

1.18 

0.040 

1.25 

7.98 


17/2 

-0.053022 

8.31 

1.13 

0.037 

1.29 

6.95 


!5/2 

-0.012255 

7.41 

0.987 

0.028 

1.23 

6.11 


13/2 

0.038515 

6.50 

0.760 

0.014 

1.08 

5.46 


11/2 

0.003137 

5.88 

0.437 


0.831 

5.01 


9/2 

0.147059 

5.26 



0.478 

4.78 

10 

20/2 

0.108006 

13.9 

0.368 

0.005 


13.9 


21/2 

-0.003023 

12.7 

0.646 

0.012 

0.403 

12.2 


25/2 

-0.058102 

11.5 

0.839 

0.019 

0.707 

10.8 


23/2 

-0.084382 

10.5 

0.950 

0.025 

0.916 

9.48 


21/2 

-0.082180 

9.47 

0.984 

0.027 

1.04 

8.37 


10/2 

-0.058102 

8.56 

0.942 

0.025 

1.07 

7.43 


17/2 

-0.018307 

7.73 

0.820 

0.019 

1.03 

6.65 


15/2 

0.031041 

0.08 

0.635 

0.009 

0.898 

6.03 


13/2 

0.087710 

0.30 

0.364 


0.690 

6.58 


11/2 

0.144737 

5.71 

1 



0.396 

5.32 



1 1 

•j' 


0 

11/2 

0 

38.9 

33.3 

27.8 



1 

13/2 

0.05000 

26.7 

9.87 

2.35 


22.4 


11/2 

-0.12727 

13.5 

13.1 

6.82 

16.5 

0.466 


9/2 

-0.08273 

4.60 

9.85 

13.3 

16.4 

1 

1 

11.4 

2 

15/2 ; 

0.07143 

21.4 

4.66 

0.582 


20.1 

1 

13/2 

-0.07468 

14.4 

7.29 

1.65 

6.52 

7.20 


11/2 

-0.83117 

8.79 

8.09 

3.12 

9.62 

0.839 


9/2 

-0.00455 

4.55 

7.18 

4.94 

9.55 

0.701 


7/2 

0.11818 

1.60 

4.59 

7.14 

6.42 

6.91 

3 

17/2 

0.08333 

18.5 

2.70 

0.214 


18.0 


15/2 

-0.04545 

14.0 

4.48 

0.595 

3.47 

9.96 


13/2 

-0.08636 

1 

10.1 

5.45 

1.10 

5.62 

4.45 


11/2 

-0.06667 

6.92 

5.68 

1.68 

6.59 

1.20 


9/2 

-0.01000 

4.33 

5.26 

2.31 

6.49 

0.010 


7/2 

0.06364 

2.31 

4.23 

2.98 

5.40 

0.806 


5/2 

0.13788 

0.860 

2.58 

3.70 

3.32 

3.83 
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/ = 


{Continued) 



19/2 

17/2 

15/2 

13/2 

11/2 

9/2 

7/2 

5/2 

3/2 


S{IJ,F) 


0.09091 
0.02080 
0.07804 
0.08070 
0.05077 
0.00207 
0.05372 
0.10702 
0.15041 


F + 1 


10.7 

13.4 

10.5 
8.06 
5.94 
4.16 
2.09 
1.52 
0.013 


J + 1 



1.75 

3.00 

3.79 

4.18 

4.20 

3.92 

3.37 

2.59 

1.58 


F - 1 


0.098 



0.904 
1.18 
1.35 
1.45 
1.52 



4.84 
4.71 
4.17 
3.24 
1.93 


0.378 

0 

0.380 

1.78 


21/2 

19/2 

17/2 


13/2 

11/2 

9/2 

7/2 

5/2 

3/2 

1/2 


0.00015 
0.01399 
0.00935 
0.08322 
0.00748 
0.03203 
0.01224 
0.05944 
0.10208 
0.13700 
0.15909 


15.4 
12.9 
10.0 
8.04 
0.89 
5.37 
4.05 
2.94 
2.00 
1.22 
0.589 


1.23 
2.14 
2.70 
3 12 
3.25 
3.17 
2.92 
2.53 
2.02 
1.45 
0.926 


0.051 
0.138 
0.247 
0.303 
0.471 
0.556 
0.004 
0.599 
0.524 
0.350 


1.46 

2.51 
3.21 
3.58 
3.67 

3.51 
3.14 
2.00 
1.91 
1.09 


15.2 

11.2 
7.92 
5.33 
3.35 
1.91 
0.921 
0.321 
0.039 
0.027 
0.421 


23/2 

21/2 

19/2 

17/2 

15/2 

13/2 

11/2 

9/2 

7/2 

5/2 

3/2 

1/2 

25/2 

23/2 

21/2 

19/2 

17/2 

15/2 

13/2 

11/2 

9/2 

7/2 

5/2 

3/2 


0.10000 
0.00455 
0 00182 
0.08223 
0.07521 
0 04917 
0.01157 
0.03110 
0.07355 
0.11116 
0.14050 
0.15909 

0.10294 
0.00267 
0,05551 
0.08013 
0.07896 
0.05903 
0.02064 
0 01207 
0.05407 
0.09350 
0.12762 
0.15385 


14.4 

12.4 
10.0 

8.94 
7.47 
6 15 
5.00 
3.99 
3-11 
2.37 
1.70 
1.28 

13.7 

12.0 

10.5 
9.10 
7.83 
6.69 
5.66 
4.75 

3.95 
3.26 
2.08 
2.22 


0.911 
1.60 
2.09 
2.40 
2.53 
2.52 
2.38 
2. 13 
1.78 
1.34 
0.806 


0.701 
1.24 
1.03 
1 89 
2.02 
2.03 
1.94 
1.76 
1.48 
1.12 
0.655 


0.029 
0.079 
0. 139 
0.201 
0.250 
0.295 
0.311 
0.293 
0.235 
0.134 


0.018 

0.048 

0.084 

0.120 

0.151 

0.172 

0.170 

0.160 

0.123 

0.064 


1.05 

1.84 
2.39 
2.72 

2.85 
2.81 
2.02 
2.31 
1.88 
1.37 
0.783 


0.794 
1.40 
1.84 
2.11 
2.25 
2.25 
2.14 
1.92 
1.61 
1.20 
0.698 


14.3 
11.2 
8.00 
6.44 
4.69 
3.32 
2.26 
1.48 
0.938 
0.589 
0 407 
0.499 

13.7 

11.1 

8.98 

7.16 

5.64 

4.39 

3.39 
2.61 
2.03 
1.63 
1 43 
1 52 
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I — {Continued) 

J + 1 





10 


27/2 

25/2 

23/2 

21/2 

10/2 

17/2 

15/2 

13/2 

11/2 

9/2 

7/2 

5/2 

29/2 

27/2 

25/2 

23/2 

21/2 

19/2 

17/2 

15/2 

13/2 

11/2 

9/2 

7/2 

31/2 

29/2 

27/2 

25/2 

23/2 

21/2 

19/2 

17/2 

15/2 

13/2 

11/2 

9/2 


0.1052(3 
0.00837 
-0.05024 
■0.07775 
■0.08077 
-0.0G531 
■0.03684 
0.01297 
0.04019 
0.08072 
0.11818 
0.15000 

0.10714 
0.01299 
0.04580 
0.07540 
0.08155 
0.06952 
0.04412 
0.00970 
0.02983 
0.07105 
0.11096 
0.14706 

0.10870 

0.01680 

0.04202 

0.07320 

0.08178 

0.07245 

0.04951 

0.01690 

0.02182 

0.06348 

0.10526 

0.14474 



13.2 

11.7 

10.4 
9.19 
8.07 
7.06 
6.14 

5.32 
4.58 

3.94 

3.39 

2.94 

12.7 

11.5 

10.3 

9.23 

8.24 

7.33 

6.50 
5.75 
5.07 
4.47 

3.95 

3.51 

12.3 
11.2 
10.2 

9.24 
8.35 
7.53 
6.78 
6.08 
5.46 
4.89 

4.40 
3.07 


0.556 

0.989 

1.31 

1.52 

1.63 

1.66 

1.59 

1.45 

1.23 

0.927 

0.533 


0.452 

0.807 

1.07 

1.25 

1.35 

1.37 

1.32 

1.21 

1.02 

0.771 

0.439 


0.374 

0.670 

0.892 

1.04 

1.13 

1.15 

1.11 

1.02 

0.864 

0.649 

0.366 


T 

f 


0.012 
i31 
54 
0.076 
0.095 
0.106 
0.107 
0.095 
0.070 
0.035 


0.006 

0.015 

0.025 

0.035 

0.043 

0.047 

0.046 

0.040 

0.028 

0.013 


0.621 

1.10 

1.45 

1.69 

1.81 

1.82 

1.75 

1.58 

1.34 

1.01 

0.578 


0.410 

0.733 

0.974 

1.14 

1.23 

1.25 

1.21 

1.10 

0.935 

0.702 

0.397 


13.1 

11.0 

9.21 

7.64 

6.31 

5.19 

4.27 

3.53 

2.96 

2.56 

2.34 

2.36 


0.008 


12.7 

0.021 

0.499 

10.9 

0.036 

0.890 

9.33 

0.051 

1.18 

7.97 

0.063 

1.37 

6.80 

0.069 

1.48 

5.79 

0.069 

1.50 

4.95 

0.060 

1.44 

4.26 

0.043 

1.32 

3.71 

0.021 

1.11 

3.31 


0.837 

3.07 


0.477 

3.03 


12.3 

10.8 

9.40 

8.21 

7.16 

6.25 

5.47 

4.83 

4.31 

3.92 

3.66 

3.57 






APPENDIX II 


Second-order Energies Due to Nuclear Quadrupole Interactions 

in Linear Molecules and Symmetric Tops 


(enO)^ 

Entries in this table should be multiplied by — X 10“3 and added to the first- 

/)o 

order energy of nuclear quadrupole interaction obtained from use of Appendix I 
[cf. Eq. (6-9)]. Bo is the rotational constant. Values for / — and only are 
given since these spins are most commonly associated with large quadrupole coupling 
constants where second-order corrections are important. (This table was computed 
by N. M. McDermott.) 


J 

1 

F 

A' = 0 

A = 1 

A = 2 

A = 3 

0 

3/2 

-10.417 




1 

5/2 

mBi 

-9.469 




3/2 


-10.875 




1/2 

0 

-11.719 



2 

7/2 

-4.100 

-5.649 

-7.289 



5/2 

-2.187 

2.456 

-3.887 

1 


3/2 

10.417 

5.208 

-10.417 



1/2 

0 

11.719 

0 

1 

3 

9/2 

-3.086 

-3.852 

-5.382 

1 

-5.376 

1 

7/2 

-1.929 

0.217 

3.472 

-1.712 

1 

5/2 

6.000 

3.447 

-2.604 

-7.324 

1 

3/2 

2.250 

5.667 

10.417 

0 

4 

11/2 

-2.465 

-2.892 

-3.909 

-4.729 


9/2 

-1.690 

-0.594 

1.857 

3.155 


7/2 

4.100 

2.821 

-0.461 

-4.078 


5/2 

2.187 

3.566 

6.492 

7.324 

5 

13/2 

-2.048 

-2.308 

-2.980 

-3.738 


11/2 

-1.494 

-0.868 

0.716 

2.378 

1 

9/2 

3.086 

2.372 

0.444 



7/2 

1.929 

2.611 

4.278 

5.790 

6 

15/2 

-1.750 

' -1.920 

-2.378 

-2.970 


13/2 

-1.333 

-0.945 

0.097 

1.422 


11/2 

2.465 

2.029 

0.818 

-0.877 


9/2 

1.690 

2.075 

3.080 

4.263 
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/ = |- {Continued) 


J 

F 

a: = 0 

II 

II 

CO 

II 

7 

17/2 

-1.527 

-1.644 

-1.967 

-2.417 


15/2 

-1.202 

-0.945 

-0.233 

0.756 


13/2 

2.048 

1.764 

0.958 

-0.223 


11/2 

1.494 

1.731 

2.376 

3.227 

8 

19/2 

-1.353 

-1.437 

-1.673 

-2.016 


17/2 

-1.093 

-0.915 

-0.410 

0.327 


15/2 

1.750 

1.554 

0.993 

0.147 


13/2 

1.333 

1.490 

1.925 

2.538 

9 

21/2 

-1.215 : 

-1.262 

-1.440 

-1.706 


19/2 

-1.002 1 

-0.873 

-0.503 

0.054 


17/2 

1.527 

1.386 

0.981 

0.357 


15/2 

1.202 ; 

1 

1 

1.311 

1.617 

2.067 

10 

23/2 

1 

-1.102 

-1.149 

-1.285 

-1.492 


21/2 

-0.925 

-0.828 

-0.550 

-0.122 


19/2 

1.353 

1.253 

0.948 

0.476 


17/2 

1.093 

1.172 

1.396 

1.733 

7 _ 5 
/ = -J 

0 

5/2 

-5.833 

1 

1 




1 

7/2 

1 

-2.893 

-6.417 

1 



5/2 

- 2.083 

-3.639 

1 



1 

1 

3/2 

-0.540 

-8.235 



2 

9/2 

-1.804 

-3.140 

f 

-4.844 



7/2 

- 1.804 

2,686 1 

-0.826 



5/2 

4.948 

0.066 

-3.985 



3/2 

-0 197 

5.699 

-5.112 



1/2 

0 

-0.833 

-2.083 


3 

11/2 

-1.277 

-1.911 

-3.242 

-3.557 


9/2 

-1.477 

0.301 

3.140 

-0.442 


7/2 

2.000 

0.786 

-1.667 

-1.797 


5/2 

1.807 

1.750 

0.764 

-3.593 


3/2 

0.540 

1.744 

2.681 

-2.788 


1/2 

0 

0.833 

2.083 

0 

4 

13/2 

-0.975 

-1.319 

-2.160 

-2.923 


11/2 

-1.229 

-0.404 

1.453 

2.495 


9/2 

0.976 

0.613 

-0.280 

-1.114 


7/2 

1.508 

1.201 

0.330 

-0.960 


5/2 

0.886 

1.200 

1.735 

1.266 


3/2 

0.197 

0.792 

2.091 

2.637 
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F 

o 

II 

K = 1 

11 

to 

- 3 

15/2 

-0.783 

-0.989 

-1.529 

-2.169 

13/2 

-1.045 

-0.607 

0.503 

1.671 

11/2 

0.523 

0.399 

0.071 

-0.341 

9/2 

1.184 

0.964 

0.356 

-0.482 

7/2 , 

0.893 

0.966 

1.093 

1.004 

5/2 1 

0.276 

0.623 

1 

1.486 

2.327 

17/2 ' 

-0.652 

4 

! -0.784 

-1.146 

-1.626 

15/2 

-0.905 

-0.648 

0.041 

0.915 

13/2 j 

0.290 

i 0.247 

0.126 

-0.045 

11 /2 

0.947 

j 

! 0.802 

; 0.396 

-0.184 

9/2 

0.828 

! 0.832 

0.820 

0.723 

7/2 

1 

1 

! 0.296 

1 

1 

i 0.508 

1 

1.069 

1.753 

19/2 

-0.557 

-0.647 

-0.898 

-1.255 

17/2 

-0.797 

-0.634 

-0.185 

0.438 

15/2 

0, 158 

0. 145 

0.106 

0.046 

13/2 

0.777 

0.680 

0.405 

-0.002 

11/2 

0.754 

0.738 

0.685 

0.575 

9/2 

0.293 

0.431 

0.807 

1.315 

21/2 

-0.485 

-0.549 

-0.730 

-0.998 

19/2 

-0.711 

-0 603 

-0.296 1 

0.151 

17/2 

0.079 

0.077 

0.071 

0.061 


15/2 

13/2 

11/2 

23/2 

21/2 

l!)/2 

17/2 

15/2 

13/2 

25/2 

23/2 

21/2 

19/2 

17/2 

15/2 


0.052 

0.085 

0.282 

0.420 
0.642 
0.029 
0.558 
0.625 
0.268 

0.384 

0.584 

0.004 

0.486 

0.573 

0.253 


0.585 

0.605 

0.370 

0.470 
0.506 
0 . 031 
0.511 
0.600 
0.334 

0.420 

0.529 

0.000 

0.451 

0.556 

0.302 


0.393 

0.004 

0.637 

■ 0.012 
■0.348 
0.039 
0.373 
0.548 
0.523 

0.523 
0.309 
0.013 
0.349 
0.505 
0.442 


0 . 102 
0.497 
1.012 

-0.815 

■ 0.021 

0.050 

0.160 

0.452 

0.802 

0.681 

0.125 

0.033 

0.190 

0.421 

0.654 
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I — i 


J 

F 

o 

II 

K = 1 

1! 

K = Z 

0 

1 

2 

7!2 

9/2 

7/2 

5/2 

11/2 

-4.464 

-2.020 

-1.804 

-0.650 

-1.184 

1 

1 

-5.030 
-2.159 
-6.416 

1 

1 

-2.369 

-3.890 


3 

9/2 

7/2 

5/2 

3/2 

13/2 

-1.455 

3.483 

-0.409 

-0.084 

-0.802 

2.462 

-0.530 

2.095 

-1.209 

-1.349 

-0.637 

-2.079 

-9.028 

-2.882 

-2.514 

-2.861 


11/2 

-1.127 

0.301 

2.532 

-0.595 


9/2 

1.090 

0.429 

-0.852 

-0.649 


7/2 

1.272 

0.937 

-0.122 

-2.062 


5/2 

0.454 

3.167 

6.709 I 

-2.720 


3/2 

-0.039 

0.642 

2.346 

-2.047 


1/2 

0.000 

-0.149 

-0.478 

-0.628 

4 

15/2 

-0.592 

-0.884 

-1.601 

-2.271 


13/2 

-0.902 

-0.281 

1.101 

1.803 


11/2 

0.359 

0.269 

i -0.016 

1 

-0.198 


9/2 

0.913 

0.633 

-0.070 

1 

-0.845 
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0.737 
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-0.016 
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1.101 

0.838 


3/2 

0.084 

0.370 

2.320 

0.973 


1/2 
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0.628 

1 

5 
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-0.463 

-0.635 
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1 
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-0.432 
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1.157 
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0.171 
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-0.391 


9/2 
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-0.018 
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0.644 


5/2 
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0.735 

1.018 


3/2 
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1.074 

6 

19/2 

-0.377 

-0.486 
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-1.187 


17/2 

-0.630 
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0.596 
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-0.014 
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0.207 


13/2 

0.420 
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0.142 

-0.137 


11/2 

0.561 
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0.001 


9/2 

0.454 

0.462 

0.468 

0.418 


7/2 

0.252 
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0.538 

0.754 


5/2 

0.067 

0.181 

0.483 

0.854 
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= ^ {Continued) 


K = 0 


K = 1 


A' = 2 


A - 3 


21/2 

19/2 

17/2 

15/2 

13/2 

11/2 

9/2 

7/2 

23/2 

21/2 

19/2 

17/2 

15/2 

13/2 

11/2 

9/2 

25/2 

23/2 

21/2 

19/2 

17/2 

15/2 

13/2 

11/2 

27/2 

25/2 

23/2 

21/2 

19/2 

17/2 

15/2 

13/2 


-0.317 

-0.544 

- 0.111 

0.297 

0.471 

0.427 

0.266 

0.081 

-0.272 

-0.478 

-0.140 

0.215 

0.397 

0.393 

0.265 

0.088 

-0.238 
-0.426 
-0.153 
0.159 
0.340 
0.360 
0.256 
0.090 

- 0.211 

-0.383 

-0.158 

0.119 

0.294 

0.330 

0.246 

0.090 


0.391 
0.438 
0.076 
0.257 
0.421 
0.417 
0.309 
0.162 

0.324 
■0.409 
- 0.112 
0 193 
0.361 
0.379 
0.288 
0.145 

-0.276 
-0.379 
-0.130 
0.146 
0.313 
0.346 
0.269 
0.132 

-0.239 

-0.350 

-0.140 

0.111 

0.275 

0.317 

0.254 

0.121 


0.597 
0.144 
0.020 
0.145 
0.278 
0.382 
0.422 
0.382 

0.472 

0.216 

•0.030 

0.129 

0.256 

0.335 

0.351 

0.306 

-0.385 

-0.246 

-0.065 

0.108 

0.236 

0.303 

0.305 

0.252 

-0.322 

-0.255 

-0.086 

0.088 

0.217 

0.280 

0.274 

0.212 


0.891 
0.258 
0.152 
0.018 
0.061 
0.310 
0.558 
0.680 

0.690 
0.065 
0.089 
0.033 
0.096 
0.260 
0.433 
0.537 

-0.550 

-0.046 

0.036 

0.050 

0.117 

0.234 

0.354 

0.430 

-0.449 
- 0.110 
-0.004 
0.053 
0.127 
0.219 
0.303 
0.351 



APPENDIX III 


Coefficients for Energy Levels of a Slightly Asymmetric Top 


Rotational energy is given by 

uj - + Cib 4- C 262 -f- Czb^ + Cib^ 4- C^b^ 4- 


B ^ C 

For a prolate top, energy ^ W — —s— J(J 4- 1) 4“ 




IS 4- C 


6 = 6p = 


C - B 
2A - B - C 


A B 

For an oblate top, energy = W = -^— J(J 4- 1) 4- 




A B 


b = bo = 


A - B 
2C - B - A 


Where the first few constants K, Ci, C 2 . . . are identical for pairs of degenerate 
levels, they are usually listed for only the first of the two levels. (Ci, C 2 , and C 3 
were computed by J. F. Lotspcich; Ci and Cs by J. Kraitchman and N. Solimene.) 


Level des¬ 
ignation 


Pro- Ob¬ 
late late 
top top 


^ Cl 



0o,o 

li,o 

11.1 

10.1 

22.0 

22.1 

21.1 

21.2 

20.2 

33,0 

33.1 

32.1 

32.2 

31.2 

31.3 

30.3 


Oo.o 
lo. 1 

11.1 
ll.o 

20.2 

21.2 

21.1 

22.1 
22.0 

30.3 

3],3 

31.2 

32.2 

32.1 

33.1 
33.0 




3 

0 

0 

0 

-3 

1.875 

1.875 

15 

0 

-1.875 

-1.875 

-15 


1.40625 
1.40625 
0 
0 

1.40625 
1.40625 

0 


-2.25 

0 

0 

0 

2.25 

0.615234 

0.615234 

-56.25 

0 

-0.615234 

-0.615234 

56.25 


0.197754 

0.197754 

0 

0 

0.197754 

0.197754 

0 


522 









App. Ill] ENERGY LEVELS OF A SLIGHTLY ASYMMETRIC TOP 


523 


Level des¬ 
ignation 


Pro¬ 
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Ob¬ 
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top 

44.0 
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4i.4 

43,1 
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64.2 

65.2 
66,1 
Ge.i 
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70.7 

71.7 

71.6 

72.6 

72.6 

73.6 
7j,4 
74.4 

I 74.3 


25 ! 


36 


25 


0 

0 

0 

0 

21 

21 

0 


36 


25 I 


2.33333 

7.875 
7.875 
42.6667 
-2.33333 
-7.875 
-7.875 
-45 

2.8125 


-9.84375 

9.84375 

0 

0 

9.84375’ 

-9.84375 

0 


39.375 

39.375 

0 

0 

39.375 

39.375 

0 


18.1875 

18.1875 

96 

-9 

-21 

-21 

-105 

3.3. 

10.3125 

19.2 

34.6875 

34.6875 

187.5 

-22.5 

-45 

-45 

-210 

3.79166 

11.7 

20.95834 
34.13334 


59.625 -295.313 


118.125 

118.125 

0 

0 

118.125 

118.125 

0 


1.73380 
-0.453704 
4.55273 
4.55273 
-488.296 
0.453704 
-4.55273 
-4.55273 
486.563 

0.736084 
0.736084 
12.9375 
-6.75 
22.8890 
22.8890 
-2592 
6.75 
-23.625 
-23.625 
2579.06 

.847688 

.847688 
3.02124 
3.02124 
59.2695 
-39.168 
92.6038 
92.6038 
-10199.2 
38.3203 
-95.625 
-95.625 
10139.06 

0.965032 

3.21019 

7.77481 
7.77481 
210.599 
-150.338 
308.985 


0 

0 

13.6890 

-13.6890 

0 

0 

-13.6890 

13.6890 

0 

-0.769043 

0.769043 

0 

0 

150.886 

-150.886 

0 

0 

-150.117 

150.117 

0 


-8.45947 
8.45947 
0 
0 

950.999 

-950.999 

0 

0 

-942.539 
942.539 
0 


-50.7568 

50.7568 

0 

0 

4355.86 
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Level des¬ 
ignation 


Pro¬ 

late 

top 

12i2.o 

1212.1 
12n,i 

1211.2 

1210.2 

1 2i0,3 

1 29,3 

129.4 

128.4 
128,( 

127.5 

127.6 

126.6 

126.7 

1 26,7 

125.8 
1 24,8 

124.9 

123.9 
1 23 .10 

122.10 
122.11 
12i, 11 
12],12 
12o.12 


Ob¬ 

late 

top 


Cl 


120.12 144 

121.12 

12i.,i 121 
122,11 
122,10 100 
123.10 

123.9 81 

124.9 

124.8 64 

126.8 

126.7 49 

126.7 

126.6 30 

127.6 

127.6 25 

1 28,6 

128.4 10 
129.4 

129.3 9 

1210.3 9 

1210.2 4 

1211.2 4 

121.. , 1 

1212., 1 

1 2 I 2.0 0 


0 

0 

0 

0 

78 

78 

0 


6.27272 
18.975 
32.2273 
40.050 
03.2857 
84 

112.414 

150.375 

235.8 

415.875 
415.875 
2553 
-450 
-721.875 
-721.875 
- 3003 


70.38.28 

7038.28 
0 

0 

7038.28 

7038.28 

0 


c. 


APPENDIX IV 


Energy Levels of a Rigid Rotor 


Energy (in cyclcs/sec) = W/h — ^{A C)J{J + 1) + ^{A — C)Ej. 

Er is tabulated as a function of the rotational level J (or Jr) and of the asym- 

2B - A - C 

metry parameter k =---——• 

A — C 


Values for positive k only are tabulated, since those for negative k can be obtained 
from the relation E^iK) = ——«). For further explanation see Chap. 4. 

This table was reproduced with the permission of the Ballistics Research Labora¬ 
tories, Aberdeen, Md., from Ballistics Research Laboratories Report No. 878 (Septem¬ 
ber, 1953), by T. E. Turner, B. L. Hicks, and G. Reitwiesner. It was prepared for 
reproduction by S. Poley with the aid of an IBM card-controlled typewriter at the 
Watson Scientific Computing Laboratory. 

Tables of E^ for J up to 40 and values of k = 0, 0.1, 0.2, 0.3, . . . 1.0 are given by 
G. Erlandsson, Archiv for Fysik, to be published. 
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APPENDIX V 


Transition Strengths for Rotational Transitions 


Intensity of a transition between rotational levels Jki and is proportional to 

Here nx is the dipole moment along one of the principal axes of inertia {x — a, 6, or c), 

and jS is the quantity tabulated here as a function of initial and final state and of the 

asymmetry parameter k. The axis along which a dipole moment is required to produce 

a given transition is indicated by a superscript to the left of the subbranch designation. 

Thus '■Qio indicates a Q branch {Sj — 0) with a change in K-\ of 1, a change in Ki 

of 0, and that a dipole moment /Xc along the c axis is required for the transition. For 

further discussion see Chap. 4. (Tables in this appendix are taken from Cross, 
llainer, and King [122].) 
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APPENDIX VI 


Molecular Constants Involved in Microwave Spectra 


In accordance with accepted practice, molecules are listed alphabetically according 
to their empirical formulas by the following procedures: 

1. Symbols for the elements in the empirical formula for a molecule are in alpha¬ 
betical order except that within a molecular formula: 

o. C for carbon precedes all other symbols. This groups all organic compounds 
together. 

6. In organic compounds, H precedes all otlier symbols except C. 

c. D (for deuterium) is regarded for purposes of listing as 

2. All molecules with formulas of the form X^Y precede those of the form X„+iYZ, 
etc. 

To aid in identification, in some cases the usual chemical formula or the name of a 
compound is given in parentheses. The more abundant isotopic species of molecules 
are usually listed before those which are less abundant. 

The table lists molecular constants which determine or arc determined by micro- 
wave spectra. These include rotational constants A, B, and C (r/. pages 5 and 
83), centrifugal stretching constants D, (e/. pages 9 and 25) or Dj and Djk (page 
78), rotation-vibration constants a (pages 9 and 25), and /-type doubling con¬ 
stants (pages 33 and 79). Vibrational frequencies wi, u) 2 , etc., usually obtained 
from infrared spectra, are listed in the better known or more important cases since 
they affect the relative intensities of excited state lines. Quadrupole coupling con- 

d^V d^V d^V 

stants eqQ (page 150) or eQ eQ and eQ ^ (pages 159 to 162), are listed for 

each nucleus in the molecule. The molecular dipole moment /n, or its components 
Ma, Mb, and Me along principal axes, is also given. In the column labeled ^‘Remarks,” 
a number of less frequently measured molecular constants may be found for cases 
where they are known. These include magnetic hyperfine constants (pages 216 and 
220), molecular g factors (pages 292 to 296), line-width parameters A./ (page 343), 
and others. ’ 

References are usually given adjacent to each molecular constant. In the case of 
dipole moments which are listed by Wesson (336a] and which have not been measured 
by microwave techniques, no reference is given. Similarly references are omitted for 
vibrational frequencies which are given in one of Herzberg’s volumes on molecular 
spectra ((130) or [471]) and which have not been measured by microwave techniques. 

Most of this table has been compiled by Mr, G. C. Dousmanis. 
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APPENDIX Vn 


Properties of the Stable Nuclei 
(Abundance, Mass, and Moments) 


Relative abundances of isotopes are taken from the table of Hollander, Perlman, 
and Seaborg [813]. Masses are principally those listed by E. Segre [Experimental 
Nuclear Physics, Vol. I, John Wiley & Sons, Inc., (1953)] supplemented by more 
recent work. For isotopes with masses which have not been accurately measured, 
calculated values are given based on the semiempirical formula of Green and Engler 
[A. E. S. Green and N. Engler, Phys. Rev., 91, 40 (1953)]. These are given only to 
three decimal places. The basic compilations of nuclear moment data used are those 
of Poss (H. L, Poss, Brookhaven National Laboratories report (Oct. 1, 1949)], Mack 
(J. E. Mack, Rev. Mod. Phys. 22, 64 (1952)] and Walchli [H. E. Walchli, Oak Ridge 
National Laboratory report ORNL —1469, (Apr. 1, 1953)] with the addition of some 
recent results not included in the above tables. 

The nuclear magnetic moment values have not been corrected for the effects of 
atomic or molecular diamagnetism. These diamagnetic effects increase with increas¬ 
ing Z from about O.Ol per cent to somewhat more than 1 per cent (see Walchli, ibid.). 
Quadrupole moments have been corrected for screening by inner electron shells 
[539], [749], [979]. 
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Atomic 

number 

Ele¬ 

ment 

Mass 

num¬ 

ber 

Atomic 
mass in 
atomic 
mass units 

Abundance, 
per cent 

Spin 

Magnetic 

moment. 

nuclear 

magnetom 

Quadrupol 

moment 

X10« cm 

e Ratio of 

quadrupole 
^ momenta 

1 

H 

1 


99.9851 

1 

2 

+ 2.79267( 

3 




2 


0.0149 

1 

-f 0.85739: 

2 +0.002731 

3 

2 

He 

3 


1.3 X 10-* 

k 

-2.12741 





4 


99.9999 

0 




3 

Li 

6 


7.52 

1 

+ 0.82193 





7 


92.48 

1 

+3.25598 


Qt/Qi = 1.9 X 10-» 

4 

Bo 

9 


100 

2 

-1.1772 

±0.02 


5 

B 

10 


18.98-18.45 

3 

+1.8004 

+ 0.086 

Qio/Qii “ 2.084 



11 


81.02-81.55 

tm 

+ 2.68798 

+ 0.042 

G 

C 

12 


98.892 

0 






13 


1.108 

\ 

2 

+ 0.7021 



7 

N 

14 


99.635 

1 

+0.4036 

+ 0.02 


1 


15 


0.365 

1 

5 

-0.2830 



8 

O 

16 


99.758 

0 






17 


0.0373 

5 

2 

-1.89295 

-0.005 




18 


0.2039 

0 




9 

F 



100 

i 

+ 2.62728 



10 

Ne 1 



90.92 

0 








0.257 







22 


8.82 

0 




11 

Na 

23 


100 

8 

2 

+ 2.2161 

+0.10 


12 

Me 

24 

23.992696 

78.60 

1 






25 

24.993815 

10.11 

5 

2 

- 0.8547 





2G 


11.29 





13 

A1 

27 


100 

5 

2 

+ 3.63853 

+0.150 


14 

Si 

28 

27.985837 

92.27 

0 






29 

28.985719 

4.68 

X 

2 

(-)0.5547 






29 983313 

3.05 

0 




15 

P 

‘ 31 1 


100 

1 

2 

+ 1.1305 



16 

S 

32 

31,982236 

95.02 

0 






1 33 


0.75 

3 

2 

+ 0.6427 

-0.067 




34 


4.22 





17 

Cl 

35 


75.4 

a 

2 

+ 0.82086 

-0.085 

Qti/Qi7 — 1.2688 



37 


^.6 

1 

+ 0.68330 

-0.067 


18 

A 

36 


0.337 






1 

38 


0.063 






1 

40 

39.97502 

99.600 





19 

K 

39 


93.08 

! 

+ 0,39094 


Qt»/Qii =« 1.220 



40 

39.97658 

0 0119 

4 

-1.2964 





41 


6.91 

•i 

+ 0.21506 



20 

Ca 

40 

39.97534 

96.97 

0 






42 


0.64 







43 

42.97237 

0.145 

7 

2 

-1.3160 





44 


2.06 







46 


0.0033 







48 

47.96763 

0.185 





21 

Sc 

45 


100 

7 

? 

+4.7491 



22 

Ti 

46 

45.96697 

7.95 







47 

46.96668 

7.75 

R 

2 

-0.78710 





48 

47.96317 

73.45 







49 


5.51 

7 

2 

-1.1022 





50 


5.34 





23 

V 

50 


0.24 

6 

+3.3413 





51 


99.76 

7 

2 

+5.138 

±0.3 


24 

Cr 

50 


4.31 







52 


83.76 







53 

52.95772 ! 

9.55 

I 

-0.47354 





54 

53.9563 ; 

2.38 
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Atomic 

Dumber 

Ele¬ 

ment 

Mass 

num¬ 

ber 

Atomic 
mass in 
atomic 
mass units 

Abundance, 
per cent 

Spin 

Magnetic 

moment, 

nuclear 

magnetons 

Quadrupok 

moment 

X10» cm* 

i Ratio of 

quadrupole 
moments 

25 

Mn 

55 

54.95581 

100 

ft 

2 

+3.4611 

+ 0.4 


26 

Fe 

54 

53.95704 

5.84 







56 

55.95272 

91.68 







57 

56.95359 

2.17 





1 


58 

57.9520 

0.31 





27 

Co 

59 

58.95182 

100 

7 

2 

+4.6389 

+ 0.6 


28 

Ni 

58 

57.95345 

67.76 







60 

59.94901 

26.16 







61 

60.94907 

1.25 







62 

61.94681 

3.06 







64 

63.04755 

1.16 





29 

1 

Cu 

63 

62.04926 

69.1 

1 

+ 2.2213 

-0.16 

Qu/Qh “ 1.0806 



65 

64.94835 

30 9 

1 

+ 2,3790 

-0.14 

30 

Zn 

64 

63.94955 

48.89 







66 

65.94722 

27.81 







67 

66.94815 

4.11 

S 

+ 0.8735 





68 

67.94686 

18.56 







70 

69.94779 

0.62 





31 

Ga 

1 

68.94778 

60.2 

f 

+2.0108 

+ 0.24 




71 

70.94752 

39.8 


+2.5549 

+0.15 

Qit/Qii == 1.5867 

32 

Ge 

70 

60.94637 

20.55 

0 






72 

71.94462 

27.37 

0 






73 

72.04669 

7.67 

(• 

5 

-0.87680 

-0.22 




74 

73.94460 

36.74 

0 






76 

75.94559 , 

7.67 1 

0 




33 

Aa 

75 

74.94570 

100 


+ 1.43491 

+0.3 


34 

Se , 

74 

73.94620 

0.87 

0 





1 

1 

76 

75.94357 

9.02 

0 






77 

76.94459 

7.58 

h 

+0.53248 





78 

77.94232 

23.52 

0 






80 

79.94205 

49.82 

0 






82 

81.94285 

9.19 

1 




35 

Br 

79 

78.94365 

50.52 

ft 

2 

+ 2.0990 

+ 0.33 




81 

80.94232 

49.48 

s 

s 

+ 2.2626 

+ 0.28 

Qit/Qti = 1.19707 

36 

Kr 

78 

77.94513 

0.354 







80 

79.94194 

2.27 







82 

81.93967 

11.56 

0 

1 





83 

82.94059 

11.55 

9 

5 

-0.966 

+0.16 




84 

83.03836 

56.90 

0 






86 

85.93828 

17.37 

0 




37 

Rb 

85 

84.93920 

72.15 

i 

+ 1.3482 

+ 2.8 




87 


27.85 

1 

+2.7414 

+ 1.4 

Qbt/Qbi =■ 2.07 

38 

Sr 

84 

83.04011 

0.56 







86 

85.93684 

9.86 

0 






87 

86.93677 

7.02 

1 

-1.0892 





88 

87.03408 

82.56 

0 




39 

Y 

89 

88.93421 

100 

h 

-0.136825 



40 

Zr 

90 

89.93311 

51.46 







91 

90.934 

11.23 

5 

+ 1.3 




1 

92 

91 933 

17.11 






j 

94 

93.934 

17.40 







96 

95.936 

2.80 





41 

Nb 

93 

92.93540 

100 

1 

+6.1435 



42 

Mo 

92 

91.935 

15.86 

0 






94 

03.93522 

9.12 

0 






95 

94.936 

15.70 


-0.9290 





96 

95.93558 

10.50 







97 


9.45 

1 

-0.9485 





98 

97.937 

23.75 

0 





1 

100 

99.93829 ' 

9.62 

EH 
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Atomic 

number 


Ele¬ 

ment 


Mass 

num¬ 

ber 


Atomic 

mass in Abundance, 


atomic 
mass units 


per cent 


Spin 


Magnetic 

moment. 

nuclear 

magnetons 


Quadrupole 
moment 
X10« cm* 


Ratio of 
quadrupole 
moments 


Ru 


Rh 

Pd 


Ag 


Cd 


Te 


I 

Xe 


96 95.941 5.68 

98 97.9363 2.22 

99 98.938 12.81 

100 99.9378 12.70 

101 100.937 16.98 

102 101.936 31.34 

104 103.937 18.27 

103 102.937 100 

102 101.939 0.8 

104 103.93690 9.3 

105 104.938 22.6 

106 105.936 27.2 

108 107.93690 26.8 

110 109.94098 13.5 

107 106.937 51.35 

109 108.937 48.65 

106 105.943 1.215 

108 107.940 0.875 

no 109.93911 12.39 

111 110.941 12.75 

112 111.93999 24.07 

113 112.94206 12.26 

114 113.94013 28.86 

116 115.94212 7.58 

113 112.942 4.23 

115 114.94207 95.77 

112 111.944 0.95 

114 113.94109 0.65 

115 114.94154 0.34 

116 115.93806 14.24 

117 116.94171 7.57 

118 117.938 24.01 

119 118.940 8.58 

120 119.93904 32.97 

122 121.94260 4.71 

124 123.945 5.98 

121 120.942 57.25 

123 122.944 42.75 

120 119.940 0.089 

122 121.9391 2.46 

123 122.9422 0.87 

124 123.9393 4.61 

125 124.9427 6.99 

126 125.9417 18.71 

128 127.9438 31.79 

130 129.9475 34.49 

127 126.946 100 

124 123.944 0.096 

126 125.943 0.090 

128 127.944 1.919 

129 128.94533 26.44 

130 129.945 4.08 

131 130.947 21.18 

132 131.94618 26.89 

134 133.94804 10.44 

136 135.95046 8.87 

133 132.948 100 


5 (-)O.ll 


- 0.6 


5 -0.11303 

J -0.12994 


h -0.59216 


5 -0.61947 


-1-5.4962 -fl.18 

4-5.5074 4-1.20 


Qin/Qut = 1.0146 


-0.91320 


-0.9949 


-1.0409 


I 4-3.3416 
I 4-2.5334 

J -0.7319 
^ -0.8825 


-1.3 

- 1.8 


Qitz/Qiu ■= 1.27475 


4-2.7938 -0.61 


\ -0.77244 


4-0.704 


- 0.12 


I 4-2.5642 -0.03 
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Atomic Ele- 


56 


67 


58 


62 


Ba 


La 


Ce 


Sin 


Mass 

num¬ 

ber 

Atomic 
moss in 
atomic 
mass units 

Abundance 
per cent 

Spin 

IT 

tmm 

129.943 




132 

131.942 




134 

133.944 

2.42 



135 

134.945 

6.59 

a 

2 

-f 

136 

135.946 

7.81 



137 

136.948 

11.32 


4 

138 

137.9498 

71.66 



138 

137.947 

0.089 

5 

4 

139 

138.949 

99.911 

T 

A 

4 

136 

135.946 

0.193 



138 

137.947 

0.250 



tmem 

139.9488 

88.48 



142 

141.9528 

11.07 



141 

140.9509 

100 

6 

2 

+ 

142 

141.959 

27.13 



143 

142.956 

12.20 

7 

2 


144 

143.9562 

23.87 



145 

144.959 

8.30 

1 


146 

145.959 

17.18 



148 

147.9042 

5.72 



imm 

149.9676 

5.60 



144 

143.9567 
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14.31 


+0 
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16.13 

6 

2 

-0 
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Atomic 

number 

Ele¬ 

ment 

Mass 

num¬ 

ber 

Atomic 
mass in 
atomic 
mass units 

Abun( 

per 

71 

Lu 

175 

174.993 

97.40 



176 

175.995 

2.60 

72 

Hf 

174 

173.992 

0.18 



176 

175.9957 

5.15 



177 

176.998 

18.39 



178 

177.9988 

27.08 



179 

179.002 

13.78 



180 

180.0031 

35.44 

73 

Ta 

181 

180.999 

100 

74 

W 

180 

180.001 

0.135 



182 

182.0041 

26.4 



183 

183.0066 

14.4 



184 

184.0074 

30.6 



186 

186.010 

28.4 

75 

Re 

185 

185.009 

37.07 



187 

187.012 

62.93 

76 

Os 

184 

184.010 

0.018 



186 

186.012 

1.59 



187 

187.014 

1.64 
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188.0157 

13.3 



189 

189.017 

16.1 
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190.0174 

26.4 



192 

192.0225 

41.0 

77 

Ir 

191 

191.020 

38.5 



193 

193.024 

61.5 

78 

Ft 

190 

190.018 

0.012 


1 

192 

192.021 

0.78 


1 

1 

194 

194.0241 

32.8 



195 

195.0265 

33.7 



196 

196.0267 

25.4 



198 

198,0327 

7.23 

79 

Au 

197 

197.030 

100 

SO 

Hg 

196 

196.029 

0.146 



198 

198.032 

10.02 



199 

199.034 

16.84 



200 

200.036 

23.13 



201 

201.038 

13.22 



202 

202.040 

29.80 



204 

204.045 

6.85 

81 

T1 

203 

203.03499 

29.50 



205 

205.03792 

70.50 

82 

Pb 

204 

204.0363 

1.48 



206 

206.0388 

23.6 



207 

207.0405 

22.6 



208 

208.0416 

52.3 

S3 

Bi 

209 

209.0446 

100 

90 

Th 

232 

232.11034 

100 

92 

U 

234 

234.11379 

0.0058 



235 

235.11704 

0.715 



238 

238.12493 

99.28 
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n 
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5 
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Ratio of 
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+7 
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+2.7 
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0.17 
+ 0.17 
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+ 0.14 
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I -0.607 

^ +1.5960 
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SUBJECT INDEX 


In addition to subject headings, this index contains the more important symbols 
used and all molecules mentioned in the text and tables. Molecules are listed alpha¬ 
betically according to their empirical formulas by the following procedures: 

1. All empirical formulas beginning with a given letter are listed at the end of the 
alphabetical section for that letter. 

2. Symbols for the elements in the empirical formula for a molecule are in alpha¬ 
betical order except that within a molecular formula: 

a. C for carbon precedes all other symbols. This groups organic compounds 
together. 

b. In organic compounds, 11 precedes all other symbols except C. 

c. Isotopes are not distinguished, so that D (for deuterium) is regarded as H for 
purposes of listing. 

3. All molecules with formulas of the form X„Y precede those of the form Xn+iYZ, 
etc. 

To aid in identification, in some cases the usual chemical formula or the name of a 
compound is given in parentheses. The names are not usually given separate entries. 

Greek letters are listed as if spelled out. 


A (argon), 364-366 

A, rotational constant, 48, 50, 83, 613- 
642 

Absorption cells, high temperature, 443- 
445 

oiitgassing, 498 

for reactive materials, 447, 448, 498 
resonant cavity, 435-439, 498 
Stark modulation, 264-266, 418 419 
498 

untuned cavity, 439-441 
waveguide, 264, 266, 411-415, 424 
443-446, 462, 463, 497, 498 
for analysis, 497, 498 

reflections in, 415, 445, 446, 496, 497 
windows, 444, 447 
Zeeman modulation, 424 
Absorption intensity (see Intensity of 
absorption) 

Abundance of isotopes, 495, 643-648 
Accidentally symmetric rotor, 49. 50 52 
92, 155 ’ ’ 

Alkali atom energy levels, 119, 120 
a, attenuation, 412-414, 436, 437 440 
441, 445, 446 

minimum detectable, 412-415, 437 


a, fine-structure constant, 123 
at, diatomic molecule, 9-16, 613-642 
a», linear molecule, 25-30, 33, 39-42, 45- 
47, 613-642 

symmetric-top, 79, 613-642 
Ammonia (NH3) (see H3N) 
absorption-frequencies table, 311, 312 
Amplifiers, lock-in, 421-424 
modulation-frequency, 420-424 
Analysis, chemical, 486-498 
equipment, 497, 498 
qualitative, 488-492 
quantitative, 492-497 
Anharmonicity of potential, 15, 16. 27- 
29, 107 

Astronomical sources of microwaves 146- 
148, 448-450 

Asymmetric rotor, centrifugal distortion. 
105-109 

energy levels, 83-92, 522-556 
hindered torsional motions, 324-335 
intensities and selection rules, 92-102 
557-612 

inversion, 314-315 
matrix elements, 92-102 
quadrupole coupling, 241-245 
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Asymmetric rotor, quadrupole hyperfine 
structure, 159-164 

slightly asymmetric, 83-89, 522-526 
Stark effect, 254, 255, 257, 259-261 
wave functions, 93-96 
Zeeman effect, 293-296 
Atomic clocks, 466, 477-485 
Atoms, fine structure, 120-124, 126-130 
hyperfine structure, 126, 130-148 
masses, 643-648 

microwave absorption by, 127, 130 
selection rules and intensities, 118, 124- 
126, 128, 129, 145-148 
Attenuation, units, 384 
waveguide, 383-385 
Attenuators, waveguide, 397-401, 463 
A (argon), 364-366 
AsCb, 53, 173, 242, 614 
AsFa, 52, 53, 79, 614 
AsHs, 53, 242, 307, 614 


B, rotational constant, 2, 9-18, 48, 50, 83, 
613-642 

Be, diatomic molecule, 9-18 
linear molecule, 25-30, 33, 38, 39, 41, 
44, 45 

ho, 84 
bp, 84 

Backward wave tubes, 405, 406, 452-454 
Bibliography, 649-682 
Bohr magneton, 120 
Bolometers, 409, 410, 439, 440 
Bond angle, effects of hybridization, 237, 
238 

Born-Oppenheimer approximation, 5 , 

174 

Boundary conditions, diatomic molecule, 
8 

Breit-Rabi equation, 144 
Bridge, microwave, 425-427, 429 
BF 3 , 65, 69 
B 2 BrH 6 , no, 614 
B5H9, 59, 614 
BrCl, 236, 615 
BrCs (CsBr), 14, 615 
BrF, 13, 14, 236, 615 
BrFaSi (SiFaBr), 55, 615 
BrGeHa (GeHaBr), 55, 615 
BrH (HBr), 236 
BrHaSi (SiHsBr), 55, 615 
BrK (KBr), 14, 236, 615 
BrLi (LiBr), 14, 236, 615, 616 
BrNa (NaBr), 14, 236, 616 
BrRb (RbBr), 14, 616 
BraFeK (KBrFeBr 2 ), 294 
BrgP (PBra), 53, 616 


C, rotational constant, 48, 50, 83. 613-642 
C/, 216-224 

Casimir’s function, 151, 499-516 
Cavity resonators, 390-394, 435-439 
466-468 

coupling to waveguide, 392-394 436- 
439, 468 

spectrographs, 435-443 

tuning plungers, 399 

Centrifugal distortion, asymmetric rotor 
105-109 

diatomic molecule, 9-11 
linear molecule, 25, 29, 32, 33 
symmetric rotor, 77-79 
Chemical analysis, 486-498 
equipment, 497, 498 
qualitative, 488-^92 
quantitative, 492-497 

Chemical effects on nuclear resonance 

211,212 

Cl isotopes, mass ratio, 15, 46 
Clock, atomic, 466, 477-485 
Conjugated bonds, 27 
Coriolis forces, 29-31 

Correspondence-principle approximation. 

Covalent bonds, 228-241 
bond angle, 238 
multiple bonds, 238-241 
radii, 237-241 

Crystal, quartz, frequency standards, 
468-474 

Crystal detectors, 407^10, 456-458 
impedance, 407, 420, 421 
mounts, 409, 456-458 
noise, 407, 408 

Crystal harmonic generators, 409, 458- 
462 

CBrFa (CFaBr), 55, 616 

CBrN (BrCN), 29, 30, 244, 367, 498, 616, 

617 

CCIF 3 (CF 3 CI), 55, 617 

CCIN (CICN, cyanogen chloride), 15, 29, 

30, 170, 171, 217-219, 235, 364, 365, 

495, 617 

CCI 2 O (COCI 2 , phosgene), 617 
CCI 4 , 363 
CF 3 I, 55, 617 
CF 4 , 82 

CFaS (CFjSFb), 58, 322, 323, 335 
CHBrj (CBraH), 55, 173, 617 
CHCIF 2 , 617 

CHCI 3 (CCI 3 H), 55, 363, 364, 617, 618 

CHF 3 (CF 3 H), 55, 618 

CHN (HCN), 29, 30, 34, 217, 244, 364, 

365, 618 

CHNO (HNCO), no, 618 
CHNS (HNCS), no, 618, 619 
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CH 2 Br 2 , 619 

CH 2 CI 2 , 103, 104, 110, 364, 619 
CH 2 F 2 , 104, 110, 619 
CHaO, 102, 104, 109, 110, 619 
CH 2 O 2 (HCOOH), 620 
CH 3 BO (BH 3 CO), 58, 79, 620 
CHaBr, 55, 620, 621 
CHaBrHg (CHsHgBr), 56, 62. 621 
CH 3 CI, 46, 54, 55, 65-69, 78, 79, 88 , 218, 
235, 236, 263, 363, 621 
CHaClHg (CH3Hga), 56, 621, 622 
CHaChSi (CHaSiCh), 57, 622 
CH 3 F, 55, 294, 622 
CHaFaSi (CHaSiFa), 57, 323, 622 
CHaHgl, 56, 622 
CH 3 I, 55, 79, 155, 236, 622. 623 
CH 3 NO, 335 

CH3NO,, 323, 324, 334, 335, 623 
CH40 (CH3OH), 111 , 294, 300, 302, 315, 
323, 324, 333, 334, 623 
CH48 (CHaSH), 111 , 323, 623 
CIUN (CH3NH2), 323, 324, 623 
CHeSi (CHaSiHa), 57, 323, 324, 624 
CHoSn (CH 3 SnH 3 ), 57, 323, 624 
CIN (ICN), 29, 30, 157-159, 244, 245, 

624 

CO, 13, 14, 365, 624 
COF 2 , 624 

COS (OCS), 26, 28-30, 35-37, 39-43, 46, 
47, 153, 154, 217-219, 242. 267, 268, 
273, 274, 292, 294, 364-367, 369, 462, 
624, 625 

COSe (OCSe), 30, 46, 217, 219, 292, 294, 

625 

CO2, 28, 35, 364, 365, 375, 488 
CS, 14, 217, 626 
CS-i, 364, 365 
CSSe (SCSe), 30. 626 
CSTe (SCTe), 30, 626 
C2F3N (CFaCN), 57, 626 
C2HCI (HCCCl), 30, 626, 627 
C 2 H 2 , 365 

C 2 H 2 CIF (CH 2 CFCI), 627 

C 2 H 2 F 2 (PI 2 CCF 2 ), 104, 111 , 627 

C 2 H 2 O (H 2 C 2 O, ketene), 104, 111 , 627 

CaHsBr (vinyl bromide), 627 

C 2 H 3 CI (vinyl chloride), 242, 244, 627 

C 2 H 3 CI 3 (CH 3 CCI 3 ), 323 

C 2 H 3 F 3 (CH 3 CF 3 ), 57, 301, 303, 315-323, 

627 

CsHsHgN (CHaHgCN), 57 

C2H3I (vinyl iodide), 628 

C2H3N (CH3CN, methyl cyanide), 56, 

628 

CaHaN (CH3NC, methyl isocyanide), 56, 
628 

C2H3NS (CH3NCS, methyl isothio¬ 
cyanate), 111, 629 
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C2H3NS (CHaSCN, methyl thiocyanate), 
111, 629 

C 2 H 4 (ethylene), 322, 365 
C2H4F2 (CH3CHF2), 323, 629 
C2II4O (ethylene oxide), 112 , 629 
C 2 H 4 S (ethylene sulfide), 112, 629 
C 2 H 6 CI (ethyl chloride), 629, 630 
C 2 H 5 N (ethylenimine), 112, 630 
CaHfi (CH3CH3, ethane), 323, 365 
C.HeO [(CH 3 ) 20 ]. 323, 630 
C3HF3 (F3CCCH), 57, 79, 630 
CaHN (HCCCN), 30, 630 
C 2 II 3 O 2 (vinylene carbonate), 630 
CjHaBr (CHaCCBr), 56. 630, 631 
C3H3I (CII3CCI). 56, 79. 631 
C3H3N (vinyl cyanide), 112, 631 
C3H4 (CH3CCH), 56, 294, 631 
C3H4 (allene), 82 

C 3 H 5 CI (cyclopropyl chloride), 631 
CaHeO [(CH 3 ) 2 C 0 , acetone], 632 
CalleOa (trioxane), 59, 632 
CaH.ClSi ((CH3)3SiCll, 59, 632 
C 3 H 9 FSi [(CHalaSiFj, 632 
C3N3P [P(CN)3], 58. 632 
€4114 (vinyacetylene), 632 
C4H4O (furan), 632 
C4H5N (pyrrole), 112, 632 
C 4 H 9 Br ((CH3)3CBr], 58. 632 
C4H9CI [(CH3)3CC1], 58, 632 
C4HJ ((CH 3 ) 3 CI], 58, 632 
C 4 H 10 O [(C 2 H 6 ) 20 , diethyl ether], 632 

C 5 H 4 O (CHaCCCCH), 632 

C 5 H 5 N (pyridine), 112, 633 

CaUO (COCH.CH.CH.CH.), 633 

CftHsBr (bromobenzene), 633 
CeHfiCl (chlorobenzene), 633 
CfiHsF (fiuorobenzene), 113, 633 
CePIe (benzene), 488 
CyllftN (benzonitrile), 633 
CJIiaBr, 59, 633 
C^HiaCl, 59, 633 
Cl (atom), 235 
ClCs (CsCl), 14, 15, 236, 633 
CIF, 13, 14, 217, 234-236, 242, 633 
CIF3, 113, 498, 634 
CIFaGe (GeFaCl), 55, 79, 634 
ClFaSi (SiFaCl), 55, 634 
ClGeHa (GeHaCl), 55, 60, 218, 634 
ClHaSi (SiHaCl), 55, 60, 218, 242, 634 
ClI (ICl), 13, 14, 15, 235, 236, 242, 634, 
635 

Clin (InCl), 232-234 

CIK (KCl), 13, 14, 15, 236, 635 

CINO (NOCI), 89, 635 

ClNa (NaCl), 14, 233-235, 635 

CIO 2 , 149, 174, 193, 201, 202, 448 

ClOaRe, 55, 635 

ClRb (RbCl), 14, 236, 635 
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ClTl (TlCl), 217, 234-236, 242, 635 

ChFeK (KClFeCU), 294 

ChGeH (GeClaH), 635, 636 

ChSiH (SiClaH), 636 

CI 3 OP (PCI 3 O), 55, 636 

CI 3 P (PCI 3 ), 52, 53, 88 , 636 

CI 3 PS (PCI 3 S), 55, 636 

ClaSb (SbCh), 53, 636 

Cs (atom), 146 

CsF, 14, 217, 218, 636 

Csl, 14, 636 


D, diatomic molecule, 7, 9, 613-642 
linear molecule, 25, 29, 613-642 
Dy Djy Dkj symmetric top, 78, 79, 613- 
642 

De, diatomic molecule, 9-14 
A states, 175 

Au, atomic fine-structure splitting, 121- 
123, 127, 141, 143 

Av, line-breadth parameter, 19, 24, 76, 77, 
101, 102, 128, 146, 147, 336-375, 
492-494 

Detectors, microwave, crystal, 407-410, 
456-458 

millimeter wave, 455-458 
thermal, 409, 410, 439, 440, 455, 456 
Diatomic molecule, centrifugal distortion, 
9-11 

energy levels, 4, 5, 9-11 
frequencies of rotational transitions, 3 
intensities and selection rules, 18-24 
matrix elements, 19-24 
wave functions, 4, 6 

Dielectric constant of absorbing gas, 339- 
344, 481 

Dipole moment, electric, 19-24, 52, 73, 
74, 77, 82, 93, 94, 132, 248-250, 
264-268 

due to degenerate vibrations, 82 
measurement, 264—268 
sign, 296 
table, 613-642 

variation with vibrational state, 268 
Dipole moment matrix element, 20-24, 
34-35, 74, 92-102, 557-612 
Dirac theory of hydrogen atom, 126, 127 
Directional couplers, 394-397 
Discriminator, microwave cavity, 475- 
477 

Dispersion at microwave line, 330-344, 
414, 443, 481 
Dissociation energy, 7 
Distances, internuclear, 7, 12, 40-42, 53, 
55-59, 109-114, 237-241, 613-642 
Doppler broadening, 336-338, 427-435 
Double bonds, 238-241 


Double modulation, 416-418, 465 
Dunham^s coefficients, 9-13 


Eckart conditions, 108 
Electronegativity, 236-238 
Electronic angular momentum, coupling 
cases, 177-180 
notation, 174, 175 
^2 molecules, 207-224 
(See also L; Paramagnetic molecules; 
S) 

Electronic effects, on mass measurements, 
15-18, 212-215 
on rotational energy, 212-215 
Ellipsoid of inertia, 48 
Energy levels, asymmetric rotor, 83-92, 
105-109, 522-556 
atom, 115-124, 126-146 
diatomic molecule, 4, 5, 9-11 
hydrogen atom, 116, 118, 126-130, 
146-148 

linear molecule, 25-40 
quadrupole hyperfine structure, 150- 
173, 499-516 
rigid rotor, 527-556 
symmetric rotor, 50, 51, 62, 66-69 
Exchange energy, 229 
Eulerian angles, 60, 61 


F, 138, 140, 176 

/ (fraction of molecules), asymmetric 
rotor, 100-105 
atom, 145, 146 
diatomic molecule, 19, 20 
symmetric rotor, 74-76 
Fabry-Perot interferometer, 464 
Fermi resonance, 35-40, 253 
Fine structure, atoms, 120-130 
intensity, 499-516 
inversion, 307-315 

Forbidden lines. Stark effect, 269-273 
Foreign gas broadening, 363-366 
Frequencies of rotational transitions, 
diatomic molecule, 3, 4 
linear molecule, 32, 33 
symmetric rotor, 52, 78 
Frequency control, 474—485 
by microwave cavity, 475-477 
by microwave line, 477—482 
by standard oscillator, 474, 475 
Frequency differences, measurement of, 
473, 474 

Frequency measurement, 391—396, 399, 
463, 464, 466-474 
Frequency standards, 466, 465-486 
microwave lines, 477-486 
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Frequency standards, nuclear quadrupolc 
resonance, 485 
quartz crystal, 408-473 
FHsSi (SiPIaF), 46, 55, 636 
FK (KF), 217 
FLi (LiF), 217, 218, 636 
FMnOs (iMnOaF), 55, 637 
FNO (NOF), 113, 637 
FNO 2 (NO 2 F), 113 
FOaUe (ReOaF), 55, 637 
FRb (RbF), 217, 218 
F 2 OS (thionyl fluoride), 113, 637 
F 2 O 2 S (F 2 SO 2 ), 113 
FallSi (SiFaH), 55, 60, 637 
F 3 N (NF 3 ), 52, 53, 67, 637 
F 3 OP (POFa), 55, 637, 638 
FsP (PF 3 ), 53, 638 
FaPS (PF 3 S), 55, 638 


Plyperfine structure, atoms, 126, 130 148 
electric hexadecapole, 133 
electric quadrupolc, 131-140, 140-173 
490-516 

asymmetric rotor, 150-104 
intensities, 151-154, 172, 490-516 
interpretation of coupling constants 
225-245 

linear molecule, 150-154, 490-510 
symmetric top, 154-150, 400-516 
two or more nuclei, 164-173 
intensities of components, 151-154 
172, 409-516 

magnetic dipole, 140-148, 104-224 
atoms, 140-148 
coupling schemes, 106-100 
I-J interaction, 104. 215-224 
interpretation of cou])]ing constants 
245-247 


(f factor, electron spin, 145 
molecular, 286, 290-296 
nuclear, 141 
(jj, 286, 290-296 

7 , absorption intensity, asymnjetric rotor 

101, 102 

atom, 124-126, 128, 120, 145-148 
diatomic molecule, 10-24 
symmetric rotor, 73-77 
Golay cell, 456 


H (atom), 115-118, 126-130, 146-148 
Harmonic generators, 409, 410, 458-462 
470-473 

Harmonic oscillator approximation, 02 
Harmonics of microwave generators. 454 
455 

Hindered motions, 300-335 
torsional, asymmetric rotor, 324-335 
potential barrier, 300-302, 318 320 
322-324, 327-331, 333-335 
selection rules, 331-333 
symmetric rotor, 300-303, 315-324 
331-333 

wave functions, 318, 319 
(See also Inversion) 

Hund’s coupling cases, (a), 177-180 
(5), 178, 180, 182-185 

(c) , 178-180, 185 

(d) , 179, 180, 185 

(e) , 179 

Hybrid T, 396, 307 
Hybridization of bonds, 229, 231. 232 
234-240 

Hydrogen (atomic), 115-118, 120-130 
146-148 

Hyperfine doubling, 205, 221-224 


A doublets, 203-207 
molecules, 194-224 

with electronic angular momen¬ 
tum, 109, 200 
NH 3 . 221-224 


nonlinear molecules, 200-202 219- 

224 

nonlinear *2 molecules, 210-224 
magnetic octupole, 142 
Zeeman effect, 143-145, 289, 200 
Hypergeometric function, 62 
HHr, 14, 638 
HCl, 13 

Helium, 364-306 

HI, 13, 14, 217, 236, 638 

HN 3 , 114, 638 

HO (OH), 178, 186, 190-192, 205, 207, 
246, 448, 639 

H,, 203, 217, 218, 202, 204, 364 

H.O, 49, 102, 104, 105, 109, 294-296, 345 
346, 498, 639 
HoOo, 323, 639 
H,S, 100, 114, 294, 639 
H 3 N (NHa), 49, 52, 53, 65-69, 74 , 77-79, 
104, 205, 217, 220-224, 242, 250, 259, 
292, 294, 300-315, 344-347, 353, 360- 
366, 368, 370, 432-434, 479, 483, 484 
495, 498, 640 


nai U'n,;, 0 : 5 ,03, 78, 79,109,307,640, 641 


HaSb (SbHa), 53, 641 


I, 131-133, 140, 142, 153-155, 176 

I A, 48, 50, 83 

Id, 48, 50, 83 

Ic, 48, 50, 83 

h, 12, 41 

I* J interaction, 194, 215-224 
linear molecule, 216-219 
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Intensities, atoms, 124-126 
Intensity of absorption, 339-344, 369- 
373, 464, 465, 492-496, 499-516 
absolute, 343 

asymmetric rotor, 92-102, 557-612 
atom, 124-126, 128, 129, 145-148 
diatomic molecule, 18-24 
fine structure, 124-126, 499-516 
hyperfine structure, 151-154, 172, 499- 
516 

integrated, 343, 344, 492 
linear molecule, 25 
peak, 24, 77, 101, 102, 342, 492-495 
Stark effect, 255-258, 269-273 
symmetric rotor, 73-77 
temperature dependence, 24, 369, 370 
Interferometers, microwave, 464 
Intermolecular forces, 348-350, 359-368 
dipole-dipole, 349, 359, 360, 366-368 
dipole-induced dipole, 349, 360 
dipole-quadrupole, 349, 364, 365, 368 
Keesom alignment, 349, 367, 368 
quadrupole-induced dipole, 349, 360, 
365, 366 

short-range, 349, 368 
Internuclear distances, 7, 12, 40-42, 53, 
55-59, 109-114 

Inversion, 65-71, 74, 75, 77, 220-224, 250, 
259, 300-315 

asymmetric forms of ammonia, 314, 
315 

energy levels, 64-69, 300-303 
fine structure, 307-315 
frequencies of transitions, 67-69, 300- 
315 

magnetic hyperfine structure, 220-224 
potential barrier, 65-67, 300-310 
Stark effect, 250, 259 
symmetry with respect to, 65—69 
wave functions, 70, 303-305 
Ionic character of bonds, 234-241 
Isolator, 401 

Isotope abundance, 643—648 
Isotope analysis, 495 
Isotope masses, 643-648 

ratios, 11, 14-18, 42-47, 55, 60 
IK (KI), 14, 236, 641 
ILi (Lil), 14, 236, 641 
INa (Nal), 14, 236, 641 
IRb (Rbl), 14, 641 


Ja, 176 

Johnson noise, 407, 412-414 


K, 50, 83, 84 
Ki, /C_i, 84 


K (Ray’s asymmetry parameter), 84 
Keesom alignment forces, 349, 367, 368 
Klystrons, 402-406, 452-455 
Kramers-Kronig relations, 343 


L, 123, 175-179 

L uncoupling, 15, 17, 182 

/, orbital quantum number (atoms), 116 

^type doubling, 31-35, 79-82, 159, 613- 
642 

Stark effect, 254 
Laguerre polynomials, 8, 32, 116 
Lamb shift, 126—130 
A, 175 

A doubling, 180, 188-192, 289 
Zeeman effect, 289 
Larmor’s theorem, 210 
Legendre polynomials, 22, 116 
Line shape, high pressure, 345-347, 370, 
371 

Lorentz, 338, 345, 418 

Van Vleck-Weisskopf, 339-347, 418 

{See also Line width) 

Line width, 336-375, 427-435 
collision with walls, 374, 375, 427 
Doppler, 336-338, 427-435 
measurement, 418 
modulation, 425, 427, 428 
natural, 336, 337 
oscillator fluctuations, 427, 428 
pressure dependence, 336, 338-371, 

427, 492-494 

saturation, 371-373, 427, 428 
temperature dependence, 368-370 
Linear molecule, centrifugal distortion, 

25, 29, 32, 33 
energy levels, 25-40 
frequencies of rotational transitions, 

32, 33 

intensities, 25 

quadrupole hyperfine structure, 150- 
154, 499-521 

Stark effect, 248, 250-257 
wave functions, 25 
Lock-in amplifier, 421-424 
Lorentz line shape, 338, 345, 418 

w, magnetic quantum number (atoms), 
116 

Magic T, 396, 397 

Magnetic hyperfine structure, atoms, 
140-148 

coupling schemes, 196—199 
!• J interaction, 194, 215-224 
interpretation of coupling constants, 

245-247 



SUBJECT INDEX 


695 


Magnetic hyperfine structure, A doublets, 
203-207 

molecules, 194-224 

with electronic angular momentum, 
199, 200 
NHa, 221-224 

nonlinear molecules, 200-202, 219-224 
Magnetic moment, molecular, 286-296 
measurement, 442 
origin, 290-292 
sign, 288, 289 
Magneton, Bohr, 120 
nuclear, 141 

Magnetrons, 405-406, 452-455 
Maser, 432-444, 482, 483, 485 
Masses, nuclear, 11, 14-18, 42-47, 55, 

60, 643-648 

Mathieu’s equation, 319 
approximation for asymmetric rotor, 
92 

Matrix elements, asymmetric rotor, 92- 
102, 557-612 
atom, 124, 145 
diatomic molecule, 19-24 
/-type doubling, 34 
quadrupole hyperfine structure, 156, 
157, 164, 172, 173 
symmetric rotor, 74 
Maxwell’s equations, 376, 377 
Michelson interferometer, 464 
Microwave generators, 401-407, 432- 
434, 451-455 

Millimeter waves, 451-465 
generators, 451-462 
grating spectrograph, 463 
propagation, 462, 463 
spectrographs, 463-465 
waveguide, 462, 463 
Modulation, broadening, 427, 428 
high-frequency, 273-283 
resonant, 279-283 
source (double), 416-418, 465 
Stark, 264-266, 273-283, 418-424, 464, 
465, 485 

Zeeman, 425, 438, 485 
Molecular beam measurements, 216, 
429-434 

Molecular constants, 613-642 
Moments of inertia, determination of, 
40-42, 53 

Multiple bonds, 238-241 

N, 176-179 
N (atom), 146 

n, principal quantum number, 116, 119, 
120 

Natural line width, 336, 337 


Noise, bolometers, 410 

crystal detectors, 407, 408, 414-416, 425 
oscillator, 404, 405, 414, 415 
thermal, 407, 412-414 
Noise figure, 414, 415 
Nonpolar gases, absorption by, 375 
Nonpolar molecules, transitions induced 
by electric field, 271-273 
Normal coordinates, 26 
Normal modes, 26 
Nuclear magneton, 141 
Nuclear moments, electric hexadecapole, 
133 

electric quadrupole, 133-140, 149-173, 
643-648 

existence of, 142 

magnetic dipole, 140-146, 643-648 
magnetic octupole, 142 
Nuclear polarization, 138-140 
Nuclear-properties table, 643-648 
Nuclear spin, 131-133, 140, 142, 153- 
155, 176, 643-648 

effect on intensities, 69-73, 102-105 
N (atom), 146 

NO, 14, 149, 174, 192, 199, 200, 206, 207, 
246, 247, 297-299, 365, 448, 641 
NO., 104, 149, 174, 193, 201, 448, 641 
NO.F (nitryl fluoride), 641 
N 2 , 364, 365, 488 

N 2 O, 29, 30, 42, 47, 242, 294, 365, 641 
Na (atom), 146 


O, 176-179 

Oblate symmetric top, 51, 83, 522-526 
SI, 176, 179, 180 

diatomic molecule, 9-16 
Oscillators, microwave, 401-407, 451-455 
stabilization, 428 

O 2 , 149, 174, 183-185, 200, 246, 247, 299, 
364-366, 368, 483, 642 
O 2 S (SO 2 ), 104, 109, 294, 364, 642 
O3, 114, 294, 642 


P (atom), 146 
P branch, 99, 557-612 

P., Py, P„ 50, 83 
pT electron, 238, 240, 244, 247 

electron, 233, 234, 238, 240, 242, 244 
Paramagnetic molecules, 174-193 
Hund’s coupling cases, 177-180 
notation, 175, 176 
rotational energy levels, 180-193 
Zeeman effect, 284-290 
Phase-sensitive detector, 421-424 
n states, 176, 187, 189-192, 203-207. 246 
285 
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TT components in Zeeman effect, 287 
Planar molecules, 52, 102 
Polarization, magnetic, 211, 212 
of molecule by electric field, 250 
Positronium, 130 

Potential, interatomic, 5-7, 27-29 65- 
67, 300-310 
Morse, 7 

Potential barrier, hindered torsional 
motions, 300-302, 318, 320, 322- 
324, 327-331, 333-335 
inversion, 65-67, 300-310 
Pound stabilizer, 475-477, 484 
Pressure broadening, 336, 338-371 
frequency shifts, 355, 370, 371 
high pressure, 345-347, 370, 371 
impact theory, 338-347, 349-371 
intermolecular forces, 348-350, 359- 
308 

line shape, 338-347, 370, 371 
statistical theory, 349-355, 362, 363 
Pressure-induced absorption, 375 
Principal axes, 48, 49 
Principal moments of inertia, 48 
Prolate symmetric top, 51, 83, 522-526 
Propagation of microwaves in matter, 
377-379 

Pseudo quadrupole effect, 185, 211 
Pure precession hypothesis, 214 
P (atom), 146 


Q, figviro of merit, 391, 392 
Q, quadrupole moment, 133-140, 225, 
643-648 

Q branch, 99, 557-012 
q, electric field gradient, 137, 138, 225, 
228-245 

calculation of, in a molecule, 232- 
245 

screening by closed shells, 231, 232 
qj, 137, 138, 150, 154, 159, 220-228 
7 ,, 33, 34, 613-642 

Quadrupole coupling, 131-140, 149-173, 
225-247, 613-642 

asymmetric molecules, 241-245, 613- 
642 

atoms, 131-140, 228-230 
with bond asymmetry, 160-164, 241- 
245 

molecules, 228-245, 613-642 
Quadrupole hyperfine structure, 131- 
140, 149-173, 499-521 
asymmetric rotor, 159-164 
intensities, 151-154, 172, 499-516 
interpretation of coupling constants, 
22fi-245 

linear molecule, 150-164 


Quadrupole hyperfine structure, second- 
order, 157-159, 517-521 
symmetric top, 154-159 
two or more nuclei, 164-173 
Quadrupole moment, molecular, 364- 
366, 368 

nuclear, 133-140, 149-173, 643-648 
Quantum defect, a, 120 
Quenching of orbital momentum, 175 

R branch, 99, 557-612 
r., 7, 12, 40-42 

{r-^)Av, 121-123, 141, 195, 196, 217-219, 
226, 228, 245 

Racah coefl^cients, 167 
Radicals, free, 174, 178, 186, 190-192, 
205-207, 246, 447, 448 
detection, 447, 448 
Radii, covalent bonds, 237-241 
Ray’s asymmetry parameter, k, 84 
Reduced mass, 6, 306 
Refractive index of air, 467, 468 
Resonance, of bond types, 234, 239 
rotational, 360-362, 366, 367 
Resonant modulation, 279-283 
Rotation-vibration interaction, 9-16, 25- 
42, 45-47, 60, 79-82, 613-642 
Rotor, rigid, 3, 25, 50-52, 527-556 
Rydberg constant, 116 


S, 123, 176-179 

5, transition strength, 97-99, 557-612 
Saturation, 371-373, 427, 428 
Schomaker-Stevenson rule, 240, 241 
Second-order hyperfine structure ener¬ 
gies, 157-159, 517-521 
Selection rules, asymmetric rotor, 92-100 
atoms, 118, 124-126 
diatomic molecule, 18, 21-23 
hindered torsional motions, 331-333 
/-type doubling, 34 
quadrupole hyperfine structure, 151- 
152 

Stark effect, 250 
symmetric rotor, 52 
Zeeman effect, 287-289, 296 
2, 176, 177 

2 states, 175, 182, 185, 189, 207-224, 

246, 284 

<T components in Zeeman effect, 287 
Skin depth, 378 

Slightly asymmetric rotor, energy levels, 
83-89, 522-526 

Slip effect, electronic, 17, 213, 214, 218, 
224, 291 
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Spark generators, millimeter waves, 451, 
452 

Spectrographs, microwave, bridge, 425- 
427, 429 

choice of modulation frequency, 425 
free radicals, 447, 448 
gas handling, 446, 447 
general principles, I, 411, 412 
high- and low-temperature, 443-445 
high-resolution, 427-435 
intensity and line-shape measure¬ 
ment, 439-441, 445, 446 
millimeter waves, 463-465 
modulation-frequency amplifier, 
420-424 

molecular beam, 429-434, 444, 445 
radiometers, 448-450 
resonant cavity, 435-443 
source modulation, 416-418 
Stark modulation, 264-266, 418- 
424, 429 

Stark wave, 434-435 
superlieterodyne detection, 425-429 
ultimate sensitivity, 412-416, 437 
waveguide reflections in, 415, 417, 
418, 427, 445, 446 
Zeeman efTcct, 424, 441-443 
Zeeman modulation, 424 
Spectroscopic stability, 344 
Spherical tops, 51 

Spin, nuclear, 131-133, 140, 142, 153- 
155, 176, 643-648 
Spin-spin interaction, 202, 203 
Spin uncoupling, 185-188 
Spin wave functions, 70, 71, 102, 103 
Square-wave modulation, 418-420 
Stabilization of oscillators, 474-485 
by absorption lines, 477-482 
by cavity resonator, 475-477 
by standard oscillator, 474, 475 
Stark effect, 175, 248-283 
almost degenerate levels, 250, 252-254 
asymmetric rotors, 254, 255, 257, 259- 
261 

first-order, 249, 253, 254, 259, 277, 278 
fourth-order, 252 

with hyperfine structure, 258-264 
intensities, 255-258, 269-273 
/-type doubling, 254 
linear molecules, 248, 250-257 
rapidly varying fields, 273-283 
resonant modulation, 279-283 
second-order, 249-252, 259-261 27^ 
277 

selection rules, 250, 269, 270 
symmetric rotor. 249, 253, 254, 259 
277, 278 

with Zeeman effect, 296 


Stark modulation, 264-266, 273-283, 
418-424, 404, 465, 485 
Stark waveguide cell, construction, 264- 
266, 441-447 

field distribution, 264-266 
Statistical weights, 72, 73, 102-105 
Structure, asymmetric rotors, 109-114, 
613-642 

diatomic molecules, 12-14, 613-642 
linear molecules, 29, 42, 613-642 
symmetric rotors, 53-59, 613-642 
Surface wave transmission, 400 
Symmetric rotor, accidentally, 49, 50t 
52. 92, 155 

centrifugal distortion, 77-79 
energy levels, 50, 51, 62, 66-69 
frequencies of rotational transitions, 
52, 67-09, 77-82 

hindered torsional motions, 300-303, 
315-324, 331-333 

intensities and selection rules, 52, 73-77 
matrix elements, 74 
quadrupole hyperfine structure, 154- 
159, 499-521 

Stark effect, 249, 253, 254, 259, 277, 
278 

wave functions, 60-71 
Zeeman effect, 293, 294 
Symmetry, asymmetric rotor, 92-105 
s^unmctric rotor, 62-73 

r = - A,, 84 

Temperature, of astronomical sources 
147, 148 

effect of, on intensities, 24. 369, 370 
on line width, 368, 369 
Transformation coefficients, 167, 168 
Transition strength, asymmetric rotor 
97-99, 557-612 

Traveling-wave tubes, 405, 406, 452-45-1 

Up, 239-243 
Units, attenuation, 384 
electromagnetic, 376, 377 

Valence bond approximation, 27 
van der Waals forces, 348 
V^n ^eck-Weisskopf line shape, 339- 
347, 418 

Victor model, 120-124 
Vibration, effect on energy levels, dia¬ 
tomic molecules, 5-17 
linear molecules, 25-47 
symmetric rotors, 79-82 
Vibration-frequencies table, 613-642 
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Vibration modes, linear molecule, 26 
symmetric rotor, 79, 80 


Waveguides, windows, 398, 399 
Wavemeters, 391-395, 399, 466-468 


Wave functions, asymmetric rotor, 93-96 
diatomic molecule, 4, 6 

hindered torsional motion, 318, 319 
hydrogen atom, 115-118 
inversion, 70, 303-305 
/-type doubling, 32 
linear molecule, 25 
spin, 70, 71, 102, 103 
symmetric rotor, 60-71 
Waveguides, 379-401, 462, 463 
attenuation, 383-385 
attenuators, 397, 401, 463 
characteristic impedance, 386-388 
cutoff wavelength, 380 
directional couplers, 394-397 
ferrite devices, 400, 401 
fields, 381-383 
guide wavelength, 380 
impedance matching, 387-389 
isolator, 401 
joints, 397, 398 
millimeter waves, 462, 463 
miscellaneous types, 399, 400 
optimum length, 414 
plungers, 399 

reflections, 386-389, 415, 417, 418, 445 
446 


Xe, diatomic molecule, 9, 11 
V/y, diatomic molecule, 9-11, 15, 16 
^.//, 120 

Zeeman effect, 143-145, 209-212, 284-299 
asymmetric rotor, 293-296 
atoms, 143-145 

with circular polarization, 288, 289 
with hyperfine structure, 143-145, 

289, 290 

with A or K doubling, 289 
measurement, 441-443 
paramagnetic molecules, 284-290 
TT components, 287 
selection rules, 287-289, 296 
^2 molecules, 209-212, 284, 290-296 
a components, 287 
with Stark effect, 296 
symmetric rotor, 293, 294 
transitions between components, 144, 
145, 296-298 
weak fields, 284-286 
Zeeman modulation, 425, 438, 485 
Zero-point vibrations, 9-18, 25-30, 33, 

38, 39. 41, 44, 45, 54 
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